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The parameters may be deterministic (control, optimization, inverse problems) or
random distributed according to a probability distribution p (uncertainty modeling and
quantification, risk assessment, inverse problems).

Simple example : steady state diffusion equation
—div(aVu) = f,

on a physical domain D, with homogeneous Dirichlet boundary conditions uj5p =0,
where a = a(y) is parametrized by y.

Affine model : a(y) =3+ Zj>1yjll)-, with y; € [~1,1] uniformly distributed.
Lognormal model : a(y) = exp(Zj>1yjlj)j), with i.i.d. y; ~ N(0,1).

Under suitable assumptions on @ and (1;);>1 the problem is well posed in the Hilbert
space H(}(D) (Lax-Milgram) for a.e. y € Y.
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Non-intrusive methods

Solution map for a general parametric PDE :
vyeY—u(y) eV.
For the diffusion equation V = H&(D).

The solution map is difficult to capture numerically (curse of dimensionality).

Objective : reconstruct the solution map, from “snapshots” : particular instances of
solutions u(y') for i = 1,..., m computed by some numerical solver (non-intrusive).

In practice we query y — up(y) € V}, (finite element space).

Related objectives : numerical approximation of scalar quantities of interest
y = Qy)=Quly)) eR

or of averaged quantities T = E(u(y)) or @ = E(Q(y)).



Another motivation : reconstruction of acoustic fields (low dimension)

An acoustic pressure field p(y, t) generated by a source is measured by n microphones
at positions y1,...,y™ € Y C R? or R3, for t € [0, T].




Another motivation : reconstruction of acoustic fields (low dimension)

An acoustic pressure field p(y, t) generated by a source is measured by n microphones
at positions y1,...,y™ € Y C R? or R3, for t € [0, T].

Fourier analysis in time p(y’, t) — p(y’, w) and focus at a frequency w of interest.

One wants to reconstruct the function u(y) := p(y, w) on Y, from the observed data
uly'), i=1,...,n.
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Reconstruction of unknown function
u:y €Y —uly) R (orVor V),

from scattered measurements u’ = u(y’) for i =1,...,m with y' € Y C R,
For notational simplicity we consider scalar valued functions u.
Measurements are costly : one cannot afford to have m >> 1.
Measurements could be noisy : u’ = u(y’) +1;.

Analogies with statistical learning :

Non-parametric regression framework : from a random sample (y’, u"),-zl,_mm with
unknown joint density, approximate y — u(y).

Here active learning : the y’ are chosen by us (deterministically or randomly).

General questions : how should we sample ? how should we reconstruct ?
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Approximability prior

The unknown function u is well approximated from some n-dimensional space V,

ep(u) := min ||u— <e€(n
n( ) VEIV,, || V|| = ( ))
where s(n) is a known bound and where

IvIl=1Ivll2(v,p)s
with p a probability measure on Y.
For certain parametric PDEs, one relevant choice is a sparse polynomial space
Vp, =Py, :span{y—>y Hy D V= (Vi) 6/\,,}
jz1

where A, is an index set such that #(A,) = n. Suitable choices of A, obtained by
best n-term truncation of L2(Y, p) orthonormal polynomial series provide with rates
e(n) ~ n~S that persist when d = co.

Sample result (Bachmayr-Cohen- DeVore Migliorati 2015) for the affine and lognormal
models : if ZJ>1 Kj[bjl < oo with ( 1y € (9, then e(n) ~ n~5 with s = %.
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Objectives

Use the samples {u(y’) : i =1,..., m} to reconstruct an approximation u, € V, with
certain optimality properties.

Instance optimality : ||u — un|| < Cen(u) for any u, for some fixed C.

s

Rate optimality : if ep(u) < Con—* for all n, then ||ju— up|| < Cins.
Budget optimality : this shoud be achieved with m ~ n samples (up to log factors).
Progressivity : for a given or adaptively selected sequence of space

VoCcWViC---CVpo,

these objective should be met at each step with a cumulated sampling budget O(n)
(previous samples should be recycled).
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The L2(Y, p)-projection P,u of u has the accuracy e,(u).

It can be either described as

Phu = argmin{J lu(y) — v(y)lPdp(y) : v e Vn},

Y
or
n
Pu=3 ol = | uty)Lidely),
j=1 Y
where (Ly,...,L,) is an L2(Y, p)-orthonormal basis of V.

Its exact computation is out of reach = replace the integrals by a discrete sum
1
v — w(y
J, vidotn = L3 wiy

where w is a weight function.



Resulting approximation methods

Least-squares method :

1 . ) )
u,I,“S = argmin{; Z wlyNuly) = v(yHP : ve Vn}.
i=1

Pseudo-spectral method :

n
1 o
up® =3 Gl Gi=— 3 wlyuly )Ly
j=1

m <
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Randomized sampling

Draw (y!,...,y™) i.i.d. according to a sampling measure do.

Use weight w such that
w(y)do(y) = dp(y),

and therefore

| vtnidotn = | wiyviydoty) =5(+ > wlyviy)-

i=1

The resulting approximations uLS and u,F,)S should be compared to u in some

probabilistic sense, for instance E(||u — unl|?)
Unweighted choice : w =1 and do = dp may lead to suboptimal results.

Optimality can be ensured by an appropriate choice of w and o.
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searching
n
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Least-squares

The minimization problem is solved by using a given basis Ly,...,L, of V, and
searching
n
uy = Z CJLJ

j=1

The vector ¢ = (c1,...,¢n)t is solution to the normal equations
Gc=a,
with G = (G j)k j=1,...,n and a = (a1, ..., an)", where
1 & ; ; ; 1 & ;
Grji= — > wly Ly )Ly and ac=— 3 wly)u'Lily)
i=1 i=1

The solution always exists and is unique if G is invertible.
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Instance optimality
The approximation ulS is the orthogonal projection of u onto Vi, for the discrete norm

1 X . )
V2 == 5 wiy)lviy)P.
mi3
Strategy : establish an equivalence with the continuous L2(Y, p) norm over V.

Let (Ly,...,Ln) be an L2(Y, p)-orthonormal basis of V, so that the random matrix
G = (Gij) = (

satisfies E(G) = I. Then
IG-T1< 2 & 2lIvI? < VI < SIvIP, ve Ve

where ||X|| is the spectral norm of a matrix X.
When this holds one has
lu—u® 117 < en(u)+|Pau—up|2 < enlw)?+2|| Pau—up®||7, < en(u)?+2]|u—Paul7,

and E(||u — Pau||?,) = en(u)> = instance optimality.
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The key ingredient to our analysis

Let Ly,...,L, be an orthonormal basis of V, for the L2(Y,p) norm. We introduce

knw(y) == w(y Z\L

and
n

Kaw = |lknywlloe = sup wly) Y IL;(y)P.
yeyYy j=1

Both are independent on the choice orthonormal basis : only depends on (V,, p, w).
Since fy kn,wdo = ZJ’-'ZI IY \Lj|2dp = n, one has
Kn,w > n.

In the case w = 1, we obtain the inverse Christoffel function k,(y) := Zle \Lj(y]\2,
which is the diagonal of the orthogonal projection kernel onto V,, and such that
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Deviation of G from I : a concentration bound

Theorem (Cohen-Migliorati 2017, Doostan-Hampton 2015) :

Let 0 < € < 1 be arbitrary. Under the condition

2
m > cKp,w In(2n/€), c:= W»

one has the deviation bound

pr{lc-1> 3} <

We set ulS =0 when |G —1I|| > % and obtain the instance optimality bound
E(||u— utS|?) < 3en(u)® + ¢l u]®.
The constant 3 can be replaced by 1+ &(n) where 5(n) — 0.

Typical choice : take e = n~" for r > 0 larger than the decay rate of e,(u) if known.

Gives stability condition m > K, In(n), which imposes at least the regime m = nlin(n),
but can be much more demanding if Ky w >> n.



Where does the stability condition comes from

We may write

where X; are i.i.d. copies of the n X n rank one random matrix

X = w(y)(Le(y)Lj(¥))j k=1,....ns

with y distributed according to o, which has expectation E(X) = L.



Where does the stability condition comes from

We may write

where X; are i.i.d. copies of the n X n rank one random matrix

X =wy)(Lely)Li(y))jk=1,....ns
with y distributed according to o, which has expectation E(X) = L.
Matrix Chernoff bound (Ahlswede-Winter 2000, Tropp 2011) : if ||X|| < K a.s., then

P“{Hi in *E(X)H > 5} < 2nexp(,m;(5>>y
i—1
where c(8) := (1+8)In(148) —& > 0 (in particular (1) = ¢t = Lﬁz)q).



Where does the stability condition comes from

We may write

where X; are i.i.d. copies of the n X n rank one random matrix

X = w(y)(Le(Y)Li(¥))j k=1,...,m
with y distributed according to o, which has expectation E(X) = L.
Matrix Chernoff bound (Ahlswede-Winter 2000, Tropp 2011) : if ||X|| < K a.s., then

P“{Hi ixi*E(X)H > 5} < 2nexp(,m;(6>>y
i=1

where ¢(8) :== (1 +8)In(1+8) — & > 0 (in particular c(%) =cl= Lf)*l)
Here K = Supycy w(y) Z},:I \Lj(y)\2 = Kn,w-

Therefore m > cKy w In(2n/e) = Pr{||G — 1] > % €.
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(i) Uniform distribution p = % : the L; are normalized Legendre polynomials and
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The unweighted case w =1

The stability regime is described by the condition m > K,In(n), with K, := ||kn|| oo

We can estimate the inverse Christoffel function k,(y) = 1'7:1 \Lj(y)\z in cases of
practical interest.

A simple example : Y = [—1,1] and V), = P,,_; the univariate polynomials.

(i) Distribution p = e the L; are the Chebychev polynomials and K, =2n+ 1.
Up to log factors, the stability regime is m > n.

(i) Uniform distribution p = % : the L; are normalized Legendre polynomials and

Kn = 3_}_1(2j —1) = n*. Up to log factors, the stability regime is m > n’.

These regimes are confirmed numerically.
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lllustration

Regime of stability : probability that k(G) < 3, white if 1, black if 0.

dy

Left for p = Py
/1y

, center : for p = % (with m on x axis, n on y axis).
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Right : the gaussian case Y =R and p = g(y)dy, where g(y) := \/%e y2/2, for
which the L; are the Hermite polynomials.

The unweighted theory cannot handle this case since K, = co

A more ad-hoc analysis shows that stability holds if m=> exp(cn) and this regime is
observed numerically.



Other examples
Local bases : Let V, be the space of piecewise constant functions over a partition P,
of Y into n cells. An orthonormal basis is given by the functions p(T)~1/2X .

If the partition is uniform with respect to p, i.e. p(T) = % for all T € Pp, then
K, = n.



Other examples

Local bases : Let V, be the space of piecewise constant functions over a partition P,
of Y into n cells. An orthonormal basis is given by the functions p(T)~1/2X .

If the partition is uniform with respect to p, i.e. p(T) = % for all T € Pp, then
K, = n.

Trigonometric system : with p the uniform measure on a torus, since L; is the complex
exponential, one has K, = n.

Spectral spaces on Riemannian manifolds : let M be a compact Riemannian manifold
without boundary and let V;, be spanned by the n first eigenfunctions L; of the
Laplace-Beltrami operator. Then under mild assumptions (doubling properties and
Poincaré inequalities), K, = O(n) (estimation based on analysis of the Heat kernel in
Dirichlet spaces by Kerkyacharian and Petrushev).

Such spaces are therefore well suited for stable least-squares methods. Example :
spherical harmonics. Note that individually the eigenfunctions do not satisfy
[1Ljllee = O(1).
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over Y C R? with unknown boundary condition, and where the spatial frequency A is
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Application to acoustic sampling

The unknown function u satisfies the Helmholtz equation
Au+Nu = 0,

over Y C R? with unknown boundary condition, and where the spatial frequency A is
linked with with the considered temporal frequency w.

Vekua theory : u belongs to the space V) generated by the plane waves
ex(y) = e*Y, k € R? such that |k| = A,

which are particular solutions of Av +A%v = 0 over R2.

Angular discretization : we perform least-squares in the m dimensional space

V, := Span{y +— e(y) : k:= A(cos(2jmt/n),sin(2j7t/n)), j=0,...,n—1}



Hipmair-Perugia-Moiola (2010) :if u belongs to the Sobolev space HP,

inf — < Cpn P .
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Fast decay of the approximation error with the number n of plane waves when u is a
smooth solution of Helmholtz equation.



Hipmair-Perugia-Moiola (2010) :if u belongs to the Sobolev space HP,

inf llu=vliz < Gon~P[v]ue.
vey,

Fast decay of the approximation error with the number n of plane waves when u is a
smooth solution of Helmholtz equation.

Chardon-Cohen-Daudet (2013) : for this space V, and if Y is a disk, one has
Ky ~ n2,

if p= 7 is the uniform measure over Y, and
Kn ~ n,

if p=(1— oc)‘dTy‘ + oc‘ad—f,‘ combination of the uniform measures over Y and over its

boundary 9Y : distributing part of the microphones along the boundary improves the
trade-off between the number of microphones and the quality of approximation.



Experimental result

« : proportion of microphones on the boundary
L : number of plane waves (= n =dim(V,))

T
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High dimensions : parametric PDE's
Prototype example : elliptic PDE’s on some domain D C R? or R3 with affine
parametrization of the diffusion function by y = (y1,...,yq) € Y = [—1,1]¢

d
—div(aVu) =f, a=a+ Zyjll)j,
j=1

with ellipticity assumption 0 < r <a< R forall y € Y, so y — u(y) € V = H}(D).



High dimensions : parametric PDE's
Prototype example : elliptic PDE’s on some domain D C R? or R3 with affine
parametrization of the diffusion function by y = (y1,...,yq) € Y = [—1,1]¢

d
—div(aVu) =f, a=a+ Zyjll)j,
j=1

with ellipticity assumption 0 < r <a< R forall y € Y, so y — u(y) € V = H}(D).

With A C N9, approximation by multivariate polynomial space

Vai=19D wyY, weVs=VaPy,
VEA
where y¥ =yt ...y 79
We consider downward closed index sets : vEe Aand p<v = p e A.

Basis of P : tensorized orthogonal polynomials L (y) = Hf:l Ly;(y;) for ve A



Downward closed multivariate polynomials




Breaking the curse of dimensionality

Cohen-DeVore-Schwab (2011) + Bachmayr-Migliorati (2017) : approximation results.

Under suitable summability conditions on ([\;|);j>1, there exists a sequence of
downward closed sets A1 C Ap C --- C Ap..., with n:= #(A,) such that

inf - < Cn*
=Vl < €

with V), := V5, where p is the uniform measure. The exponent s > 0 is robust with
respect to the dimension d.
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Chkifa-Cohen-Migliorati-Nobile-Tempone (2015) : estimate K, for Pa .
With dp = ®d(%) the uniform measure over Y, one has K, < n? for all downward
closed sets A, such that #(A,) = n. Up to log factors, the stability regime is m> n?.

With the tensor-product Chebychev measure, improvement K, < n® with o := ::—3
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Cohen-DeVore-Schwab (2011) + Bachmayr-Migliorati (2017) : approximation results.

Under suitable summability conditions on ([\;|);j>1, there exists a sequence of
downward closed sets A1 C Ap C --- C Ap..., with n:= #(A,) such that

inf - < Cn*
=Vl < €

with V), := V5, where p is the uniform measure. The exponent s > 0 is robust with
respect to the dimension d.

Chkifa-Cohen-Migliorati-Nobile-Tempone (2015) : estimate K, for Pa .

With dp = ®d(%) the uniform measure over Y, one has K, < n? for all downward
closed sets A, such that #(A,) = n. Up to log factors, the stability regime is m> n?.

With the tensor-product Chebychev measure, improvement K, < n® with o := ::—3

The theory and least-square method is not capable of handling lognormal diffusions :

d
a = exp(b), b:Zyjll)j, yj ~N(0,1) i.id.
i=1

which corresponds to the tensor product Gaussian measure over Y = RY.
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Optimal sampling

In the weighted least-square method, we sample according to do such that dp = wdo.
The stability condition is m> Ky w In(n), where Kp,w := supy,cy w(y)kn(y).

Optimal choice : take

wly) = 71— = do= " (Z\L\2)dp,

Then do is a probability measure and we have k, » = n.

Therefore, up to log factors, the stability regime is m = n independently of p.
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Stablllty regime for univariate polynomlals with p Chebychev, unlform and Gaussian
(m on x axis, n on y axis).



Sampling the optimal density

The optimal sampling measure o now depends on V,, :

n

do = doy = o= 1 (3~ 1) de.

n n \~
Jj=1

In the case of parametric PDEs approximated with multivariate polynomials, dp is a
product measure (easy to sample), but do, is not.



Sampling the optimal density

The optimal sampling measure o now depends on V,, :

n

K 1
do = dop = " dp = —( \L,-\Z)dp-
n n j 1

In the case of parametric PDEs approximated with multivariate polynomials, dp is a
product measure (easy to sample), but do, is not.

Sampling strategies :

(i) Monte Carlo Markov Chain (MCMC) : generate by simple recursive rules a sample
such that the the probability distribution asymptotically approaches dop,.

(ii) Conditional sampling : obtains first component by sampling the marginal doi(y1),
then the second component by sampling the conditional marginal probability doy, (y2)
for this choice of the first component, etc...

(iii) Mixture sampling : draw uniform variable j € {1,..., n}, then sample with
probability |L;|>dp.

Strategies (ii) and (iii) are more efficient on our cases of interests where the L; have
tensor product structure.
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Optimal sampling may become unfeasible when Y C R? is a domain with a general
geometry : the Ly,..., L, have no simple expression and cannot be computed exactly.
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Sampling on general domains
Optimal sampling may become unfeasible when Y C R? is a domain with a general
geometry : the Ly,..., L, have no simple expression and cannot be computed exactly.

General assumptions : Xy is easily computable = sampling according to the uniform
measure p is easy (sample uniformly on a bounding box, reject if y ¢ Y).

An optimal two-step strategy (Cohen-Dolbeault, 2019) :

1. With M > K, In(n) sample 71, ...,z according to the uniform measure, and define

Construct an orthonormal basis [1,...,[,, of V, for the L2(X,p) inner product and
define k, = 37, |L;.

2. With m>nln(n) sample y!,...,y™ according to
k
d6 = —dp,
n

. i
that is, select z/ with probability p; = *2lZ).




Pseudo-spectral methods

Optimal sampling measure helps : Wozniakowski-Wasilkowski (2006), Krieg (2017)
We have

n
[Pou—upSIP =3 lg—gP, &= = D> wly Ly uly).
j=1 i
Variance analysis

Elg—gP) = %Val'(W(y)Lj(y)U(yJ) < %JY w(y)PIL; (y)Pluly)Pdaly),

and therefore

E(]|un — uFS ) j (Zu 2 luly)Pdo(y).

Therefore, when using the optimal sampling measure, one finds that

PS”

E([|Pou — ubS|2) < 2 lul.
m



Multilevel strategy

For | =0,1,...,L set n;:=2/. Assume Un,_, € Vi, has been constructed.
Draw yl,...,y™ according to the measure on, with m; = 0n, for some 6 > 1.
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Multilevel strategy

For | =0,1,...,L set n;:=2/. Assume Un,_, € Vi, has been constructed.
Draw yl,...,y™ according to the measure on, with m; = 0n, for some 6 > 1.

Then define up, € V), by
ny

Upy =ty + Gl &= — Y wily )Ly uly’) = un, (y).
j=1

One then has

ny _
E(llu— un,|*) < ||u— Paul® + ;/E(IIU* un, 4 |I?) = en, ()2 + 0 E(|u — un,_,|P)

and we obtain by recursion E(|lu — up, ||?) < Z/L:o 0'Len, (u)? + 0 L LE(]|u?).
Assuming rate e,(u) < Cn~S and taking 8 > 225 we retrieve rate optimality.
The sampling budget is optimal : mg +---+ m; < 20n;.

Recent work by D. Krieg : instance optimality achievable if e,(u) is known.

General defect : dimension n; grows geometrically.
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sample necessary for stability m = m(n) ~ nin(n).
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Adaptivity

Update adaptively the polynomial space A,—1 — A,, while increasing the amount of
sample necessary for stability m = m(n) ~ nin(n).

VZQ ° ° ° o o

e o o = o_—l\’l

Problem : the optimal measure 0 = 0, changes as we vary n. How should we recycle
the previous samples ?

For certain simple cases 0, ~ 0* as n — oo (equilibrium measure for univariate
polynomials on [—1,1]). But no such asymptotic in general cases.



Example

Sampling densities o, for n = 5,10, 20.

|
E

0.0 T T T 0 T
-10 -5 0 5 10 0.0 05 1.0

Left : Hermite polynomials of degrees 0,...,m — 1 and p standard Gaussian.

Right : Haar wavelets selected by random tree refinement and p uniform.



Sequencial sampling
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We use this mixture property to generate the sample in an incremental manner.



Sequencial sampling

Observe that
do —*(E ‘Ll )dp— (17*)(10‘ 7]+*dv where dv —|L ‘ dp.
n . -j n n n n

We use this mixture property to generate the sample in an incremental manner.

Assume that the sample S,_1 = {y!,..., y™(""1)} have been generated by independent
draw according to the distribution do,_7.

Then we generate a new sample S, = {y1,...,y™(} as follows :
For each i =1,...,m(n), pick Bernoulli variable b; € {0, 1} with probability {1,1— 1},

If b; =0, generate y' according to dv,.

If b; =1, pick x; incrementally inside S,_1. If S,_1 has been exhausted generate y'
according to dop_1.



Optimality of the sequencial sampling algorithm

Arras-Bachmayr-Cohen (2018) : the total number of sample C, used at stage n
satisfies E(Cy) ~ nIn(n) and C, <nln(n) with high probability for all values of n. With
high probability, the matrix G satisfies k(G) < 3 for all values of n.

Example : hermite polynomials and Gaussian measure).
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Left : Condition number k(G)

Right : Ratio between total sampling cost C, and m(n) ~ nlog n.



Optimality of the sequencial sampling algorithm

Arras-Bachmayr-Cohen (2018) : the total number of sample C, used at stage n
satisfies E(Cy) ~ nIn(n) and C, <nln(n) with high probability for all values of n. With
high probability, the matrix G satisfies k(G) < 3 for all values of n.

Example : hermite polynomials and Gaussian measure).

3.00

G
-
Cou/n(m)

07.5% quantile maxinum /minimun

antile — mean

—— 10% / 90% quantile

1.00 Lo
10 20 30 10 50 10 20 30 10 50

m m

Left : Condition number k(G)

Right : Ratio between total sampling cost C, and m(n) ~ nlog n.

Alternative strategy (Migliorati) : use a deterministic mixture.



Conclusions
Appropriate sampling yields optimal non-intrusive methods under the regime m ~ n.
Applicable to any measure p and spaces Vj,, in any dimension.
Optimality can be preserved in a sequencial framework.

Convergence results are in expectation.



Conclusions
Appropriate sampling yields optimal non-intrusive methods under the regime m ~ n.
Applicable to any measure p and spaces Vj,, in any dimension.
Optimality can be preserved in a sequencial framework.

Convergence results are in expectation.

Perspectives
Similar convergence results with high probability ?
Convergence results in the uniform sense ?
Adaptive weighted least-squares strategies for the selection of index sets Aj.
Extend the optimal sampling measure theory to more general sensing systems.

Similar convergence results with deterministic sampling ?
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