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Part I: Introduction to the Reduced Basis Method 

Part II: The RB Method and Data 

Part III: Applications 
   Exercises (by James Nichols)
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Part I: Introduction to the Reduced Basis Method 
  Motivation 

  RB for the Simplest Case 

  Generalizations 

Part II: RB + Data 

Part III: Applications + Exercises
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PART I



Source: Environment and Climate Canada 
https://www.ec.gc.ca/eau-water

Issues: 
• Parameters unknown 
• Model, but possibly erroneous 

• Boundary or initial conditions uncertain 
• Measurements, possibly noisy 

Given: 
• Parametrized PDE-model  

Groundwater Flow:                  
• Groundwater management 

• Contaminant transport 
Goal: 

• Predict hydraulic head 
• Predict pollutant concentration

Source: Environment and Climate Canada 
https://www.ec.gc.ca/eau-water

Motivation - A Geosciences Example
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Brief Introduction to the Reduced Basis Method



Notation
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In the following: 

                   parameter 

                                     output 

                                     state, and

µ
<latexit sha1_base64="V9zUjK5+16uGOfhJIlT84i9RFgk="></latexit>

s
<latexit sha1_base64="Iv82CCgNSBm7+MTCAuZRenXVV88="></latexit>

y
<latexit sha1_base64="FwiNfgpadKwVIK7JeKEipVhnXNU="></latexit>

y(µ) ⌘ y(x;µ)
<latexit sha1_base64="vHzxuDJ0qbAYDXLvA3iuxnBca0E=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiCVpUpKJZBYKrEwFok+pDaqHMdprTpxsJ2KKOoPsPArLAwgxMrOxt/gtBmg5UiWj8+5V773uBGjUlnWt1FYWV1b3yhulra2d3b3zP2DtuSxwKSFOeOi6yJJGA1JS1HFSDcSBAUuIx13fJ35nQkRkvLwTiURcQI0DKlPMVJaGpgnSaUfxGewT+5jOoH65XLmySTQF3y4gplZGphlq2rNAJeJnZMyyNEcmF99j+M4IKHCDEnZs61IOSkSimJGpqV+LEmE8BgNSU/TEAVEOulsmyk81YoHfS70CRWcqb87UhTIbEBdGSA1koteJv7n9WLlXzopDaNYkRDPP/JjBhWHWTTQo4JgxRJNEBZUzwrxCAmElQ4wC8FeXHmZtGtV+7xau62XG/U8jiI4AsegAmxwARrgBjRBC2DwCJ7BK3gznowX4934mJcWjLznEPyB8fkDYwmabw==</latexit>



Objective
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Problem: Compute                                where 

PDE 

                in multi-query, real-time, or slim computing settings. 

Goal: Compute approximations 

                that are (certifiably-)accurate and (online-)inexpensive.

y(µ) ⇡ yN (µ)
<latexit sha1_base64="0gWD3cpzIfFTPER/6bAZgdLJc6Y=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYktaDLghtXUsE+oAlhMp20QyeZMDMRQ+zCX3HjQhG3/oY7/8ZpmoW2Hrhw5px7mXuPHzMqlWV9G6WV1bX1jfJmZWt7Z3fP3D/oSp4ITDqYMy76PpKE0Yh0FFWM9GNBUOgz0vMnVzO/d0+EpDy6U2lM3BCNIhpQjJSWPPMorTlhcuagOBb8AabeTf72zKpVt3LAZWIXpAoKtD3zyxlynIQkUpghKQe2FSs3Q0JRzMi04iSSxAhP0IgMNI1QSKSb5ftP4alWhjDgQlekYK7+nshQKGUa+rozRGosF72Z+J83SFRw6WY0ihNFIjz/KEgYVBzOwoBDKghWLNUEYUH1rhCPkUBY6cgqOgR78eRl0m3U7fN647ZZbTWLOMrgGJyAGrDBBWiBa9AGHYDBI3gGr+DNeDJejHfjY95aMoqZQ/AHxucP3wyVUA==</latexit>

s(µ) ⇡ sN (µ) := f(yN (µ);µ)
<latexit sha1_base64="WGw9j/M044JMQcrSL77uARi8e/w=">AAACEnicbVDLSgMxFM3UV62vUZdugkVoN2WmFhRFKLhxVSrYB3TKkEkzbWjmQZIRh6Hf4MZfceNCEbeu3Pk3Zqaz0NYDCeeecy/JPU7IqJCG8a0VVlbX1jeKm6Wt7Z3dPX3/oCuCiGPSwQELeN9BgjDqk46kkpF+yAnyHEZ6zvQ69Xv3hAsa+HcyDsnQQ2OfuhQjqSRbr4qK5UVVC4UhDx6gsFtZfXHlVmI7ac2y6jK9bL1s1IwMcJmYOSmDHG1b/7JGAY484kvMkBAD0wjlMEFcUszIrGRFgoQIT9GYDBT1kUfEMMlWmsETpYygG3B1fAkz9fdEgjwhYs9RnR6SE7HopeJ/3iCS7vkwoX4YSeLj+UNuxKAMYJoPHFFOsGSxIghzqv4K8QRxhKVKsaRCMBdXXibdes08rdVvG+VmI4+jCI7AMagAE5yBJrgBbdABGDyCZ/AK3rQn7UV71z7mrQUtnzkEf6B9/gD0IJxW</latexit>

s(µ) = f(y(µ);µ)
<latexit sha1_base64="R/cV7XqGNeN6rsREoNiF+iP4UoQ=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASLUDdlphYURCi4cVnBXqAdSibNtKFJZkgyQh2Kr+LGhSJufQ93vo2Z6Sy09UDCx/+fQ05+P2JUacf5tgorq2vrG8XN0tb2zu6evX/QVmEsMWnhkIWy6yNFGBWkpalmpBtJgrjPSMef3KR+54FIRUNxr6cR8TgaCRpQjLSRBvaRqvR5fHYdVKYZXKXXwC47VScruAxuDmWQV3Ngf/WHIY45ERozpFTPdSLtJUhqihmZlfqxIhHCEzQiPYMCcaK8JNt+Bk+NMoRBKM0RGmbq74kEcaWm3DedHOmxWvRS8T+vF+vg0kuoiGJNBJ4/FMQM6hCmUcAhlQRrNjWAsKRmV4jHSCKsTWAlE4K7+OVlaNeq7nm1dlcvN+p5HEVwDE5ABbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MW8tWPnMIfhT1ucPbvCT4A==</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y
<latexit sha1_base64="dGjOHEEUyiyYn8zNQ0rAWWJZNo4="></latexit>



The Reduced Basis Method
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FE SPACE
HIGH-DIMENSIONAL

a(y(µ), v;µ) = f(v;µ), for all v 2 Y
<latexit sha1_base64="UgNDXdPDQ7GsY2WY/2QT7y4fCXY="></latexit>



The Reduced Basis Method

FE SPACE

SNAPSHOTS

y(µi)

HIGH-DIMENSIONAL
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YN = span
�
y(µi) , i = 1, . . . , N

 
<latexit sha1_base64="Mlwblh57hRWtot/whjPt1jUO8Hc="></latexit>



The Reduced Basis Method
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FE SPACE

SNAPSHOTS

y(µi)

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

a(y(µ), v;µ) = f(v;µ), for all v 2 Y.
<latexit sha1_base64="KN/9p8pGILl1LP1VE/DnwZwU8mE="></latexit>



The Reduced Basis Method
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FE SPACE

SNAPSHOTS

y(µi) yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

a(yN (µ), v;µ) = f(v;µ), for all v 2 YN .
<latexit sha1_base64="H34lMvPzUj2mY/a8xWXYwRSfFjs="></latexit>



The Reduced Basis Method
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FE SPACE

SNAPSHOTS

y(µi)

�N(µ)
(2) ERROR BOUND

yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

ky(µ)� yN (µ)kY  �N (µ).
<latexit sha1_base64="/bOz5QmETxKuF0cpR937DKAKdrY="></latexit>



The Reduced Basis Method

- DEPENDENT 
COEFFICIENTS
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FE SPACE

SNAPSHOTS

y(µi)

�N(µ)
(2) ERROR BOUND

yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPOSITION

µ - INDEPENDENT 
BILINEAR FORMS
µ

a(w, v;µ) =
QP

q=1
✓q(µ)| {z } aq(w, v)| {z }, 8w, v 2 Y

<latexit sha1_base64="y6+CqhDNZF188vLneEP3h9DgruQ="></latexit>



The Reduced Basis Method
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FE SPACE

SNAPSHOTS

y(µi)

�N(µ)
(2) ERROR BOUND

yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPOSITION
(4) GREEDY ALGORITHM

µN+1 = argmax
µ2D

�N(µ)

kyN(µ)kY
<latexit sha1_base64="tUFKOR73FMm9AC9osXLkQeSAjV0="></latexit>



The Reduced Basis Method
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FE SPACE

SNAPSHOTS

y(µi)

�N(µ)
(2) ERROR BOUND

yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPOSITION
(4) GREEDY ALGORITHM
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The reduced basis method seeks to provide, for any  

accurate 
reliable 
efficient surrogates                                       cost 

                                                                                    small  

to solutions of parametrized PDEs 
           for the many-query, real-time, 

                            and slim-computing contexts. 

[Prud'homme, et al., 2002], [Maday, et al., 2002], …  
[Hesthaven, Rozza & Stamm, 2015], [Quarteroni, Manzoni & Negri, 2015]

(1)  APPROX 
(2)  ERR ES 
(3)  DECOMP 
(4)  GREEDYN

<latexit sha1_base64="8sOx36AvGX6/Na0vbd/tQTfIPkg=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsAq7sdBCMGBjJQmYCyQhzE7OJmNmL8zMCmFJaWVjoYitT2HrK9j5DPoQTi6FJv4w8PH/5zDnHDcSXGnb/rRSC4tLyyvp1cza+sbmVnZ7p6rCWDKssFCEsu5ShYIHWNFcC6xHEqnvCqy5/YtRXrtFqXgYXOtBhC2fdgPucUa1scpX7WzOzttjkXlwppA7f/+6238rf5fa2Y9mJ2Sxj4FmgirVcOxItxIqNWcCh5lmrDCirE+72DAYUB9VKxkPOiSHxukQL5TmBZqM3d8dCfWVGviuqfSp7qnZbGT+lzVi7Z22Eh5EscaATT7yYkF0SEZbkw6XyLQYGKBMcjMrYT0qKdPmNhlzBGd25XmoFvLOcb5QtnPFM5goDXtwAEfgwAkU4RJKUAEGCPfwCE/WjfVgPVsvk9KUNe3ZhT+yXn8Atq+RTw==</latexit>

µ 2 D
<latexit sha1_base64="bJElPNbnwzZppjI11+qdN0KwBCA="></latexit>

The Reduced Basis Method
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(Q•, N•)
<latexit sha1_base64="Jv+tq0RtERkbR6ty8PH/JcghPPc="></latexit>

yN(µ) ⇡ y(µ)
<latexit sha1_base64="UBfwGc5ln5qwgVrelfP1RwJrpsM="></latexit>

ky(µ)� yN(µ)kY � �N(µ)
<latexit sha1_base64="HNQqpckIGDh9WqProJ4WR/dUU4A="></latexit>



Source: Environment and Climate Canada 
https://www.ec.gc.ca/eau-water

Issues: 
• Parameters unknown 
• Model, but possibly erroneous 

• Boundary or initial conditions uncertain 
• Measurements, possibly noisy 

Given: 
• Parametrized PDE-model 

Groundwater Flow:                  
• Groundwater management 

• Contaminant transport 
Goal: 

• Predict hydraulic head 
• Predict pollutant concentration

Source: Environment and Climate Canada 
https://www.ec.gc.ca/eau-water

Motivation - A Geosciences Example
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Simplest Case: Poisson Problem

Strong Form 

Find    such that 

         PDE                                                                                                            domain 

          BC                                                                                                                         boundary

parameter

Upper Rhine Graben (Germany)
Courtesy of Prof. Scheck-Wenderoth, GFZ Postdam.

y
<latexit sha1_base64="pZDo8SSz7PNqEx8hK2HrjFeErc0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbabt2swm7GyGE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMviAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1lGiGLZYJCLVDahGwSW2DDcCu7FCGgYCO8H0bu53nlBpHskHk8boh3Qs+YgzaqzUTAelsltxFyDrxMtJGXI0BqWv/jBiSYjSMEG17nlubPyMKsOZwFmxn2iMKZvSMfYslTRE7WeLQ2fk0ipDMoqULWnIQv09kdFQ6zQMbGdIzUSvenPxP6+XmNGtn3EZJwYlWy4aJYKYiMy/JkOukBmRWkKZ4vZWwiZUUWZsNkUbgrf68jppVyvedaXarJXrtTyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwB5NWM8w==</latexit>

�r2y = f in ⌦ ⇢ R3
<latexit sha1_base64="xJi+XV7V7ZoZ0LiPrh4mr8VNHZU="></latexit>

 =

(
1 in ⌦o

i in ⌦i, i = 1 . . . P
<latexit sha1_base64="MCICOIxMuq1+TwmHjHGdAi6E1y0="></latexit>

µ = {1, . . . ,P } 2 D ⇢ RP
<latexit sha1_base64="h9+ieeAu+bhOzbI9eFvtwIZy/k8="></latexit>

y = 0 on �N
<latexit sha1_base64="tgK1TwOa6VdoZP5kEoUtPsbUaCc=">AAACG3icbVDLSgMxFM34tr6qLt1Ei+CqzFRBQQTBha6kglWhU4Y7aarBJDMmd8QyzH+48VfcuFDEleDCvzF9LHwdSDg5515u7olTKSz6/qc3Mjo2PjE5NV2amZ2bXygvLp3ZJDOMN1giE3MRg+VSaN5AgZJfpIaDiiU/j68Pev75LTdWJPoUuylvKbjUoiMYoJOicq0b7oa7e73LD28yaIfI7zBPdNF/URoeglJAozwPV4soPy6KqFzxq34f9C8JhqRChqhH5fewnbBMcY1MgrXNwE+xlYNBwSQvSmFmeQrsGi5501ENittW3t+toOtOadNOYtzRSPvq944clLVdFbtKBXhlf3s98T+vmWFnp5ULnWbINRsM6mSSYkJ7QdG2MJyh7DoCzAj3V8quwABDF2fJhRD8XvkvOatVg81q7WSrsr81jGOKrJA1skECsk32yRGpkwZh5J48kmfy4j14T96r9zYoHfGGPcvkB7yPL0OUoOs=</latexit>

where

Let



Introduction to Reduced Basis Methods: Theory and Applications  |   
Karen Veroy-Grepl  |  “Sparsity for Physics, Signal and Learning” Summer School |  
INRIA - Paris | 24-27June 2019

!23

Simplest Case: Poisson Problem

Weak Form 

Find                          s.t. 

and compute                                  . 

y = y(µ) 2 Y
<latexit sha1_base64="RAddrFjAGChXdsekz/wNG4sxz1Y=">AAACBHicbVDLSsNAFL2pr1pf8bHrZrAV6qYkIuhGKLhxWcE+pCl1Mp20QyeTMDMRQujCjb/ixoUibv0Id/6N09aFth64cDjnXu69x485U9pxvqzc0vLK6lp+vbCxubW9Y+/uNVWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tljy4nfuueSsUicaPTmHZDPBAsYARrI/XsYrmcXqQVL0yOPSaQF2I9JJhnt+NyuWeXnKozBVok7g8p1Q6C4A4A6j370+tHJAmp0IRjpTquE+tuhqVmhNNxwUsUjTEZ4QHtGCpwSFU3mz4xRkdG6aMgkqaERlP190SGQ6XS0DedkyPVvDcR//M6iQ7OuxkTcaKpILNFQcKRjtAkEdRnkhLNU0MwkczcisgQS0y0ya1gQnDnX14kzZOq61Tda5PGKcyQhyIcQgVcOIMaXEEdGkDgAZ7gBV6tR+vZerPeZ60562dmH/7A+vgGwLOYTw==</latexit><latexit sha1_base64="VhqgJLxZfWXxnlTo7BPh3Bcnq3U=">AAACBHicbVDLSsNAFJ3UV62v+Nh1M9gIdVMSEXQjFNy4rGAf0oQymU7aoZNJmJkIIXThxl9x40IRt36EO//GSdqFth64cDjnXu69x48Zlcq2v43Syura+kZ5s7K1vbO7Z+4fdGSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6TrT65zv/tAhKQRv1NpTLwQjTgNKEZKSwOzalnpVVp3w+TUpRy6IVJjjFh2P7WsgVmzG3YBuEycOak1j4ICrYH55Q4jnISEK8yQlH3HjpWXIaEoZmRacRNJYoQnaET6mnIUEullxRNTeKKVIQwioYsrWKi/JzIUSpmGvu7Mj5SLXi7+5/UTFVx6GeVxogjHs0VBwqCKYJ4IHFJBsGKpJggLqm+FeIwEwkrnVtEhOIsvL5POWcOxG86tTuMczFAGVXAM6sABF6AJbkALtAEGj+AZvII348l4Md6Nj1lryZjPHII/MD5/AGGtmYc=</latexit><latexit sha1_base64="VhqgJLxZfWXxnlTo7BPh3Bcnq3U=">AAACBHicbVDLSsNAFJ3UV62v+Nh1M9gIdVMSEXQjFNy4rGAf0oQymU7aoZNJmJkIIXThxl9x40IRt36EO//GSdqFth64cDjnXu69x48Zlcq2v43Syura+kZ5s7K1vbO7Z+4fdGSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6TrT65zv/tAhKQRv1NpTLwQjTgNKEZKSwOzalnpVVp3w+TUpRy6IVJjjFh2P7WsgVmzG3YBuEycOak1j4ICrYH55Q4jnISEK8yQlH3HjpWXIaEoZmRacRNJYoQnaET6mnIUEullxRNTeKKVIQwioYsrWKi/JzIUSpmGvu7Mj5SLXi7+5/UTFVx6GeVxogjHs0VBwqCKYJ4IHFJBsGKpJggLqm+FeIwEwkrnVtEhOIsvL5POWcOxG86tTuMczFAGVXAM6sABF6AJbkALtAEGj+AZvII348l4Md6Nj1lryZjPHII/MD5/AGGtmYc=</latexit><latexit sha1_base64="DgYTKfbnR8TnlIvn8PWqVbA86xM=">AAACBHicbVDLSsNAFJ34rPUVddnNYCPUTUlE0I1QcOOygn1IE8pkOm2HzkzCzEQIoQs3/oobF4q49SPc+TdO2iy09cCFwzn3cu89Ycyo0q77ba2srq1vbJa2yts7u3v79sFhW0WJxKSFIxbJbogUYVSQlqaakW4sCeIhI51wcp37nQciFY3EnU5jEnA0EnRIMdJG6tsVx0mv0prPk1OfCuhzpMcYsex+6jh9u+rW3RngMvEKUgUFmn37yx9EOOFEaMyQUj3PjXWQIakpZmRa9hNFYoQnaER6hgrEiQqy2RNTeGKUARxG0pTQcKb+nsgQVyrloenMj1SLXi7+5/USPbwMMiriRBOB54uGCYM6gnkicEAlwZqlhiAsqbkV4jGSCGuTW9mE4C2+vEzaZ3XPrXu3brVxXsRRAhVwDGrAAxegAW5AE7QABo/gGbyCN+vJerHerY9564pVzByBP7A+fwC6J5bP</latexit>

y ⌘ y(µ) 2 Y
<latexit sha1_base64="rx/YV8ry2lglrdtCUVGc0kuTVeU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiS1oMuCG5cV7EOaUCbTaTt0ZhJnJoUQunPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv994TRIwq7Tjf1srq2vrGZmGruL2zu7dvHxy2VBhLTJo4ZKHsBEgRRgVpaqoZ6USSIB4w0g7G15nfnhCpaCjudBIRn6OhoAOKkTZSzz5JoEceYjqBSdnj8blHBfQ40iOMWHo/7dklp+LMAJeJm5MSyNHo2V9eP8QxJ0JjhpTquk6k/RRJTTEj06IXKxIhPEZD0jVUIE6Un87+mMIzo/ThIJSmhIYz9fdEirhSCQ9MZ3aiWvQy8T+vG+vBlZ9SEcWaCDxfNIgZ1CHMQoF9KgnWLDEEYUnNrRCPkERYm+iKJgR38eVl0qpW3ItK9bZWqtfyOArgGJyCMnDBJaiDG9AATYDBI3gGr+DNerJerHfrY966YuUzR+APrM8fU3iY7g==</latexit>

o

pX

i=0

Z

⌦i

ry ·rv d⌦ =

Z

⌦
v d⌦, 8 v 2 Y,

<latexit sha1_base64="25buWdGSTZxJUnbRj3Qe0WswGE8="></latexit>

s(µ) =

Z

⌦
y(µ) d⌦

<latexit sha1_base64="dxM6v3OCYLMQofkw7lQ+D4X4VhE=">AAACE3icbZDLSsNAFIYnXmu9RV26GSxCdVGSWlAQoeDGnRXsBZoQJtNJO3QmCTMTIYS+gxtfxY0LRdy6cefbOE2z0NYfBn6+cw5zzu/HjEplWd/G0vLK6tp6aaO8ubW9s2vu7XdklAhM2jhikej5SBJGQ9JWVDHSiwVB3Gek64+vp/XuAxGSRuG9SmPicjQMaUAxUhp55qkDZdXhycmVQ0MFvcy55WSIJjDNKXQu4QDOmGdWrJqVCy4auzAVUKjlmV/OIMIJJ6HCDEnZt61YuRkSimJGJmUnkSRGeIyGpK9tiDiRbpbfNIHHmgxgEAn99GI5/T2RIS5lyn3dyZEayfnaFP5X6ycquHAzGsaJIiGefRQkDKoITgOCAyoIVizVBmFB9a4Qj5BAWOkYyzoEe/7kRdOp1+yzWv2uUWk2ijhK4BAcgSqwwTloghvQAm2AwSN4Bq/gzXgyXox342PWumQUMwfgj4zPH8gmnCs=</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y,
<latexit sha1_base64="fFGkn6nOXypGzG6bKhApEcuUDWs="></latexit>

s(µ) = f(y(µ);µ).
<latexit sha1_base64="17kwDx2ZlclEfmelH+K2Y69/4+Q=">AAACA3icbVBNS8MwGE79nPOr6k0vwSHMS2nnQGEIAy8eJ7gPWMtIs3QLS9qSpEIpAy/+FS8eFPHqn/DmvzHtdtDNBxKePM/78uZ9/JhRqWz721hZXVvf2Cxtlbd3dvf2zYPDjowSgUkbRywSPR9JwmhI2ooqRnqxIIj7jHT9yU3udx+IkDQK71UaE4+jUUgDipHS0sA8llWXJ+du49ptBNW0eDRgflsDs2JbdgG4TJw5qYA5WgPzyx1GOOEkVJghKfuOHSsvQ0JRzMi07CaSxAhP0Ij0NQ0RJ9LLih2m8EwrQxhEQp9QwUL93ZEhLmXKfV3JkRrLRS8X//P6iQquvIyGcaJIiGeDgoRBFcE8EDikgmDFUk0QFlT/FeIxEggrHVtZh+AsrrxMOjXLubBqd/VKsz6PowROwCmoAgdcgia4BS3QBhg8gmfwCt6MJ+PFeDc+ZqUrxrznCPyB8fkDtvmVmA==</latexit>

Abstract Form 

Find                           s.t. 

and compute   
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Simplest Case: Poisson Problem

Questions: 

How can we compute an approximation              to          ? 

How do we know the error is small? 

How do we know what value of     to take? 

How do we compute                        efficiently online? 

How do we choose the sample points      optimally?

General Form Matrix Form

Find                  s.t.y(µ) 2 Y
<latexit sha1_base64="6xuSn3/tL8NC3M5hWCaFFWFn7F4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikztaDLghuXFexDOkPJpJk2NMkMSUYYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQliRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VJRKTDo5YJPsBUoRRQTqaakb6sSSIB4z0gulN7vceiVQ0Evc6jYnP0VjQkGKkjTS0T9Kax5MLjwrocaQnGLHsYTa0q07dmQOuErcgVVCgPbS/vFGEE06ExgwpNXCdWPsZkppiRmYVL1EkRniKxmRgqECcKD+bx5/Bc6OMYBhJ84SGc/X3Roa4UikPzGQeUS17ufifN0h0eO1nVMSJJgIvDoUJgzqCeRdwRCXBmqWGICypyQrxBEmEtWmsYkpwl7+8SrqNuntZb9w1q61mUUcZnIIzUAMuuAItcAvaoAMwyMAzeAVv1pP1Yr1bH4vRklXsHIM/sD5/AMdplVU=</latexit>

Find                        s.t.

yN (µ)
<latexit sha1_base64="uSADY894GRpK8Dp7aEkfbOb0BcI=">AAAB9XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBdPEsE8IFnj7GQ2GTIzu8zMKmHJf3jxoIhX/8Wbf+Mk8aCJBQ1FVTfdXWHCmTae9+XklpZXVtfy64WNza3tneLuXkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHg58ZsPVGkWy1szSmggcF+yiBFsrHTnuqNudj0ud0R64rrdYsmreFOgReL/kFL1IIruAaDWLX52ejFJBZWGcKx12/cSE2RYGUY4HRc6qaYJJkPcp21LJRZUB9n06jE6tkoPRbGyJQ2aqr8nMiy0HonQdgpsBnrem4j/ee3URBdBxmSSGirJbFGUcmRiNIkA9ZiixPCRJZgoZm9FZIAVJsYGVbAh+PMvL5LGacX3Kv6NTeMMZsjDIRxBGXw4hypcQQ3qQEDBE7zAq/PoPDtvzvusNef8zOzDHzgf35trkrE=</latexit><latexit sha1_base64="gBL9AlNVyrEI/2UrmgZyApUaSac=">AAAB9XicbVDLSsNAFL2pr1pf9bFzM9gIdVMSEXRZcONKKtgHtLFMppN26GQSZiZKCP0PNy4Uceu/uPNvnKZdaOuBC4dz7uXee/yYM6Ud59sqrKyurW8UN0tb2zu7e+X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fH11G8/UqlYJO51GlMvxEPBAkawNtKDbaf97HZS7YXJmW33yxWn5uRAy8Sdk0r9KMjR6Je/eoOIJCEVmnCsVNd1Yu1lWGpGOJ2UeomiMSZjPKRdQwUOqfKy/OoJOjXKAAWRNCU0ytXfExkOlUpD33SGWI/UojcV//O6iQ6uvIyJONFUkNmiIOFIR2gaARowSYnmqSGYSGZuRWSEJSbaBFUyIbiLLy+T1nnNdWrunUnjAmYowjGcQBVcuIQ63EADmkBAwjO8wpv1ZL1Y79bHrLVgzWcO4Q+szx88ZZPp</latexit><latexit sha1_base64="gBL9AlNVyrEI/2UrmgZyApUaSac=">AAAB9XicbVDLSsNAFL2pr1pf9bFzM9gIdVMSEXRZcONKKtgHtLFMppN26GQSZiZKCP0PNy4Uceu/uPNvnKZdaOuBC4dz7uXee/yYM6Ud59sqrKyurW8UN0tb2zu7e+X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fH11G8/UqlYJO51GlMvxEPBAkawNtKDbaf97HZS7YXJmW33yxWn5uRAy8Sdk0r9KMjR6Je/eoOIJCEVmnCsVNd1Yu1lWGpGOJ2UeomiMSZjPKRdQwUOqfKy/OoJOjXKAAWRNCU0ytXfExkOlUpD33SGWI/UojcV//O6iQ6uvIyJONFUkNmiIOFIR2gaARowSYnmqSGYSGZuRWSEJSbaBFUyIbiLLy+T1nnNdWrunUnjAmYowjGcQBVcuIQ63EADmkBAwjO8wpv1ZL1Y79bHrLVgzWcO4Q+szx88ZZPp</latexit><latexit sha1_base64="a9YIvwDb/JS2utsSLcTKmgQUqZw=">AAAB9XicbVBNSwMxEJ31s9avqkcvwa5QL2VXBD0WvHiSCvYD2rVk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtPG8b2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR9dTv/VIlWaxvDfjhAYCDySLGMHGSg+uO+5lt5NKV6Rnrtsrlb2qNwNaJn5OypCj3it9dfsxSQWVhnCsdcf3EhNkWBlGOJ0Uu6mmCSYjPKAdSyUWVAfZ7OoJOrVKH0WxsiUNmqm/JzIstB6L0HYKbIZ60ZuK/3md1ERXQcZkkhoqyXxRlHJkYjSNAPWZosTwsSWYKGZvRWSIFSbGBlW0IfiLLy+T5nnV96r+nVeuXeRxFOAYTqACPlxCDW6gDg0goOAZXuHNeXJenHfnY9664uQzR/AHzucPlN+RMQ==</latexit>

y(µ)
<latexit sha1_base64="sVsgKaP4qoHFtSqWjqfiEZ12uYE=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEUwMJkucncwmQ2Zml5lZYVnyF148KOLVv/Hm3zh5HDSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1Q6xppxJ2jTMcNpOFMUi5PQ+HF1P/PsnqjSL5Z3JEhoIPJAsYgQbKz24blbtivTMdXvlilfzpkDLxJ+TSv0oih4BoNErf3X7MUkFlYZwrHXH9xIT5FgZRjgdl7qppgkmIzygHUslFlQH+fTiMTq1Sh9FsbIlDZqqvydyLLTORGg7BTZDvehNxP+8TmqiqyBnMkkNlWS2KEo5MjGavI/6TFFieGYJJorZWxEZYoWJsSGVbAj+4svLpHVe872af2vTuIAZinAMJ1AFHy6hDjfQgCYQkPAMr/DmaOfFeXc+Zq0FZz5zCH/gfP4AeF6Q5A==</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="rewEvtmBuo+ulQd4aozd3rbl7hQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LDZCvZREBD0WvHisYFuxDWWz3bRLdzdhdyOE0H/hxYMiXv033vw3btsctPXBwOO9GWbmhQln2njet1NaW9/Y3CpvV3Z29/YPqodHHR2nitA2iXmsHkKsKWeStg0znD4kimIRctoNJzczv/tElWaxvDdZQgOBR5JFjGBjpUfXzep9kZ677qBa8xreHGiV+AWpQYHWoPrVH8YkFVQawrHWPd9LTJBjZRjhdFrpp5ommEzwiPYslVhQHeTzi6fozCpDFMXKljRorv6eyLHQOhOh7RTYjPWyNxP/83qpia6DnMkkNVSSxaIo5cjEaPY+GjJFieGZJZgoZm9FZIwVJsaGVLEh+Msvr5LORcP3Gv6dV2teFnGU4QROoQ4+XEETbqEFbSAg4Rle4c3Rzovz7nwsWktOMXMMf+B8/gBx0o9k</latexit>

µi
<latexit sha1_base64="2EXnAnK7il/mT3bSl/HKmjuYnFg=">AAAB8nicbVDJSgNBEK1xjXFJ1KOXxozgKcyIoDcDXjxGMAskQ+jp9CRNehm6e4Qw5DO8eFDEq1/jzU/wL+wsB018UPB4r4qqenHKmbFB8OWtrW9sbm0Xdoq7e/sHpfLhUdOoTBPaIIor3Y6xoZxJ2rDMctpONcUi5rQVj26nfuuRasOUfLDjlEYCDyRLGMHWSR3f74qsl7OJ7/fKlaAazIBWSbgglVrp+wYBQL1X/uz2FckElZZwbEwnDFIb5VhbRjidFLuZoSkmIzygHUclFtRE+ezkCTpzSh8lSruSFs3U3xM5FsaMRew6BbZDs+xNxf+8TmaT6yhnMs0slWS+KMk4sgpN/0d9pimxfOwIJpq5WxEZYo2JdSkVXQjh8surpHlRDYNqeO/SuIQ5CnACp3AOIVxBDe6gDg0goOAJXuDVs96z9+a9z1vXvMXMMfyB9/EDN2+R+w==</latexit><latexit sha1_base64="U5OCDtPiWOg/7IwA1QMdT2o07E4=">AAAB8nicbVDLSsNAFJ3UV42PVl26GWwE3ZREBN1ZEMFlBfuANJTJdNIOnUeYmQgl9DPcuFDErX/gX7jzE/wLp4+Fth64cDjnXu69J04Z1cb3v5zCyura+kZx093a3tktlff2m1pmCpMGlkyqdow0YVSQhqGGkXaqCOIxI614eD3xWw9EaSrFvRmlJOKoL2hCMTJWCj2vw7NuTsee1y1X/Ko/BVwmwZxUaqXvq1P346beLX92ehJnnAiDGdI6DPzURDlShmJGxm4n0yRFeIj6JLRUIE50lE9PHsNjq/RgIpUtYeBU/T2RI671iMe2kyMz0IveRPzPCzOTXEY5FWlmiMCzRUnGoJFw8j/sUUWwYSNLEFbU3grxACmEjU3JtSEEiy8vk+ZZNfCrwZ1N4xzMUASH4AicgABcgBq4BXXQABhI8AiewYtjnCfn1XmbtRac+cwB+APn/Qemt5MO</latexit><latexit sha1_base64="U5OCDtPiWOg/7IwA1QMdT2o07E4=">AAAB8nicbVDLSsNAFJ3UV42PVl26GWwE3ZREBN1ZEMFlBfuANJTJdNIOnUeYmQgl9DPcuFDErX/gX7jzE/wLp4+Fth64cDjnXu69J04Z1cb3v5zCyura+kZx093a3tktlff2m1pmCpMGlkyqdow0YVSQhqGGkXaqCOIxI614eD3xWw9EaSrFvRmlJOKoL2hCMTJWCj2vw7NuTsee1y1X/Ko/BVwmwZxUaqXvq1P346beLX92ehJnnAiDGdI6DPzURDlShmJGxm4n0yRFeIj6JLRUIE50lE9PHsNjq/RgIpUtYeBU/T2RI671iMe2kyMz0IveRPzPCzOTXEY5FWlmiMCzRUnGoJFw8j/sUUWwYSNLEFbU3grxACmEjU3JtSEEiy8vk+ZZNfCrwZ1N4xzMUASH4AicgABcgBq4BXXQABhI8AiewYtjnCfn1XmbtRac+cwB+APn/Qemt5MO</latexit><latexit sha1_base64="i8ST3Ne9sPVRcL3w0SDW1H9o56A=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBrOCp7Argh4DXjxGMA9IljA7mU2GzGOZ6RXCks/w4kERr36NN//GSbIHTSxoKKq66e6KU8EtBMG3V9rY3NreKe9W9vYPDo+qxydtqzNDWYtqoU03JpYJrlgLOAjWTQ0jMhasE0/u5n7niRnLtXqEacoiSUaKJ5wScFLP9/syG+R85vuDai2oBwvgdRIWpIYKNAfVr/5Q00wyBVQQa3thkEKUEwOcCjar9DPLUkInZMR6jioimY3yxckzfOGUIU60caUAL9TfEzmR1k5l7DolgbFd9ebif14vg+Q2yrlKM2CKLhclmcCg8fx/POSGURBTRwg13N2K6ZgYQsGlVHEhhKsvr5P2VT0M6uFDUGtcF3GU0Rk6R5coRDeoge5RE7UQRRo9o1f05oH34r17H8vWklfMnKI/8D5/ABErkGQ=</latexit>

N
<latexit sha1_base64="P2Ulr0FBfWkJkuuG1F2SMqUQ950=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqadeq3kW11rys1Gt5HEU4gVM4Bw+uoA630IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AaMPjMY=</latexit>

a(y(µ), v;µ) = f(v;µ)
<latexit sha1_base64="UICn4IN2u9SkYJ0RbTpRAjfv4oA=">AAACBXicbVBNS8MwGE7n15xfVY96KA6hgox2DhSGMPDicYL7gLWMNEu3sCQtSTooYxcv/hUvHhTx6n/w5r8x3XrQ6QMhT57nfXnzPkFMiVSO82UUVlbX1jeKm6Wt7Z3dPXP/oC2jRCDcQhGNRDeAElPCcUsRRXE3FhiygOJOML7J/M4EC0kifq/SGPsMDjkJCYJKS33zGNqp7bHk7HxSzy6vfu3VQ3vx6Jtlp+LMYf0lbk7KIEezb356gwglDHOFKJSy5zqx8qdQKIIonpW8ROIYojEc4p6mHDIs/el8i5l1qpWBFUZCH66sufqzYwqZlCkLdCWDaiSXvUz8z+slKrzyp4THicIcLQaFCbVUZGWRWAMiMFI01QQiQfRfLTSCAiKlgyvpENzllf+SdrXiXlSqd7Vyo5bHUQRH4ATYwAWXoAFuQRO0AAIP4Am8gFfj0Xg23oz3RWnByHsOwS8YH9+DM5af</latexit>

8 v 2 Y
<latexit sha1_base64="MT71/2zFHbh0HG+Dzac7YK4CYec=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KkktKLgpuHFZwT6kKeVmOmmHTiZhZlIooRs3/oobF4q49R/c+TdO2iy09cDA4Zx7mXOPH3OmtON8Wyura+sbm4Wt4vbO7t6+fXDYVFEiCW2QiEey7YOinAna0Exz2o4lhdDntOWPbjK/NaZSsUjc60lMuyEMBAsYAW2knn3iBZEEzrF3PcbYYwJ7IeghAZ4+THt2ySk7M+Bl4uakhHLUe/aX149IElKhCQelOq4T624KUjPC6bToJYrGQEYwoB1DBYRUddPZFVN8ZpQ+NnHMExrP1N8bKYRKTULfTGYR1aKXif95nUQHV92UiTjRVJD5R0HCsY5wVgnuM0mJ5hNDgEhmsmIyBAlEm+KKpgR38eRl0qyU3Yty5a5aqlXzOgroGJ2ic+SiS1RDt6iOGoigR/SMXtGb9WS9WO/Wx3x0xcp3jtAfWJ8/cFmX3A==</latexit>

where AN 2 IRN⇥N , fN 2 IRN
<latexit sha1_base64="hc1jOwZu5eQNRhkCV7PrxruYNH4="></latexit>

yN (µ) 2 IRN
<latexit sha1_base64="67u31IFNVRKtfakCKG/zgyM+3Io="></latexit>

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="5CRVGXXQuFs+3Y8KW4aD0yPf6d0="></latexit>

yN (µ), sN (µ)
<latexit sha1_base64="ubABXDTgX0DXTDMFs7W0o9lqiEQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJqqDgpuDGValgH9CEMJlO2qEzSZiZCCF24a+4caGIW3/DnX/jNM1CqwcunDnnXube48eMSmVZX0ZpaXllda28XtnY3NreMXf3ujJKBCYdHLFI9H0kCaMh6SiqGOnHgiDuM9LzJ9czv3dPhKRReKfSmLgcjUIaUIyUljzzIPVaNYcnJ6fOFZRe1prmL8+sWnUrB/xL7IJUQYG2Z346wwgnnIQKMyTlwLZi5WZIKIoZmVacRJIY4QkakYGmIeJEulm+/xQea2UIg0joChXM1Z8TGeJSptzXnRypsVz0ZuJ/3iBRwaWb0TBOFAnx/KMgYVBFcBYGHFJBsGKpJggLqneFeIwEwkpHVtEh2Isn/yXdRt0+qzduz6vNRhFHGRyCI1ADNrgATXAD2qADMHgAT+AFvBqPxrPxZrzPW0tGMbMPfsH4+Ab2AJS6</latexit>
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Simplest Case: Poisson Problem

Questions: 

How can we compute an approximation             to        ? 

How do we know the error is small? 

How do we know what value of     to take? 

How do we compute                        efficiently online? 

How do we choose the sample points      optimally?

General Form Matrix Form

Find                  s.t.y(µ) 2 Y
<latexit sha1_base64="6xuSn3/tL8NC3M5hWCaFFWFn7F4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikztaDLghuXFexDOkPJpJk2NMkMSUYYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQliRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VJRKTDo5YJPsBUoRRQTqaakb6sSSIB4z0gulN7vceiVQ0Evc6jYnP0VjQkGKkjTS0T9Kax5MLjwrocaQnGLHsYTa0q07dmQOuErcgVVCgPbS/vFGEE06ExgwpNXCdWPsZkppiRmYVL1EkRniKxmRgqECcKD+bx5/Bc6OMYBhJ84SGc/X3Roa4UikPzGQeUS17ufifN0h0eO1nVMSJJgIvDoUJgzqCeRdwRCXBmqWGICypyQrxBEmEtWmsYkpwl7+8SrqNuntZb9w1q61mUUcZnIIzUAMuuAItcAvaoAMwyMAzeAVv1pP1Yr1bH4vRklXsHIM/sD5/AMdplVU=</latexit>

Find                        s.t.

yN (µ)
<latexit sha1_base64="uSADY894GRpK8Dp7aEkfbOb0BcI=">AAAB9XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBdPEsE8IFnj7GQ2GTIzu8zMKmHJf3jxoIhX/8Wbf+Mk8aCJBQ1FVTfdXWHCmTae9+XklpZXVtfy64WNza3tneLuXkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHg58ZsPVGkWy1szSmggcF+yiBFsrHTnuqNudj0ud0R64rrdYsmreFOgReL/kFL1IIruAaDWLX52ejFJBZWGcKx12/cSE2RYGUY4HRc6qaYJJkPcp21LJRZUB9n06jE6tkoPRbGyJQ2aqr8nMiy0HonQdgpsBnrem4j/ee3URBdBxmSSGirJbFGUcmRiNIkA9ZiixPCRJZgoZm9FZIAVJsYGVbAh+PMvL5LGacX3Kv6NTeMMZsjDIRxBGXw4hypcQQ3qQEDBE7zAq/PoPDtvzvusNef8zOzDHzgf35trkrE=</latexit><latexit sha1_base64="gBL9AlNVyrEI/2UrmgZyApUaSac=">AAAB9XicbVDLSsNAFL2pr1pf9bFzM9gIdVMSEXRZcONKKtgHtLFMppN26GQSZiZKCP0PNy4Uceu/uPNvnKZdaOuBC4dz7uXee/yYM6Ud59sqrKyurW8UN0tb2zu7e+X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fH11G8/UqlYJO51GlMvxEPBAkawNtKDbaf97HZS7YXJmW33yxWn5uRAy8Sdk0r9KMjR6Je/eoOIJCEVmnCsVNd1Yu1lWGpGOJ2UeomiMSZjPKRdQwUOqfKy/OoJOjXKAAWRNCU0ytXfExkOlUpD33SGWI/UojcV//O6iQ6uvIyJONFUkNmiIOFIR2gaARowSYnmqSGYSGZuRWSEJSbaBFUyIbiLLy+T1nnNdWrunUnjAmYowjGcQBVcuIQ63EADmkBAwjO8wpv1ZL1Y79bHrLVgzWcO4Q+szx88ZZPp</latexit><latexit sha1_base64="gBL9AlNVyrEI/2UrmgZyApUaSac=">AAAB9XicbVDLSsNAFL2pr1pf9bFzM9gIdVMSEXRZcONKKtgHtLFMppN26GQSZiZKCP0PNy4Uceu/uPNvnKZdaOuBC4dz7uXee/yYM6Ud59sqrKyurW8UN0tb2zu7e+X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fH11G8/UqlYJO51GlMvxEPBAkawNtKDbaf97HZS7YXJmW33yxWn5uRAy8Sdk0r9KMjR6Je/eoOIJCEVmnCsVNd1Yu1lWGpGOJ2UeomiMSZjPKRdQwUOqfKy/OoJOjXKAAWRNCU0ytXfExkOlUpD33SGWI/UojcV//O6iQ6uvIyJONFUkNmiIOFIR2gaARowSYnmqSGYSGZuRWSEJSbaBFUyIbiLLy+T1nnNdWrunUnjAmYowjGcQBVcuIQ63EADmkBAwjO8wpv1ZL1Y79bHrLVgzWcO4Q+szx88ZZPp</latexit><latexit sha1_base64="a9YIvwDb/JS2utsSLcTKmgQUqZw=">AAAB9XicbVBNSwMxEJ31s9avqkcvwa5QL2VXBD0WvHiSCvYD2rVk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtPG8b2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR9dTv/VIlWaxvDfjhAYCDySLGMHGSg+uO+5lt5NKV6Rnrtsrlb2qNwNaJn5OypCj3it9dfsxSQWVhnCsdcf3EhNkWBlGOJ0Uu6mmCSYjPKAdSyUWVAfZ7OoJOrVKH0WxsiUNmqm/JzIstB6L0HYKbIZ60ZuK/3md1ERXQcZkkhoqyXxRlHJkYjSNAPWZosTwsSWYKGZvRWSIFSbGBlW0IfiLLy+T5nnV96r+nVeuXeRxFOAYTqACPlxCDW6gDg0goOAZXuHNeXJenHfnY9664uQzR/AHzucPlN+RMQ==</latexit>

y(µ)
<latexit sha1_base64="sVsgKaP4qoHFtSqWjqfiEZ12uYE=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEUwMJkucncwmQ2Zml5lZYVnyF148KOLVv/Hm3zh5HDSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1Q6xppxJ2jTMcNpOFMUi5PQ+HF1P/PsnqjSL5Z3JEhoIPJAsYgQbKz24blbtivTMdXvlilfzpkDLxJ+TSv0oih4BoNErf3X7MUkFlYZwrHXH9xIT5FgZRjgdl7qppgkmIzygHUslFlQH+fTiMTq1Sh9FsbIlDZqqvydyLLTORGg7BTZDvehNxP+8TmqiqyBnMkkNlWS2KEo5MjGavI/6TFFieGYJJorZWxEZYoWJsSGVbAj+4svLpHVe872af2vTuIAZinAMJ1AFHy6hDjfQgCYQkPAMr/DmaOfFeXc+Zq0FZz5zCH/gfP4AeF6Q5A==</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="rewEvtmBuo+ulQd4aozd3rbl7hQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LDZCvZREBD0WvHisYFuxDWWz3bRLdzdhdyOE0H/hxYMiXv033vw3btsctPXBwOO9GWbmhQln2njet1NaW9/Y3CpvV3Z29/YPqodHHR2nitA2iXmsHkKsKWeStg0znD4kimIRctoNJzczv/tElWaxvDdZQgOBR5JFjGBjpUfXzep9kZ677qBa8xreHGiV+AWpQYHWoPrVH8YkFVQawrHWPd9LTJBjZRjhdFrpp5ommEzwiPYslVhQHeTzi6fozCpDFMXKljRorv6eyLHQOhOh7RTYjPWyNxP/83qpia6DnMkkNVSSxaIo5cjEaPY+GjJFieGZJZgoZm9FZIwVJsaGVLEh+Msvr5LORcP3Gv6dV2teFnGU4QROoQ4+XEETbqEFbSAg4Rle4c3Rzovz7nwsWktOMXMMf+B8/gBx0o9k</latexit>

a(y(µ), v;µ) = f(v;µ)
<latexit sha1_base64="UICn4IN2u9SkYJ0RbTpRAjfv4oA=">AAACBXicbVBNS8MwGE7n15xfVY96KA6hgox2DhSGMPDicYL7gLWMNEu3sCQtSTooYxcv/hUvHhTx6n/w5r8x3XrQ6QMhT57nfXnzPkFMiVSO82UUVlbX1jeKm6Wt7Z3dPXP/oC2jRCDcQhGNRDeAElPCcUsRRXE3FhiygOJOML7J/M4EC0kifq/SGPsMDjkJCYJKS33zGNqp7bHk7HxSzy6vfu3VQ3vx6Jtlp+LMYf0lbk7KIEezb356gwglDHOFKJSy5zqx8qdQKIIonpW8ROIYojEc4p6mHDIs/el8i5l1qpWBFUZCH66sufqzYwqZlCkLdCWDaiSXvUz8z+slKrzyp4THicIcLQaFCbVUZGWRWAMiMFI01QQiQfRfLTSCAiKlgyvpENzllf+SdrXiXlSqd7Vyo5bHUQRH4ATYwAWXoAFuQRO0AAIP4Am8gFfj0Xg23oz3RWnByHsOwS8YH9+DM5af</latexit>

8 v 2 Y
<latexit sha1_base64="MT71/2zFHbh0HG+Dzac7YK4CYec=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KkktKLgpuHFZwT6kKeVmOmmHTiZhZlIooRs3/oobF4q49R/c+TdO2iy09cDA4Zx7mXOPH3OmtON8Wyura+sbm4Wt4vbO7t6+fXDYVFEiCW2QiEey7YOinAna0Exz2o4lhdDntOWPbjK/NaZSsUjc60lMuyEMBAsYAW2knn3iBZEEzrF3PcbYYwJ7IeghAZ4+THt2ySk7M+Bl4uakhHLUe/aX149IElKhCQelOq4T624KUjPC6bToJYrGQEYwoB1DBYRUddPZFVN8ZpQ+NnHMExrP1N8bKYRKTULfTGYR1aKXif95nUQHV92UiTjRVJD5R0HCsY5wVgnuM0mJ5hNDgEhmsmIyBAlEm+KKpgR38eRl0qyU3Yty5a5aqlXzOgroGJ2ic+SiS1RDt6iOGoigR/SMXtGb9WS9WO/Wx3x0xcp3jtAfWJ8/cFmX3A==</latexit>

where AN 2 IRN⇥N , fN 2 IRN
<latexit sha1_base64="hc1jOwZu5eQNRhkCV7PrxruYNH4="></latexit>

yN (µ), sN (µ)
<latexit sha1_base64="ubABXDTgX0DXTDMFs7W0o9lqiEQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJqqDgpuDGValgH9CEMJlO2qEzSZiZCCF24a+4caGIW3/DnX/jNM1CqwcunDnnXube48eMSmVZX0ZpaXllda28XtnY3NreMXf3ujJKBCYdHLFI9H0kCaMh6SiqGOnHgiDuM9LzJ9czv3dPhKRReKfSmLgcjUIaUIyUljzzIPVaNYcnJ6fOFZRe1prmL8+sWnUrB/xL7IJUQYG2Z346wwgnnIQKMyTlwLZi5WZIKIoZmVacRJIY4QkakYGmIeJEulm+/xQea2UIg0joChXM1Z8TGeJSptzXnRypsVz0ZuJ/3iBRwaWb0TBOFAnx/KMgYVBFcBYGHFJBsGKpJggLqneFeIwEwkpHVtEh2Isn/yXdRt0+qzduz6vNRhFHGRyCI1ADNrgATXAD2qADMHgAT+AFvBqPxrPxZrzPW0tGMbMPfsH4+Ab2AJS6</latexit>

yN (µ) 2 IRN
<latexit sha1_base64="67u31IFNVRKtfakCKG/zgyM+3Io="></latexit>

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="5CRVGXXQuFs+3Y8KW4aD0yPf6d0="></latexit>

N
<latexit sha1_base64="P2Ulr0FBfWkJkuuG1F2SMqUQ950=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqadeq3kW11rys1Gt5HEU4gVM4Bw+uoA630IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AaMPjMY=</latexit>

µi
<latexit sha1_base64="2EXnAnK7il/mT3bSl/HKmjuYnFg=">AAAB8nicbVDJSgNBEK1xjXFJ1KOXxozgKcyIoDcDXjxGMAskQ+jp9CRNehm6e4Qw5DO8eFDEq1/jzU/wL+wsB018UPB4r4qqenHKmbFB8OWtrW9sbm0Xdoq7e/sHpfLhUdOoTBPaIIor3Y6xoZxJ2rDMctpONcUi5rQVj26nfuuRasOUfLDjlEYCDyRLGMHWSR3f74qsl7OJ7/fKlaAazIBWSbgglVrp+wYBQL1X/uz2FckElZZwbEwnDFIb5VhbRjidFLuZoSkmIzygHUclFtRE+ezkCTpzSh8lSruSFs3U3xM5FsaMRew6BbZDs+xNxf+8TmaT6yhnMs0slWS+KMk4sgpN/0d9pimxfOwIJpq5WxEZYo2JdSkVXQjh8surpHlRDYNqeO/SuIQ5CnACp3AOIVxBDe6gDg0goOAJXuDVs96z9+a9z1vXvMXMMfyB9/EDN2+R+w==</latexit><latexit sha1_base64="U5OCDtPiWOg/7IwA1QMdT2o07E4=">AAAB8nicbVDLSsNAFJ3UV42PVl26GWwE3ZREBN1ZEMFlBfuANJTJdNIOnUeYmQgl9DPcuFDErX/gX7jzE/wLp4+Fth64cDjnXu69J04Z1cb3v5zCyura+kZx093a3tktlff2m1pmCpMGlkyqdow0YVSQhqGGkXaqCOIxI614eD3xWw9EaSrFvRmlJOKoL2hCMTJWCj2vw7NuTsee1y1X/Ko/BVwmwZxUaqXvq1P346beLX92ehJnnAiDGdI6DPzURDlShmJGxm4n0yRFeIj6JLRUIE50lE9PHsNjq/RgIpUtYeBU/T2RI671iMe2kyMz0IveRPzPCzOTXEY5FWlmiMCzRUnGoJFw8j/sUUWwYSNLEFbU3grxACmEjU3JtSEEiy8vk+ZZNfCrwZ1N4xzMUASH4AicgABcgBq4BXXQABhI8AiewYtjnCfn1XmbtRac+cwB+APn/Qemt5MO</latexit><latexit sha1_base64="U5OCDtPiWOg/7IwA1QMdT2o07E4=">AAAB8nicbVDLSsNAFJ3UV42PVl26GWwE3ZREBN1ZEMFlBfuANJTJdNIOnUeYmQgl9DPcuFDErX/gX7jzE/wLp4+Fth64cDjnXu69J04Z1cb3v5zCyura+kZx093a3tktlff2m1pmCpMGlkyqdow0YVSQhqGGkXaqCOIxI614eD3xWw9EaSrFvRmlJOKoL2hCMTJWCj2vw7NuTsee1y1X/Ko/BVwmwZxUaqXvq1P346beLX92ehJnnAiDGdI6DPzURDlShmJGxm4n0yRFeIj6JLRUIE50lE9PHsNjq/RgIpUtYeBU/T2RI671iMe2kyMz0IveRPzPCzOTXEY5FWlmiMCzRUnGoJFw8j/sUUWwYSNLEFbU3grxACmEjU3JtSEEiy8vk+ZZNfCrwZ1N4xzMUASH4AicgABcgBq4BXXQABhI8AiewYtjnCfn1XmbtRac+cwB+APn/Qemt5MO</latexit><latexit sha1_base64="i8ST3Ne9sPVRcL3w0SDW1H9o56A=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBrOCp7Argh4DXjxGMA9IljA7mU2GzGOZ6RXCks/w4kERr36NN//GSbIHTSxoKKq66e6KU8EtBMG3V9rY3NreKe9W9vYPDo+qxydtqzNDWYtqoU03JpYJrlgLOAjWTQ0jMhasE0/u5n7niRnLtXqEacoiSUaKJ5wScFLP9/syG+R85vuDai2oBwvgdRIWpIYKNAfVr/5Q00wyBVQQa3thkEKUEwOcCjar9DPLUkInZMR6jioimY3yxckzfOGUIU60caUAL9TfEzmR1k5l7DolgbFd9ebif14vg+Q2yrlKM2CKLhclmcCg8fx/POSGURBTRwg13N2K6ZgYQsGlVHEhhKsvr5P2VT0M6uFDUGtcF3GU0Rk6R5coRDeoge5RE7UQRRo9o1f05oH34r17H8vWklfMnKI/8D5/ABErkGQ=</latexit>



Introduction to Reduced Basis Methods: Theory and Applications  |   
Karen Veroy-Grepl  |  “Sparsity for Physics, Signal and Learning” Summer School |  
INRIA - Paris | 24-27June 2019

!26

Simplest Case: Poisson Problem

General Form Matrix Form

Find                  s.t.y(µ) 2 Y
<latexit sha1_base64="6xuSn3/tL8NC3M5hWCaFFWFn7F4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikztaDLghuXFexDOkPJpJk2NMkMSUYYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQliRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VJRKTDo5YJPsBUoRRQTqaakb6sSSIB4z0gulN7vceiVQ0Evc6jYnP0VjQkGKkjTS0T9Kax5MLjwrocaQnGLHsYTa0q07dmQOuErcgVVCgPbS/vFGEE06ExgwpNXCdWPsZkppiRmYVL1EkRniKxmRgqECcKD+bx5/Bc6OMYBhJ84SGc/X3Roa4UikPzGQeUS17ufifN0h0eO1nVMSJJgIvDoUJgzqCeRdwRCXBmqWGICypyQrxBEmEtWmsYkpwl7+8SrqNuntZb9w1q61mUUcZnIIzUAMuuAItcAvaoAMwyMAzeAVv1pP1Yr1bH4vRklXsHIM/sD5/AMdplVU=</latexit>

Find                        s.t.

a(y(µ), v;µ) = f(v;µ)
<latexit sha1_base64="UICn4IN2u9SkYJ0RbTpRAjfv4oA=">AAACBXicbVBNS8MwGE7n15xfVY96KA6hgox2DhSGMPDicYL7gLWMNEu3sCQtSTooYxcv/hUvHhTx6n/w5r8x3XrQ6QMhT57nfXnzPkFMiVSO82UUVlbX1jeKm6Wt7Z3dPXP/oC2jRCDcQhGNRDeAElPCcUsRRXE3FhiygOJOML7J/M4EC0kifq/SGPsMDjkJCYJKS33zGNqp7bHk7HxSzy6vfu3VQ3vx6Jtlp+LMYf0lbk7KIEezb356gwglDHOFKJSy5zqx8qdQKIIonpW8ROIYojEc4p6mHDIs/el8i5l1qpWBFUZCH66sufqzYwqZlCkLdCWDaiSXvUz8z+slKrzyp4THicIcLQaFCbVUZGWRWAMiMFI01QQiQfRfLTSCAiKlgyvpENzllf+SdrXiXlSqd7Vyo5bHUQRH4ATYwAWXoAFuQRO0AAIP4Am8gFfj0Xg23oz3RWnByHsOwS8YH9+DM5af</latexit>

8 v 2 Y
<latexit sha1_base64="MT71/2zFHbh0HG+Dzac7YK4CYec=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KkktKLgpuHFZwT6kKeVmOmmHTiZhZlIooRs3/oobF4q49R/c+TdO2iy09cDA4Zx7mXOPH3OmtON8Wyura+sbm4Wt4vbO7t6+fXDYVFEiCW2QiEey7YOinAna0Exz2o4lhdDntOWPbjK/NaZSsUjc60lMuyEMBAsYAW2knn3iBZEEzrF3PcbYYwJ7IeghAZ4+THt2ySk7M+Bl4uakhHLUe/aX149IElKhCQelOq4T624KUjPC6bToJYrGQEYwoB1DBYRUddPZFVN8ZpQ+NnHMExrP1N8bKYRKTULfTGYR1aKXif95nUQHV92UiTjRVJD5R0HCsY5wVgnuM0mJ5hNDgEhmsmIyBAlEm+KKpgR38eRl0qyU3Yty5a5aqlXzOgroGJ2ic+SiS1RDt6iOGoigR/SMXtGb9WS9WO/Wx3x0xcp3jtAfWJ8/cFmX3A==</latexit>

where AN 2 IRN⇥N , fN 2 IRN
<latexit sha1_base64="hc1jOwZu5eQNRhkCV7PrxruYNH4="></latexit>

yN (µ) 2 IRN
<latexit sha1_base64="67u31IFNVRKtfakCKG/zgyM+3Io="></latexit>

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="5CRVGXXQuFs+3Y8KW4aD0yPf6d0="></latexit>
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Simplest Case: Poisson Problem

General Form

Find                       s.t.

8 v 2 YN
<latexit sha1_base64="oqH83U3vXznywv5DDAfm7LQUotE=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZjQMEmYGMlEcxDsstydzJJhszOLjOzgbCktPFXbCwUsfUT7PwbZ5MUmnhg4HDOvcy5J4g5U9q2v63cyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2Q5AUc4EbWimOW3HkkIYcNoKhteZ3xpRqVgk7vU4pl4IfcF6jIA2kl88dnuRBM6xezXC2GUCuyHoAQGePkz824JfLNllewq8TJw5KaE56n7xy+1GJAmp0ISDUh3HjrWXgtSMcDopuImiMZAh9GnHUAEhVV46PWSCT43SxSaReULjqfp7I4VQqXEYmMkspVr0MvE/r5Po3qWXMhEnmgoy+6iXcKwjnLWCu0xSovnYECCSmayYDEAC0aa7rARn8eRl0qyUnfNy5a5aqlXndeTRETpBZ8hBF6iGblAdNRBBj+gZvaI368l6sd6tj9lozprvHKI/sD5/ABT5mLE=</latexit>

a(yN (µ), v;µ) = f(v;µ)
<latexit sha1_base64="/YBAYKk/+8ZnA0YuW7cfF9U6zvk=">AAACB3icbVDLSgMxFM3UV62vUZeCBIswgpSZWlAoQsGNK6lgH9AZhkyaaUMzD5JMYSjdufFX3LhQxK2/4M6/MdPOQlsPhJyccy8393gxo0Ka5rdWWFldW98obpa2tnd29/T9g7aIEo5JC0cs4l0PCcJoSFqSSka6MSco8BjpeKObzO+MCRc0Ch9kGhMnQIOQ+hQjqSRXP0ZG6t4ZdpCcnY/r2WXXr+26b8wfrl42K+YMcJlYOSmDHE1X/7L7EU4CEkrMkBA9y4ylM0FcUszItGQngsQIj9CA9BQNUUCEM5ntMYWnSulDP+LqhBLO1N8dExQIkQaeqgyQHIpFLxP/83qJ9K+cCQ3jRJIQzwf5CYMyglkosE85wZKliiDMqforxEPEEZYqupIKwVpceZm0qxXrolK9r5UbtTyOIjgCJ8AAFrgEDXALmqAFMHgEz+AVvGlP2ov2rn3MSwta3nMI/kD7/AHnMpdg</latexit>

Find                        s.t.

where AN 2 IRN⇥N , fN 2 IRN
<latexit sha1_base64="72gFvEjKOD37U0RTgEma6jPskRs="></latexit>

Matrix Form

yN (µ) 2 YN
<latexit sha1_base64="xBxAiqqsjUavdLraAirJ38X/jv4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSC7osuHFVKtiHNCFMppN26GQSZiZCCAU3/oobF4q49Sfc+TdO2iy0euDC4Zx7ufceP2ZUKsv6Mkorq2vrG+XNytb2zu6euX/Qk1EiMOniiEVi4CNJGOWkq6hiZBALgkKfkb4/vcr9/j0Rkkb8VqUxcUM05jSgGCkteeZR6rVrTpicQYdy6IRITTBi8A56bc+sWnVrDviX2AWpggIdz/x0RhFOQsIVZkjKoW3Fys2QUBQzMqs4iSQxwlM0JkNNOQqJdLP5DzN4qpURDCKhiys4V39OZCiUMg193ZkfKZe9XPzPGyYquHQzyuNEEY4Xi4KEQRXBPBA4ooJgxVJNEBZU3wrxBAmElY6tokOwl1/+S3qNun1eb9w0q61mEUcZHIMTUAM2uAAtcA06oAsweABP4AW8Go/Gs/FmvC9aS0Yxcwh+wfj4Bsp7lkk=</latexit>

yN (µ) 2 IRN
<latexit sha1_base64="Oyk6fih9WHjm0BUnZoAeCTZe6yQ=">AAACFnicbVBLSwMxGMzWV62vVY9eUotQD5bdWtBjwYtepIp9QLeWbJptQ5PskmSFsuyv8OJf8eJBEa/izX9j+jho60DCMPN9JDN+xKjSjvNtZZaWV1bXsuu5jc2t7R17d6+hwlhiUschC2XLR4owKkhdU81IK5IEcZ+Rpj+8GPvNByIVDcWdHkWkw1Ff0IBipI3UtU88jvTAD5JR2k0SL2/u6zQtejw+hh4VMPEkh1de/ja9N0bXLjglZwK4SNwZKYAZal37y+uFOOZEaMyQUm3XiXQnQVJTzEia82JFIoSHqE/ahgrEieokk1gpPDJKDwahNEdoOFF/bySIKzXivpkch1Dz3lj8z2vHOjjvJFREsSYCTx8KYgZ1CMcdwR6VBGs2MgRhSc1fIR4gibA2TeZMCe585EXSKJfc01L5plKoVmZ1ZMEBOARF4IIzUAWXoAbqAINH8AxewZv1ZL1Y79bHdDRjzXb2wR9Ynz/s7Z8k</latexit>

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="0wH5gR+vNo1j8P9asl0VlUp/OLs="></latexit>
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Simplest Case: Poisson Problem

Let 

Find                       s.t.

General Form

Find                       s.t.

snapshots

8 v 2 YN
<latexit sha1_base64="oqH83U3vXznywv5DDAfm7LQUotE=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZjQMEmYGMlEcxDsstydzJJhszOLjOzgbCktPFXbCwUsfUT7PwbZ5MUmnhg4HDOvcy5J4g5U9q2v63cyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2Q5AUc4EbWimOW3HkkIYcNoKhteZ3xpRqVgk7vU4pl4IfcF6jIA2kl88dnuRBM6xezXC2GUCuyHoAQGePkz824JfLNllewq8TJw5KaE56n7xy+1GJAmp0ISDUh3HjrWXgtSMcDopuImiMZAh9GnHUAEhVV46PWSCT43SxSaReULjqfp7I4VQqXEYmMkspVr0MvE/r5Po3qWXMhEnmgoy+6iXcKwjnLWCu0xSovnYECCSmayYDEAC0aa7rARn8eRl0qyUnfNy5a5aqlXndeTRETpBZ8hBF6iGblAdNRBBj+gZvaI368l6sd6tj9lozprvHKI/sD5/ABT5mLE=</latexit>

yN (µ) 2 YN := span{ y(µ1), . . . , y(µN )| {z } } = span{ '1, . . . ,'N| {z } }
<latexit sha1_base64="Tj9nnPC+uzz20Sp8LZramHQaMQ8="></latexit>

orthogonal basis

a(yN (µ), v;µ) = f(v;µ)
<latexit sha1_base64="/YBAYKk/+8ZnA0YuW7cfF9U6zvk=">AAACB3icbVDLSgMxFM3UV62vUZeCBIswgpSZWlAoQsGNK6lgH9AZhkyaaUMzD5JMYSjdufFX3LhQxK2/4M6/MdPOQlsPhJyccy8393gxo0Ka5rdWWFldW98obpa2tnd29/T9g7aIEo5JC0cs4l0PCcJoSFqSSka6MSco8BjpeKObzO+MCRc0Ch9kGhMnQIOQ+hQjqSRXP0ZG6t4ZdpCcnY/r2WXXr+26b8wfrl42K+YMcJlYOSmDHE1X/7L7EU4CEkrMkBA9y4ylM0FcUszItGQngsQIj9CA9BQNUUCEM5ntMYWnSulDP+LqhBLO1N8dExQIkQaeqgyQHIpFLxP/83qJ9K+cCQ3jRJIQzwf5CYMyglkosE85wZKliiDMqforxEPEEZYqupIKwVpceZm0qxXrolK9r5UbtTyOIjgCJ8AAFrgEDXALmqAFMHgEz+AVvGlP2ov2rn3MSwta3nMI/kD7/AHnMpdg</latexit>

Find                        s.t.

where AN 2 IRN⇥N , fN 2 IRN
<latexit sha1_base64="72gFvEjKOD37U0RTgEma6jPskRs="></latexit>

Matrix Form

yN (µ) =
NX

i=1

(yN )i 'i

<latexit sha1_base64="Wv+1jYcsEE/cMxzEv5jtGFHlz84="></latexit>

a(yN (µ), v;µ) = f(v;µ), 8 v 2 YN
<latexit sha1_base64="BVMU5lYzzjHzMIgWy2/1ydbDK14="></latexit>

yN (µ) 2 YN
<latexit sha1_base64="xBxAiqqsjUavdLraAirJ38X/jv4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSC7osuHFVKtiHNCFMppN26GQSZiZCCAU3/oobF4q49Sfc+TdO2iy0euDC4Zx7ufceP2ZUKsv6Mkorq2vrG+XNytb2zu6euX/Qk1EiMOniiEVi4CNJGOWkq6hiZBALgkKfkb4/vcr9/j0Rkkb8VqUxcUM05jSgGCkteeZR6rVrTpicQYdy6IRITTBi8A56bc+sWnVrDviX2AWpggIdz/x0RhFOQsIVZkjKoW3Fys2QUBQzMqs4iSQxwlM0JkNNOQqJdLP5DzN4qpURDCKhiys4V39OZCiUMg193ZkfKZe9XPzPGyYquHQzyuNEEY4Xi4KEQRXBPBA4ooJgxVJNEBZU3wrxBAmElY6tokOwl1/+S3qNun1eb9w0q61mEUcZHIMTUAM2uAAtcA06oAsweABP4AW8Go/Gs/FmvC9aS0Yxcwh+wfj4Bsp7lkk=</latexit>

yN (µ) 2 IRN
<latexit sha1_base64="Oyk6fih9WHjm0BUnZoAeCTZe6yQ=">AAACFnicbVBLSwMxGMzWV62vVY9eUotQD5bdWtBjwYtepIp9QLeWbJptQ5PskmSFsuyv8OJf8eJBEa/izX9j+jho60DCMPN9JDN+xKjSjvNtZZaWV1bXsuu5jc2t7R17d6+hwlhiUschC2XLR4owKkhdU81IK5IEcZ+Rpj+8GPvNByIVDcWdHkWkw1Ff0IBipI3UtU88jvTAD5JR2k0SL2/u6zQtejw+hh4VMPEkh1de/ja9N0bXLjglZwK4SNwZKYAZal37y+uFOOZEaMyQUm3XiXQnQVJTzEia82JFIoSHqE/ahgrEieokk1gpPDJKDwahNEdoOFF/bySIKzXivpkch1Dz3lj8z2vHOjjvJFREsSYCTx8KYgZ1CMcdwR6VBGs2MgRhSc1fIR4gibA2TeZMCe585EXSKJfc01L5plKoVmZ1ZMEBOARF4IIzUAWXoAbqAINH8AxewZv1ZL1Y79bHdDRjzXb2wR9Ynz/s7Z8k</latexit>

yN (µ) 2 YN
<latexit sha1_base64="5ptB7dHF93iXunEOH7a+KFIHA0A=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbkpSC7osuHElFexDmhAm00k7dDIJMxOhhGzc+CtuXCji1n9w5984abPQ1gMXDufcy733+DGjUlnWt1FaWV1b3yhvVra2d3b3zP2DrowSgUkHRywSfR9JwignHUUVI/1YEBT6jPT8yVXu9x6IkDTid2oaEzdEI04DipHSkmceT730Jqs5YXLmUO6ESI0xYul9lsueWbXq1gxwmdgFqYICbc/8coYRTkLCFWZIyoFtxcpNkVAUM5JVnESSGOEJGpGBphyFRLrp7IsMnmplCINI6OIKztTfEykKpZyGvu7Mz5SLXi7+5w0SFVy6KeVxogjH80VBwqCKYB4JHFJBsGJTTRAWVN8K8RgJhJUOrqJDsBdfXibdRt0+rzdum9VWs4ijDI7ACagBG1yAFrgGbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gDeqJjF</latexit>

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="0wH5gR+vNo1j8P9asl0VlUp/OLs="></latexit>
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Simplest Case: Poisson Problem

General Form Matrix Form

Find                  s.t.y(µ) 2 Y
<latexit sha1_base64="6xuSn3/tL8NC3M5hWCaFFWFn7F4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikztaDLghuXFexDOkPJpJk2NMkMSUYYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQliRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VJRKTDo5YJPsBUoRRQTqaakb6sSSIB4z0gulN7vceiVQ0Evc6jYnP0VjQkGKkjTS0T9Kax5MLjwrocaQnGLHsYTa0q07dmQOuErcgVVCgPbS/vFGEE06ExgwpNXCdWPsZkppiRmYVL1EkRniKxmRgqECcKD+bx5/Bc6OMYBhJ84SGc/X3Roa4UikPzGQeUS17ufifN0h0eO1nVMSJJgIvDoUJgzqCeRdwRCXBmqWGICypyQrxBEmEtWmsYkpwl7+8SrqNuntZb9w1q61mUUcZnIIzUAMuuAItcAvaoAMwyMAzeAVv1pP1Yr1bH4vRklXsHIM/sD5/AMdplVU=</latexit>

Find                        s.t.

a(y(µ), v;µ) = f(v;µ)
<latexit sha1_base64="UICn4IN2u9SkYJ0RbTpRAjfv4oA=">AAACBXicbVBNS8MwGE7n15xfVY96KA6hgox2DhSGMPDicYL7gLWMNEu3sCQtSTooYxcv/hUvHhTx6n/w5r8x3XrQ6QMhT57nfXnzPkFMiVSO82UUVlbX1jeKm6Wt7Z3dPXP/oC2jRCDcQhGNRDeAElPCcUsRRXE3FhiygOJOML7J/M4EC0kifq/SGPsMDjkJCYJKS33zGNqp7bHk7HxSzy6vfu3VQ3vx6Jtlp+LMYf0lbk7KIEezb356gwglDHOFKJSy5zqx8qdQKIIonpW8ROIYojEc4p6mHDIs/el8i5l1qpWBFUZCH66sufqzYwqZlCkLdCWDaiSXvUz8z+slKrzyp4THicIcLQaFCbVUZGWRWAMiMFI01QQiQfRfLTSCAiKlgyvpENzllf+SdrXiXlSqd7Vyo5bHUQRH4ATYwAWXoAFuQRO0AAIP4Am8gFfj0Xg23oz3RWnByHsOwS8YH9+DM5af</latexit>

8 v 2 Y
<latexit sha1_base64="MT71/2zFHbh0HG+Dzac7YK4CYec=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KkktKLgpuHFZwT6kKeVmOmmHTiZhZlIooRs3/oobF4q49R/c+TdO2iy09cDA4Zx7mXOPH3OmtON8Wyura+sbm4Wt4vbO7t6+fXDYVFEiCW2QiEey7YOinAna0Exz2o4lhdDntOWPbjK/NaZSsUjc60lMuyEMBAsYAW2knn3iBZEEzrF3PcbYYwJ7IeghAZ4+THt2ySk7M+Bl4uakhHLUe/aX149IElKhCQelOq4T624KUjPC6bToJYrGQEYwoB1DBYRUddPZFVN8ZpQ+NnHMExrP1N8bKYRKTULfTGYR1aKXif95nUQHV92UiTjRVJD5R0HCsY5wVgnuM0mJ5hNDgEhmsmIyBAlEm+KKpgR38eRl0qyU3Yty5a5aqlXzOgroGJ2ic+SiS1RDt6iOGoigR/SMXtGb9WS9WO/Wx3x0xcp3jtAfWJ8/cFmX3A==</latexit>

where AN 2 IRN⇥N , fN 2 IRN
<latexit sha1_base64="hc1jOwZu5eQNRhkCV7PrxruYNH4="></latexit>

yN (µ) 2 IRN
<latexit sha1_base64="67u31IFNVRKtfakCKG/zgyM+3Io="></latexit>

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="5CRVGXXQuFs+3Y8KW4aD0yPf6d0="></latexit>
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Simplest Case: Poisson Problem

Problem: Find                           s.t.yN (µ) 2 IRN
<latexit sha1_base64="2bkzW+gH2dZLrQRTsH2RMtA3JmM=">AAACKXicbVDLSgMxFM3Ud32NunQTLULdlJla0GXBjW5ExVahGUsmTW1okhmSjDAM8ztu/BU3Coq69UfMtF1o9UKSwzn3kntOGHOmjed9OKWZ2bn5hcWl8vLK6tq6u7HZ1lGiCG2RiEfqJsSaciZpyzDD6U2sKBYhp9fh8LjQr++p0iySVyaNaSDwnWR9RrCxVNdtojDiPZ0K+2Rp3s0ytGNvJLAZEMzhWZ5XkUj2EZMQKQFP0c7l7U+561a8mjcq+Bf4E1ABkzrvui+oF5FEUGkIx1p3fC82QYaVYYTTvIwSTWNMhviOdiyUWFAdZCOnOdyzTA/2I2WPNHDE/pzIsNCFGdtZrKintYL8T+skpn8UZEzGiaGSjD/qJxyaCBaxwR5TlBieWoCJYnZXSAZYYWJsuGUbgj9t+S9o12v+Qa1+0ag0G5M4FsE22AVV4IND0AQn4By0AAEP4Am8gjfn0Xl23p3PcWvJmcxsgV/lfH0Db1inOw==</latexit>

vT
N AN (µ)yN (µ) = vT

N fN (µ), 8 vN 2 IRN
<latexit sha1_base64="ZEKr9JOzHg3EPOZwvYGh3mwT8A4="></latexit>
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Simplest Case: Poisson Problem

Problem: Find                           s.t.

Let                                                   , and  

Similarly, let  

approximation 
      to

coefficients snapshots
yN (µ)

<latexit sha1_base64="U5/hTZ1jX1AjGQRpCuiaBVV72Dw=">AAACEHicbVC7TsMwFHXKq5RXgJHFUCEKQ5UUJBgrsTChItGH1ESR4zitVech20GKonwCC7/CwgBCrIxs/A1OmwFajmT76Nx75XOPGzMqpGF8a5Wl5ZXVtep6bWNza3tH393riSjhmHRxxCI+cJEgjIakK6lkZBBzggKXkb47uS7q/QfCBY3Ce5nGxA7QKKQ+xUgqydFPLDdinkgD9WRp7mSZdahuK0ByjBGDt3nesILk1NHrRtOYAi4SsyR1UKLj6F+WF+EkIKHEDAkxNI1Y2hnikmJG8pqVCBIjPEEjMlQ0RAERdjZdKIfHSvGgH3F1Qgmn6u+JDAWi8Kw6C6NivlaI/9WGifSv7IyGcSJJiGcf+QmDMoJFOtCjnGDJUkUQ5lR5hXiMOMJSZVhTIZjzKy+SXqtpnjdbdxf19lkZRxUcgCPQACa4BG1wAzqgCzB4BM/gFbxpT9qL9q59zForWjmzD/5A+/wBmtqddw==</latexit>

vN = WN vN
<latexit sha1_base64="Z6v2FwLMVAM4EHm0lxO/KrBUz9o="></latexit>

yN (µ) 2 IRN
<latexit sha1_base64="2bkzW+gH2dZLrQRTsH2RMtA3JmM=">AAACKXicbVDLSgMxFM3Ud32NunQTLULdlJla0GXBjW5ExVahGUsmTW1okhmSjDAM8ztu/BU3Coq69UfMtF1o9UKSwzn3kntOGHOmjed9OKWZ2bn5hcWl8vLK6tq6u7HZ1lGiCG2RiEfqJsSaciZpyzDD6U2sKBYhp9fh8LjQr++p0iySVyaNaSDwnWR9RrCxVNdtojDiPZ0K+2Rp3s0ytGNvJLAZEMzhWZ5XkUj2EZMQKQFP0c7l7U+561a8mjcq+Bf4E1ABkzrvui+oF5FEUGkIx1p3fC82QYaVYYTTvIwSTWNMhviOdiyUWFAdZCOnOdyzTA/2I2WPNHDE/pzIsNCFGdtZrKintYL8T+skpn8UZEzGiaGSjD/qJxyaCBaxwR5TlBieWoCJYnZXSAZYYWJsuGUbgj9t+S9o12v+Qa1+0ag0G5M4FsE22AVV4IND0AQn4By0AAEP4Am8gjfn0Xl23p3PcWvJmcxsgV/lfH0Db1inOw==</latexit>

vT
N AN (µ)yN (µ) = vT

N fN (µ), 8 vN 2 IRN
<latexit sha1_base64="ZEKr9JOzHg3EPOZwvYGh3mwT8A4="></latexit>

y
N
(µ) 2 span{ 'i, . . . ,'N }

<latexit sha1_base64="1poL92tcSSUSaSHk527SsGINUno="></latexit>

WN = [ 'i, . . . ,'N ]
<latexit sha1_base64="n1Var24oFq9tI+Qk12Lo2DsVilo="></latexit>

y
N
(µ)

| {z }
=

NX

i=1

(yN )i(µ)| {z } 'i|{z} = WNyN .
<latexit sha1_base64="H2lQssIrS6FMcW9alg72+NOUdjc="></latexit>



Introduction to Reduced Basis Methods: Theory and Applications  |   
Karen Veroy-Grepl  |  “Sparsity for Physics, Signal and Learning” Summer School |  
INRIA - Paris | 24-27June 2019

!32

Simplest Case: Poisson Problem

Problem: Find                           s.t.

Let                                                   , and  

Similarly, let  

Find                                 s.t.  

approximation 
      to

coefficients snapshots
yN (µ)

<latexit sha1_base64="U5/hTZ1jX1AjGQRpCuiaBVV72Dw=">AAACEHicbVC7TsMwFHXKq5RXgJHFUCEKQ5UUJBgrsTChItGH1ESR4zitVech20GKonwCC7/CwgBCrIxs/A1OmwFajmT76Nx75XOPGzMqpGF8a5Wl5ZXVtep6bWNza3tH393riSjhmHRxxCI+cJEgjIakK6lkZBBzggKXkb47uS7q/QfCBY3Ce5nGxA7QKKQ+xUgqydFPLDdinkgD9WRp7mSZdahuK0ByjBGDt3nesILk1NHrRtOYAi4SsyR1UKLj6F+WF+EkIKHEDAkxNI1Y2hnikmJG8pqVCBIjPEEjMlQ0RAERdjZdKIfHSvGgH3F1Qgmn6u+JDAWi8Kw6C6NivlaI/9WGifSv7IyGcSJJiGcf+QmDMoJFOtCjnGDJUkUQ5lR5hXiMOMJSZVhTIZjzKy+SXqtpnjdbdxf19lkZRxUcgCPQACa4BG1wAzqgCzB4BM/gFbxpT9qL9q59zForWjmzD/5A+/wBmtqddw==</latexit>

vN = WN vN
<latexit sha1_base64="Z6v2FwLMVAM4EHm0lxO/KrBUz9o="></latexit>

vT
N
A(µ)y

N
(µ) = vT

N
f(µ), 8 vN 2 colsp WN

<latexit sha1_base64="DBGDs/aYf7YK+ZhW+UHiqetMWoM="></latexit>

yN (µ) 2 IRN
<latexit sha1_base64="2bkzW+gH2dZLrQRTsH2RMtA3JmM=">AAACKXicbVDLSgMxFM3Ud32NunQTLULdlJla0GXBjW5ExVahGUsmTW1okhmSjDAM8ztu/BU3Coq69UfMtF1o9UKSwzn3kntOGHOmjed9OKWZ2bn5hcWl8vLK6tq6u7HZ1lGiCG2RiEfqJsSaciZpyzDD6U2sKBYhp9fh8LjQr++p0iySVyaNaSDwnWR9RrCxVNdtojDiPZ0K+2Rp3s0ytGNvJLAZEMzhWZ5XkUj2EZMQKQFP0c7l7U+561a8mjcq+Bf4E1ABkzrvui+oF5FEUGkIx1p3fC82QYaVYYTTvIwSTWNMhviOdiyUWFAdZCOnOdyzTA/2I2WPNHDE/pzIsNCFGdtZrKintYL8T+skpn8UZEzGiaGSjD/qJxyaCBaxwR5TlBieWoCJYnZXSAZYYWJsuGUbgj9t+S9o12v+Qa1+0ag0G5M4FsE22AVV4IND0AQn4By0AAEP4Am8gjfn0Xl23p3PcWvJmcxsgV/lfH0Db1inOw==</latexit>

vT
N AN (µ)yN (µ) = vT

N fN (µ), 8 vN 2 IRN
<latexit sha1_base64="ZEKr9JOzHg3EPOZwvYGh3mwT8A4="></latexit>

y
N
(µ) 2 span{ 'i, . . . ,'N }

<latexit sha1_base64="1poL92tcSSUSaSHk527SsGINUno="></latexit>

WN = [ 'i, . . . ,'N ]
<latexit sha1_base64="n1Var24oFq9tI+Qk12Lo2DsVilo="></latexit>

y
N
(µ)

| {z }
=

NX

i=1

(yN )i(µ)| {z } 'i|{z} = WNyN .
<latexit sha1_base64="H2lQssIrS6FMcW9alg72+NOUdjc="></latexit>

y
N
(µ) 2 colsp WN

<latexit sha1_base64="JYUfpWXjGFBs4aumVaOsE4eLqJc="></latexit>

) vT
N
WT

N
A(µ)WN yN (µ) = vT

N
WT

N
f(µ), 8 vN 2 IRN

<latexit sha1_base64="HI9XXg2QU+M0HJd6kuel6xJjugk="></latexit>
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Simplest Case: Poisson Problem

coefficients in expansion 
in terms of the basis

vT
N

WT
N

A(µ) WN| {z }
yN (µ) = vT

N
WT

N
f(µ)

| {z }
8 vN 2 IRN

<latexit sha1_base64="YwqKpV049X//8mXh3AFG2Svj/qk="></latexit>

AN (µ)
<latexit sha1_base64="0KMZJoc8SWGcvgl7/nj1rwk2SEU=">AAACEHicbVC7SsRAFJ34XNfXqqVNcBG1WZJV0FKxsZIV3AdsQphMbnRw8mDmRlyGfIKNv2JjoYitpZ1/4+yj8HVg4HDOvTNnTpgLrtBxPq2p6ZnZufnKQnVxaXlltba23lFZIRm0WSYy2QupAsFTaCNHAb1cAk1CAd3w5nTod29BKp6llzjIwU/oVcpjzigaKajteAh3OLpHS4hK7SUUr8NYn5SBDvR5WZa7XlLsBbW603BGsP8Sd0LqZIJWUPvwoowVCaTIBFWq7zo5+ppK5ExAWfUKBTllN/QK+oamNAHl61GQ0t42SmTHmTQnRXukft/QNFFqkIRmchhX/faG4n9ev8D4yNc8zQuElI0figthY2YP27EjLoGhGBhCmeQmq82uqaQMTYdVU4L7+8t/SafZcPcbzYuD+vHBpI4K2SRbZJe45JAckzPSIm3CyD15JM/kxXqwnqxX6208OmVNdjbID1jvX51bniQ=</latexit>

fN (µ)
<latexit sha1_base64="TWaiZ0xxuld2aH2Zgz0sXuiGCrY=">AAACEHicbVC7SgNBFJ2NrxhfUUubxSDGJuzGgJYBGyuJYDSQDcvs5G4yZPbBzF0xDPsJNv6KjYUitpZ2/o2TR+HrwMDhnHtnzpwgFVyh43xahYXFpeWV4mppbX1jc6u8vXOtkkwyaLNEJLITUAWCx9BGjgI6qQQaBQJugtHZxL+5Bal4El/hOIVeRAcxDzmjaCS/fOgh3OH0Hi2hn2svojgMQh3mvvb1RZ7nVS/Kjvxyxak5U9h/iTsnFTJHyy9/eP2EZRHEyARVqus6KfY0lciZgLzkZQpSykZ0AF1DYxqB6ulpkNw+MErfDhNpToz2VP2+oWmk1DgKzOQkrvrtTcT/vG6G4WlP8zjNEGI2eyjMhI2JPWnH7nMJDMXYEMokN1ltNqSSMjQdlkwJ7u8v/yXX9Zp7XKtfNirNxryOItkj+6RKXHJCmuSctEibMHJPHskzebEerCfr1XqbjRas+c4u+QHr/QvXdZ5J</latexit>

) vT
N

AN (µ) yN (µ) = vT
N
fN (µ), 8 vN 2 IRN

<latexit sha1_base64="4KzzIMb1k3EhmupqLriZ+pj/87k="></latexit>

) AN (µ) yN (µ) = fN (µ)
<latexit sha1_base64="Yqt8fOQvierCWJNmEWZ4bnLkftQ="></latexit>
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Simplest Case: Poisson Problem

Questions: 

How can we compute an approximation             to         ? 

How do we know the error is small? 

How do we know what value of      to take? 

How do we compute                          efficiently online? 

How do we choose the sample points      optimally?

yN (µ)
<latexit sha1_base64="uSADY894GRpK8Dp7aEkfbOb0BcI=">AAAB9XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBdPEsE8IFnj7GQ2GTIzu8zMKmHJf3jxoIhX/8Wbf+Mk8aCJBQ1FVTfdXWHCmTae9+XklpZXVtfy64WNza3tneLuXkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHg58ZsPVGkWy1szSmggcF+yiBFsrHTnuqNudj0ud0R64rrdYsmreFOgReL/kFL1IIruAaDWLX52ejFJBZWGcKx12/cSE2RYGUY4HRc6qaYJJkPcp21LJRZUB9n06jE6tkoPRbGyJQ2aqr8nMiy0HonQdgpsBnrem4j/ee3URBdBxmSSGirJbFGUcmRiNIkA9ZiixPCRJZgoZm9FZIAVJsYGVbAh+PMvL5LGacX3Kv6NTeMMZsjDIRxBGXw4hypcQQ3qQEDBE7zAq/PoPDtvzvusNef8zOzDHzgf35trkrE=</latexit><latexit sha1_base64="gBL9AlNVyrEI/2UrmgZyApUaSac=">AAAB9XicbVDLSsNAFL2pr1pf9bFzM9gIdVMSEXRZcONKKtgHtLFMppN26GQSZiZKCP0PNy4Uceu/uPNvnKZdaOuBC4dz7uXee/yYM6Ud59sqrKyurW8UN0tb2zu7e+X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fH11G8/UqlYJO51GlMvxEPBAkawNtKDbaf97HZS7YXJmW33yxWn5uRAy8Sdk0r9KMjR6Je/eoOIJCEVmnCsVNd1Yu1lWGpGOJ2UeomiMSZjPKRdQwUOqfKy/OoJOjXKAAWRNCU0ytXfExkOlUpD33SGWI/UojcV//O6iQ6uvIyJONFUkNmiIOFIR2gaARowSYnmqSGYSGZuRWSEJSbaBFUyIbiLLy+T1nnNdWrunUnjAmYowjGcQBVcuIQ63EADmkBAwjO8wpv1ZL1Y79bHrLVgzWcO4Q+szx88ZZPp</latexit><latexit sha1_base64="gBL9AlNVyrEI/2UrmgZyApUaSac=">AAAB9XicbVDLSsNAFL2pr1pf9bFzM9gIdVMSEXRZcONKKtgHtLFMppN26GQSZiZKCP0PNy4Uceu/uPNvnKZdaOuBC4dz7uXee/yYM6Ud59sqrKyurW8UN0tb2zu7e+X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fH11G8/UqlYJO51GlMvxEPBAkawNtKDbaf97HZS7YXJmW33yxWn5uRAy8Sdk0r9KMjR6Je/eoOIJCEVmnCsVNd1Yu1lWGpGOJ2UeomiMSZjPKRdQwUOqfKy/OoJOjXKAAWRNCU0ytXfExkOlUpD33SGWI/UojcV//O6iQ6uvIyJONFUkNmiIOFIR2gaARowSYnmqSGYSGZuRWSEJSbaBFUyIbiLLy+T1nnNdWrunUnjAmYowjGcQBVcuIQ63EADmkBAwjO8wpv1ZL1Y79bHrLVgzWcO4Q+szx88ZZPp</latexit><latexit sha1_base64="a9YIvwDb/JS2utsSLcTKmgQUqZw=">AAAB9XicbVBNSwMxEJ31s9avqkcvwa5QL2VXBD0WvHiSCvYD2rVk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtPG8b2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR9dTv/VIlWaxvDfjhAYCDySLGMHGSg+uO+5lt5NKV6Rnrtsrlb2qNwNaJn5OypCj3it9dfsxSQWVhnCsdcf3EhNkWBlGOJ0Uu6mmCSYjPKAdSyUWVAfZ7OoJOrVKH0WxsiUNmqm/JzIstB6L0HYKbIZ60ZuK/3md1ERXQcZkkhoqyXxRlHJkYjSNAPWZosTwsSWYKGZvRWSIFSbGBlW0IfiLLy+T5nnV96r+nVeuXeRxFOAYTqACPlxCDW6gDg0goOAZXuHNeXJenHfnY9664uQzR/AHzucPlN+RMQ==</latexit>

y(µ)
<latexit sha1_base64="sVsgKaP4qoHFtSqWjqfiEZ12uYE=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEUwMJkucncwmQ2Zml5lZYVnyF148KOLVv/Hm3zh5HDSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1Q6xppxJ2jTMcNpOFMUi5PQ+HF1P/PsnqjSL5Z3JEhoIPJAsYgQbKz24blbtivTMdXvlilfzpkDLxJ+TSv0oih4BoNErf3X7MUkFlYZwrHXH9xIT5FgZRjgdl7qppgkmIzygHUslFlQH+fTiMTq1Sh9FsbIlDZqqvydyLLTORGg7BTZDvehNxP+8TmqiqyBnMkkNlWS2KEo5MjGavI/6TFFieGYJJorZWxEZYoWJsSGVbAj+4svLpHVe872af2vTuIAZinAMJ1AFHy6hDjfQgCYQkPAMr/DmaOfFeXc+Zq0FZz5zCH/gfP4AeF6Q5A==</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="rewEvtmBuo+ulQd4aozd3rbl7hQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LDZCvZREBD0WvHisYFuxDWWz3bRLdzdhdyOE0H/hxYMiXv033vw3btsctPXBwOO9GWbmhQln2njet1NaW9/Y3CpvV3Z29/YPqodHHR2nitA2iXmsHkKsKWeStg0znD4kimIRctoNJzczv/tElWaxvDdZQgOBR5JFjGBjpUfXzep9kZ677qBa8xreHGiV+AWpQYHWoPrVH8YkFVQawrHWPd9LTJBjZRjhdFrpp5ommEzwiPYslVhQHeTzi6fozCpDFMXKljRorv6eyLHQOhOh7RTYjPWyNxP/83qpia6DnMkkNVSSxaIo5cjEaPY+GjJFieGZJZgoZm9FZIwVJsaGVLEh+Msvr5LORcP3Gv6dV2teFnGU4QROoQ4+XEETbqEFbSAg4Rle4c3Rzovz7nwsWktOMXMMf+B8/gBx0o9k</latexit>

µi
<latexit sha1_base64="2EXnAnK7il/mT3bSl/HKmjuYnFg=">AAAB8nicbVDJSgNBEK1xjXFJ1KOXxozgKcyIoDcDXjxGMAskQ+jp9CRNehm6e4Qw5DO8eFDEq1/jzU/wL+wsB018UPB4r4qqenHKmbFB8OWtrW9sbm0Xdoq7e/sHpfLhUdOoTBPaIIor3Y6xoZxJ2rDMctpONcUi5rQVj26nfuuRasOUfLDjlEYCDyRLGMHWSR3f74qsl7OJ7/fKlaAazIBWSbgglVrp+wYBQL1X/uz2FckElZZwbEwnDFIb5VhbRjidFLuZoSkmIzygHUclFtRE+ezkCTpzSh8lSruSFs3U3xM5FsaMRew6BbZDs+xNxf+8TmaT6yhnMs0slWS+KMk4sgpN/0d9pimxfOwIJpq5WxEZYo2JdSkVXQjh8surpHlRDYNqeO/SuIQ5CnACp3AOIVxBDe6gDg0goOAJXuDVs96z9+a9z1vXvMXMMfyB9/EDN2+R+w==</latexit><latexit sha1_base64="U5OCDtPiWOg/7IwA1QMdT2o07E4=">AAAB8nicbVDLSsNAFJ3UV42PVl26GWwE3ZREBN1ZEMFlBfuANJTJdNIOnUeYmQgl9DPcuFDErX/gX7jzE/wLp4+Fth64cDjnXu69J04Z1cb3v5zCyura+kZx093a3tktlff2m1pmCpMGlkyqdow0YVSQhqGGkXaqCOIxI614eD3xWw9EaSrFvRmlJOKoL2hCMTJWCj2vw7NuTsee1y1X/Ko/BVwmwZxUaqXvq1P346beLX92ehJnnAiDGdI6DPzURDlShmJGxm4n0yRFeIj6JLRUIE50lE9PHsNjq/RgIpUtYeBU/T2RI671iMe2kyMz0IveRPzPCzOTXEY5FWlmiMCzRUnGoJFw8j/sUUWwYSNLEFbU3grxACmEjU3JtSEEiy8vk+ZZNfCrwZ1N4xzMUASH4AicgABcgBq4BXXQABhI8AiewYtjnCfn1XmbtRac+cwB+APn/Qemt5MO</latexit><latexit sha1_base64="U5OCDtPiWOg/7IwA1QMdT2o07E4=">AAAB8nicbVDLSsNAFJ3UV42PVl26GWwE3ZREBN1ZEMFlBfuANJTJdNIOnUeYmQgl9DPcuFDErX/gX7jzE/wLp4+Fth64cDjnXu69J04Z1cb3v5zCyura+kZx093a3tktlff2m1pmCpMGlkyqdow0YVSQhqGGkXaqCOIxI614eD3xWw9EaSrFvRmlJOKoL2hCMTJWCj2vw7NuTsee1y1X/Ko/BVwmwZxUaqXvq1P346beLX92ehJnnAiDGdI6DPzURDlShmJGxm4n0yRFeIj6JLRUIE50lE9PHsNjq/RgIpUtYeBU/T2RI671iMe2kyMz0IveRPzPCzOTXEY5FWlmiMCzRUnGoJFw8j/sUUWwYSNLEFbU3grxACmEjU3JtSEEiy8vk+ZZNfCrwZ1N4xzMUASH4AicgABcgBq4BXXQABhI8AiewYtjnCfn1XmbtRac+cwB+APn/Qemt5MO</latexit><latexit sha1_base64="i8ST3Ne9sPVRcL3w0SDW1H9o56A=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBrOCp7Argh4DXjxGMA9IljA7mU2GzGOZ6RXCks/w4kERr36NN//GSbIHTSxoKKq66e6KU8EtBMG3V9rY3NreKe9W9vYPDo+qxydtqzNDWYtqoU03JpYJrlgLOAjWTQ0jMhasE0/u5n7niRnLtXqEacoiSUaKJ5wScFLP9/syG+R85vuDai2oBwvgdRIWpIYKNAfVr/5Q00wyBVQQa3thkEKUEwOcCjar9DPLUkInZMR6jioimY3yxckzfOGUIU60caUAL9TfEzmR1k5l7DolgbFd9ebif14vg+Q2yrlKM2CKLhclmcCg8fx/POSGURBTRwg13N2K6ZgYQsGlVHEhhKsvr5P2VT0M6uFDUGtcF3GU0Rk6R5coRDeoge5RE7UQRRo9o1f05oH34r17H8vWklfMnKI/8D5/ABErkGQ=</latexit>

N
<latexit sha1_base64="P2Ulr0FBfWkJkuuG1F2SMqUQ950=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqadeq3kW11rys1Gt5HEU4gVM4Bw+uoA630IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AaMPjMY=</latexit>

yN (µ), sN (µ)
<latexit sha1_base64="ubABXDTgX0DXTDMFs7W0o9lqiEQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJqqDgpuDGValgH9CEMJlO2qEzSZiZCCF24a+4caGIW3/DnX/jNM1CqwcunDnnXube48eMSmVZX0ZpaXllda28XtnY3NreMXf3ujJKBCYdHLFI9H0kCaMh6SiqGOnHgiDuM9LzJ9czv3dPhKRReKfSmLgcjUIaUIyUljzzIPVaNYcnJ6fOFZRe1prmL8+sWnUrB/xL7IJUQYG2Z346wwgnnIQKMyTlwLZi5WZIKIoZmVacRJIY4QkakYGmIeJEulm+/xQea2UIg0joChXM1Z8TGeJSptzXnRypsVz0ZuJ/3iBRwaWb0TBOFAnx/KMgYVBFcBYGHFJBsGKpJggLqneFeIwEwkpHVtEh2Isn/yXdRt0+qzduz6vNRhFHGRyCI1ADNrgATXAD2qADMHgAT+AFvBqPxrPxZrzPW0tGMbMPfsH4+Ab2AJS6</latexit>

General Form

Find                       s.t.

8 v 2 YN
<latexit sha1_base64="oqH83U3vXznywv5DDAfm7LQUotE=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZjQMEmYGMlEcxDsstydzJJhszOLjOzgbCktPFXbCwUsfUT7PwbZ5MUmnhg4HDOvcy5J4g5U9q2v63cyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2Q5AUc4EbWimOW3HkkIYcNoKhteZ3xpRqVgk7vU4pl4IfcF6jIA2kl88dnuRBM6xezXC2GUCuyHoAQGePkz824JfLNllewq8TJw5KaE56n7xy+1GJAmp0ISDUh3HjrWXgtSMcDopuImiMZAh9GnHUAEhVV46PWSCT43SxSaReULjqfp7I4VQqXEYmMkspVr0MvE/r5Po3qWXMhEnmgoy+6iXcKwjnLWCu0xSovnYECCSmayYDEAC0aa7rARn8eRl0qyUnfNy5a5aqlXndeTRETpBZ8hBF6iGblAdNRBBj+gZvaI368l6sd6tj9lozprvHKI/sD5/ABT5mLE=</latexit>

a(yN (µ), v;µ) = f(v;µ)
<latexit sha1_base64="/YBAYKk/+8ZnA0YuW7cfF9U6zvk=">AAACB3icbVDLSgMxFM3UV62vUZeCBIswgpSZWlAoQsGNK6lgH9AZhkyaaUMzD5JMYSjdufFX3LhQxK2/4M6/MdPOQlsPhJyccy8393gxo0Ka5rdWWFldW98obpa2tnd29/T9g7aIEo5JC0cs4l0PCcJoSFqSSka6MSco8BjpeKObzO+MCRc0Ch9kGhMnQIOQ+hQjqSRXP0ZG6t4ZdpCcnY/r2WXXr+26b8wfrl42K+YMcJlYOSmDHE1X/7L7EU4CEkrMkBA9y4ylM0FcUszItGQngsQIj9CA9BQNUUCEM5ntMYWnSulDP+LqhBLO1N8dExQIkQaeqgyQHIpFLxP/83qJ9K+cCQ3jRJIQzwf5CYMyglkosE85wZKliiDMqforxEPEEZYqupIKwVpceZm0qxXrolK9r5UbtTyOIjgCJ8AAFrgEDXALmqAFMHgEz+AVvGlP2ov2rn3MSwta3nMI/kD7/AHnMpdg</latexit>

Find                        s.t.

where AN 2 IRN⇥N , fN 2 IRN
<latexit sha1_base64="72gFvEjKOD37U0RTgEma6jPskRs="></latexit>

Matrix Form

yN (µ) 2 YN
<latexit sha1_base64="xBxAiqqsjUavdLraAirJ38X/jv4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSC7osuHFVKtiHNCFMppN26GQSZiZCCAU3/oobF4q49Sfc+TdO2iy0euDC4Zx7ufceP2ZUKsv6Mkorq2vrG+XNytb2zu6euX/Qk1EiMOniiEVi4CNJGOWkq6hiZBALgkKfkb4/vcr9/j0Rkkb8VqUxcUM05jSgGCkteeZR6rVrTpicQYdy6IRITTBi8A56bc+sWnVrDviX2AWpggIdz/x0RhFOQsIVZkjKoW3Fys2QUBQzMqs4iSQxwlM0JkNNOQqJdLP5DzN4qpURDCKhiys4V39OZCiUMg193ZkfKZe9XPzPGyYquHQzyuNEEY4Xi4KEQRXBPBA4ooJgxVJNEBZU3wrxBAmElY6tokOwl1/+S3qNun1eb9w0q61mEUcZHIMTUAM2uAAtcA06oAsweABP4AW8Go/Gs/FmvC9aS0Yxcwh+wfj4Bsp7lkk=</latexit>

yN (µ) 2 IRN
<latexit sha1_base64="Oyk6fih9WHjm0BUnZoAeCTZe6yQ=">AAACFnicbVBLSwMxGMzWV62vVY9eUotQD5bdWtBjwYtepIp9QLeWbJptQ5PskmSFsuyv8OJf8eJBEa/izX9j+jho60DCMPN9JDN+xKjSjvNtZZaWV1bXsuu5jc2t7R17d6+hwlhiUschC2XLR4owKkhdU81IK5IEcZ+Rpj+8GPvNByIVDcWdHkWkw1Ff0IBipI3UtU88jvTAD5JR2k0SL2/u6zQtejw+hh4VMPEkh1de/ja9N0bXLjglZwK4SNwZKYAZal37y+uFOOZEaMyQUm3XiXQnQVJTzEia82JFIoSHqE/ahgrEieokk1gpPDJKDwahNEdoOFF/bySIKzXivpkch1Dz3lj8z2vHOjjvJFREsSYCTx8KYgZ1CMcdwR6VBGs2MgRhSc1fIR4gibA2TeZMCe585EXSKJfc01L5plKoVmZ1ZMEBOARF4IIzUAWXoAbqAINH8AxewZv1ZL1Y79bHdDRjzXb2wR9Ynz/s7Z8k</latexit>

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="0wH5gR+vNo1j8P9asl0VlUp/OLs="></latexit>
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Simplest Case: Poisson Problem 

Problem: Find                  s.t.y(µ) 2 Y
<latexit sha1_base64="6xuSn3/tL8NC3M5hWCaFFWFn7F4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikztaDLghuXFexDOkPJpJk2NMkMSUYYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQliRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VJRKTDo5YJPsBUoRRQTqaakb6sSSIB4z0gulN7vceiVQ0Evc6jYnP0VjQkGKkjTS0T9Kax5MLjwrocaQnGLHsYTa0q07dmQOuErcgVVCgPbS/vFGEE06ExgwpNXCdWPsZkppiRmYVL1EkRniKxmRgqECcKD+bx5/Bc6OMYBhJ84SGc/X3Roa4UikPzGQeUS17ufifN0h0eO1nVMSJJgIvDoUJgzqCeRdwRCXBmqWGICypyQrxBEmEtWmsYkpwl7+8SrqNuntZb9w1q61mUUcZnIIzUAMuuAItcAvaoAMwyMAzeAVv1pP1Yr1bH4vRklXsHIM/sD5/AMdplVU=</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y
<latexit sha1_base64="Tq/7hE48Ig1OdzD6/Kjvvf2+rqQ="></latexit>

(Lax-Milgram) Let       be a Hilbert space, and for all           , assume 

•                is continuous and coercive,  

•    is bounded, 

Then there exists a unique solution          satisfying

Y
<latexit sha1_base64="6x1k8wMf6GaQ5npgPZ9UaDSjN3M=">AAAB+HicbVBNS8NAFHzxs1Zrox69LDaCp5KIoMeCF48V7IekoWy2m3bpZhN2N0IN/SVePCji1Z/izZs/xU3bg7YOLAwz7/FmJ0w5U9p1v6y19Y3Nre3STnl3r7JftQ8O2yrJJKEtkvBEdkOsKGeCtjTTnHZTSXEcctoJx9eF33mgUrFE3OlJSoMYDwWLGMHaSH276ji9GOsRwTy/nzpO3665dXcGtEq8Bak1wK98A0Czb3/2BgnJYio04Vgp33NTHeRYakY4nZZ7maIpJmM8pL6hAsdUBfks+BSdGmWAokSaJzSaqb83chwrNYlDM1mEVMteIf7n+ZmOroKciTTTVJD5oSjjSCeoaAENmKRE84khmEhmsiIywhITbboqmxK85S+vkvZ53XPr3q1p4wLmKMExnMAZeHAJDbiBJrSAQAZP8AKv1qP1bL1Z7/PRNWuxcwR/YH38AJLuk84=</latexit><latexit sha1_base64="z7O2RlvyWkcyltYCapVpUUFLy68=">AAAB+HicbVBNS8NAFHypX7VaG/XoJdgInmoigh4LXjxWsB+SxrLZbtqlm03Y3Qg19Jd48aCIV3+KF/XfuGl70NaBhWHmPd7sBAmjUjnOt1FYWV1b3yhulra2yzsVc3evJeNUYNLEMYtFJ0CSMMpJU1HFSCcRBEUBI+1gdJn77XsiJI35jRonxI/QgNOQYqS01DMrtt2NkBpixLLbiW33zKpTc6awlok7J9U6eOWvk8+7Rs/86PZjnEaEK8yQlJ7rJMrPkFAUMzIpdVNJEoRHaEA8TTmKiPSzafCJdaSVvhXGQj+urKn6eyNDkZTjKNCTeUi56OXif56XqvDCzyhPUkU4nh0KU2ap2MpbsPpUEKzYWBOEBdVZLTxEAmGluyrpEtzFLy+T1mnNdWrutW7jDGYowgEcwjG4cA51uIIGNAFDCo/wDC/Gg/FkvBpvs9GCMd/Zhz8w3n8AY7WVKg==</latexit><latexit sha1_base64="z7O2RlvyWkcyltYCapVpUUFLy68=">AAAB+HicbVBNS8NAFHypX7VaG/XoJdgInmoigh4LXjxWsB+SxrLZbtqlm03Y3Qg19Jd48aCIV3+KF/XfuGl70NaBhWHmPd7sBAmjUjnOt1FYWV1b3yhulra2yzsVc3evJeNUYNLEMYtFJ0CSMMpJU1HFSCcRBEUBI+1gdJn77XsiJI35jRonxI/QgNOQYqS01DMrtt2NkBpixLLbiW33zKpTc6awlok7J9U6eOWvk8+7Rs/86PZjnEaEK8yQlJ7rJMrPkFAUMzIpdVNJEoRHaEA8TTmKiPSzafCJdaSVvhXGQj+urKn6eyNDkZTjKNCTeUi56OXif56XqvDCzyhPUkU4nh0KU2ap2MpbsPpUEKzYWBOEBdVZLTxEAmGluyrpEtzFLy+T1mnNdWrutW7jDGYowgEcwjG4cA51uIIGNAFDCo/wDC/Gg/FkvBpvs9GCMd/Zhz8w3n8AY7WVKg==</latexit><latexit sha1_base64="Luj0iNeHDQ6PHwOY0XMbnp5XvFM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gIrkoiBV0W3LisYB/ShjKZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpV332yptbG5t75R3K3v7B4dV++i4o+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gepP73UcqFYvFvZ4l1I/wWLCQEayNNLSrjjOIsJ4QzLOHueMM7ZpbdxdA68QrSA0KtIb212AUkzSiQhOOlep7bqL9DEvNCKfzyiBVNMFkise0b6jAEVV+tgg+R+dGGaEwluYJjRbq740MR0rNosBM5iHVqpeL/3n9VIfXfsZEkmoqyPJQmHKkY5S3gEZMUqL5zBBMJDNZEZlgiYk2XVVMCd7ql9dJ57LuuXXvzq01G0UdZTiFM7gAD66gCbfQgjYQSOEZXuHNerJerHfrYzlasoqdE/gD6/MHgk2SRg==</latexit>

µ 2 D
<latexit sha1_base64="DW6zbTAgFaIQaJ4MhPKubPo3Md4=">AAACAHicbVDLSsNAFL2pr1ofjbpw4WawFVyVRATdWdCFywr2AU0ok+m0HTqZhJmJUEI2/oobF4q49TPc+Qn+hZO2C209cOFwzr3ce08Qc6a043xZhZXVtfWN4mZpa3tnt2zv7bdUlEhCmyTikewEWFHOBG1qpjntxJLiMOC0HYyvc7/9QKVikbjXk5j6IR4KNmAEayP17MNq1QsT5DGBvBDrEcE8vcmq1Z5dcWrOFGiZuHNSqZe/rxAANHr2p9ePSBJSoQnHSnVdJ9Z+iqVmhNOs5CWKxpiM8ZB2DRU4pMpPpw9k6MQofTSIpCmh0VT9PZHiUKlJGJjO/Ei16OXif1430YNLP2UiTjQVZLZokHCkI5SngfpMUqL5xBBMJDO3IjLCEhNtMiuZENzFl5dJ66zmOjX3zqRxDjMU4QiO4RRcuIA63EIDmkAggyd4gVfr0Xq23qz3WWvBms8cwB9YHz/1qZbJ</latexit><latexit sha1_base64="yJtSwIx0XOBmqcnKAWq+S8iUQO4=">AAACAHicbVDLSsNAFJ3UV42PRl24cDPYCLopiQi6s6CCywr2AU0ok+mkHTqZhJmJUEI2/oobF4q41b9w5yf4F07aLrR64MLhnHu5954gYVQqx/k0SguLS8sr5VVzbX1js2JtbbdknApMmjhmsegESBJGOWkqqhjpJIKgKGCkHYwuCr99R4SkMb9V44T4ERpwGlKMlJZ61q5te1EKPcqhFyE1xIhll7lt96yqU3MmgH+JOyPVeuXr/Mh8v2r0rA+vH+M0IlxhhqTsuk6i/AwJRTEjuemlkiQIj9CAdDXlKCLSzyYP5PBAK30YxkIXV3Ci/pzIUCTlOAp0Z3GknPcK8T+vm6rwzM8oT1JFOJ4uClMGVQyLNGCfCoIVG2uCsKD6VoiHSCCsdGamDsGdf/kvaR3XXKfm3ug0TsAUZbAH9sEhcMEpqINr0ABNgEEOHsATeDbujUfjxXidtpaM2cwO+AXj7RtlAJfc</latexit><latexit sha1_base64="yJtSwIx0XOBmqcnKAWq+S8iUQO4=">AAACAHicbVDLSsNAFJ3UV42PRl24cDPYCLopiQi6s6CCywr2AU0ok+mkHTqZhJmJUEI2/oobF4q41b9w5yf4F07aLrR64MLhnHu5954gYVQqx/k0SguLS8sr5VVzbX1js2JtbbdknApMmjhmsegESBJGOWkqqhjpJIKgKGCkHYwuCr99R4SkMb9V44T4ERpwGlKMlJZ61q5te1EKPcqhFyE1xIhll7lt96yqU3MmgH+JOyPVeuXr/Mh8v2r0rA+vH+M0IlxhhqTsuk6i/AwJRTEjuemlkiQIj9CAdDXlKCLSzyYP5PBAK30YxkIXV3Ci/pzIUCTlOAp0Z3GknPcK8T+vm6rwzM8oT1JFOJ4uClMGVQyLNGCfCoIVG2uCsKD6VoiHSCCsdGamDsGdf/kvaR3XXKfm3ug0TsAUZbAH9sEhcMEpqINr0ABNgEEOHsATeDbujUfjxXidtpaM2cwO+AXj7RtlAJfc</latexit><latexit sha1_base64="JZDTXTPMIIfVsvzCUXlAvYAbbS8=">AAACAHicbVBNS8NAEJ34WetX1IMHL4uN4KkkIuixoAePFewHNKFstpt26WYTdjdCCb34V7x4UMSrP8Ob/8ZNm4O2Phh4vDfDzLww5Uxp1/22VlbX1jc2K1vV7Z3dvX374LCtkkwS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8U/idRyoVS8SDnqQ0iPFQsIgRrI3Ut48dx48z5DOB/BjrEcE8v506Tt+uuXV3BrRMvJLUoESzb3/5g4RkMRWacKxUz3NTHeRYakY4nVb9TNEUkzEe0p6hAsdUBfnsgSk6M8oARYk0JTSaqb8nchwrNYlD01kcqRa9QvzP62U6ug5yJtJMU0Hmi6KMI52gIg00YJISzSeGYCKZuRWREZaYaJNZ1YTgLb68TNoXdc+te/durXFZxlGBEziFc/DgChpwB01oAYEpPMMrvFlP1ov1bn3MW1escuYI/sD6/AHPZZUy</latexit>

�a(µ) := sup
u2Y

sup
w2Y

a(v, w;µ)

kvkYkwkY
< 1

<latexit sha1_base64="icC9hOfm4DcS60LqUwDCP3yw5Dk="></latexit>

↵a(µ) := inf
v2Y

a(v, v;µ)

kvk2Y
> 0

<latexit sha1_base64="nkhmVSCv4Jc224AxWRc8fHq4sa0="></latexit>

f
<latexit sha1_base64="FsoL8rdQrMmcaNQpKkq0cxygF+I=">AAAB7HicbVDLSgNBEOz1GeMjUY9eBhPBU9gVQW8GvHiM4CaBZAmzk95kyOzsMjMrhCXf4MWDIl79IG9+gn/h5HHQxIKGoqqb7q4wFVwb1/1y1tY3Nre2CzvF3b39g1L58Kipk0wx9FkiEtUOqUbBJfqGG4HtVCGNQ4GtcHQ79VuPqDRP5IMZpxjEdCB5xBk1VvKr1aha7ZUrbs2dgawSb0Eq9dL3DQGARq/82e0nLItRGiao1h3PTU2QU2U4EzgpdjONKWUjOsCOpZLGqIN8duyEnFmlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqZW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO0IXjLL6+S5kXNc2vevU3jEuYowAmcwjl4cAV1uIMG+MCAwxO8wKsjnWfnzXmft645i5lj+APn4wdbpY8n</latexit><latexit sha1_base64="dw+E91qjyt85XmLdp/SQStrGtzA=">AAAB7HicbVDLSsNAFL2prxofrbp0M9gIuimJCLqzIILLCqYttKFMppN26GQSZiZCCf0GNy4UcetP+Bfu/AT/wuljoa0HLhzOuZd77wlTzpR23S+rsLK6tr5R3LS3tnd2S+W9/YZKMkmoTxKeyFaIFeVMUF8zzWkrlRTHIafNcHg98ZsPVCqWiHs9SmkQ475gESNYG8l3nMhxuuWKW3WnQMvEm5NKrfR9dWp/3NS75c9OLyFZTIUmHCvV9txUBzmWmhFOx3YnUzTFZIj7tG2owDFVQT49doyOjdJDUSJNCY2m6u+JHMdKjeLQdMZYD9SiNxH/89qZji6DnIk001SQ2aIo40gnaPI56jFJieYjQzCRzNyKyABLTLTJxzYheIsvL5PGWdVzq96dSeMcZijCIRzBCXhwATW4hTr4QIDBIzzDiyWsJ+vVepu1Fqz5zAH8gfX+A8rtkDo=</latexit><latexit sha1_base64="dw+E91qjyt85XmLdp/SQStrGtzA=">AAAB7HicbVDLSsNAFL2prxofrbp0M9gIuimJCLqzIILLCqYttKFMppN26GQSZiZCCf0GNy4UcetP+Bfu/AT/wuljoa0HLhzOuZd77wlTzpR23S+rsLK6tr5R3LS3tnd2S+W9/YZKMkmoTxKeyFaIFeVMUF8zzWkrlRTHIafNcHg98ZsPVCqWiHs9SmkQ475gESNYG8l3nMhxuuWKW3WnQMvEm5NKrfR9dWp/3NS75c9OLyFZTIUmHCvV9txUBzmWmhFOx3YnUzTFZIj7tG2owDFVQT49doyOjdJDUSJNCY2m6u+JHMdKjeLQdMZYD9SiNxH/89qZji6DnIk001SQ2aIo40gnaPI56jFJieYjQzCRzNyKyABLTLTJxzYheIsvL5PGWdVzq96dSeMcZijCIRzBCXhwATW4hTr4QIDBIzzDiyWsJ+vVepu1Fqz5zAH8gfX+A8rtkDo=</latexit><latexit sha1_base64="bfcOt4VGGG4S1fGqyLBWCEa9QZs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KIoMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSX69H9fqgWnMb7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1Moxug1yoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSvmp4bsN7cGvN6yKOMpzBOVyCBzfQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx81YY2Q</latexit>

y(µ)
<latexit sha1_base64="sVsgKaP4qoHFtSqWjqfiEZ12uYE=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEUwMJkucncwmQ2Zml5lZYVnyF148KOLVv/Hm3zh5HDSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1Q6xppxJ2jTMcNpOFMUi5PQ+HF1P/PsnqjSL5Z3JEhoIPJAsYgQbKz24blbtivTMdXvlilfzpkDLxJ+TSv0oih4BoNErf3X7MUkFlYZwrHXH9xIT5FgZRjgdl7qppgkmIzygHUslFlQH+fTiMTq1Sh9FsbIlDZqqvydyLLTORGg7BTZDvehNxP+8TmqiqyBnMkkNlWS2KEo5MjGavI/6TFFieGYJJorZWxEZYoWJsSGVbAj+4svLpHVe872af2vTuIAZinAMJ1AFHy6hDjfQgCYQkPAMr/DmaOfFeXc+Zq0FZz5zCH/gfP4AeF6Q5A==</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="rewEvtmBuo+ulQd4aozd3rbl7hQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LDZCvZREBD0WvHisYFuxDWWz3bRLdzdhdyOE0H/hxYMiXv033vw3btsctPXBwOO9GWbmhQln2njet1NaW9/Y3CpvV3Z29/YPqodHHR2nitA2iXmsHkKsKWeStg0znD4kimIRctoNJzczv/tElWaxvDdZQgOBR5JFjGBjpUfXzep9kZ677qBa8xreHGiV+AWpQYHWoPrVH8YkFVQawrHWPd9LTJBjZRjhdFrpp5ommEzwiPYslVhQHeTzi6fozCpDFMXKljRorv6eyLHQOhOh7RTYjPWyNxP/83qpia6DnMkkNVSSxaIo5cjEaPY+GjJFieGZJZgoZm9FZIwVJsaGVLEh+Msvr5LORcP3Gv6dV2teFnGU4QROoQ4+XEETbqEFbSAg4Rle4c3Rzovz7nwsWktOMXMMf+B8/gBx0o9k</latexit>

ky(µ)kY  kfkY0

↵a(µ)
.

<latexit sha1_base64="Ds8UxkVIo+Wfrc70B/6P2UdGaos="></latexit>

a(·, ·;µ)
<latexit sha1_base64="gpP280vwwvW9fWjFIo8UTKK7o2k=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEClJmakGhm4IblxXsAzpDyWTSNjSTDElGKEPBX3HjQhG3foc7/8Z0OgttPXAvh3PuJTcniBlV2nG+rcLa+sbmVnG7tLO7t39gHx51lEgkJm0smJC9ACnCKCdtTTUjvVgSFAWMdIPJ7dzvPhKpqOAPehoTP0IjTocUI22kgX3iNSCqeDgU+jLrDS9KLgZ22ak6GeAqcXNSBjlaA/vLCwVOIsI1ZkipvuvE2k+R1BQzMit5iSIxwhM0In1DOYqI8tPs/Bk8N0oIh0Ka4hpm6u+NFEVKTaPATEZIj9WyNxf/8/qJHt74KeVxognHi4eGCYNawHkWMKSSYM2mhiAsqbkV4jGSCGuTWMmE4C5/eZV0alX3qlq7r5eb9TyOIjgFZ6ACXHANmuAOtEAbYJCCZ/AK3qwn68V6tz4WowUr3zkGf2B9/gCRL5SN</latexit>

kfkY0 := sup
v2Y

f(v)

kvkY
< 1.

<latexit sha1_base64="P2a3VJ+zAVQ2SmvUG7Jb2lU1dQk="></latexit>



Introduction to Reduced Basis Methods: Theory and Applications  |   
Karen Veroy-Grepl  |  “Sparsity for Physics, Signal and Learning” Summer School |  
INRIA - Paris | 24-27June 2019

!36

Simplest Case: Poisson Problem 

Consider the following 

FE problema(y(µ), v;µ) = f(v;µ), 8 v 2 Y,
<latexit sha1_base64="hB0ReNf/DAT8oAS+WslP50h8hGk="></latexit>

RB approximationa(yN (µ), v;µ) = f(v;µ), 8 v 2 YN .
<latexit sha1_base64="PecC5eZ3GH+LF07AIiOO9+UVPkw="></latexit>
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Simplest Case: Poisson Problem 

Consider the following 

Define the error                                              and the residual

FE problema(y(µ), v;µ) = f(v;µ), 8 v 2 Y,
<latexit sha1_base64="hB0ReNf/DAT8oAS+WslP50h8hGk="></latexit>

RB approximationa(yN (µ), v;µ) = f(v;µ), 8 v 2 YN .
<latexit sha1_base64="PecC5eZ3GH+LF07AIiOO9+UVPkw="></latexit>

eN (µ) := y(µ)� yN (µ)
<latexit sha1_base64="SHijciTAtbZAUGnl34pyrln173Q=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIdWFJpKBYhIIbV1LBXqAJYTKdtkNnJmFmIoTQtRtfxY0LRdz6BO58G6dpEK3+MPDxn3M4c/4gokQq2/40CguLS8srxdXS2vrG5pa5vdOWYSwQbqGQhqIbQIkp4biliKK4GwkMWUBxJxhfTuudOywkCfmtSiLsMTjkZEAQVNryzX3sp9eTisviI7d+fuHWk4yPk2/bN8t21c5k/QUnhzLI1fTND7cfophhrhCFUvYcO1JeCoUiiOJJyY0ljiAawyHuaeSQYeml2SkT61A7fWsQCv24sjL350QKmZQJC3Qng2ok52tT879aL1aDMy8lPIoV5mi2aBBTS4XWNBerTwRGiiYaIBJE/9VCIyggUjq9kg7BmT/5L7RPqo5ddW5q5UYtj6MI9sABqAAHnIIGuAJN0AII3INH8AxejAfjyXg13matBSOf2QW/ZLx/AdeimQc=</latexit><latexit sha1_base64="SHijciTAtbZAUGnl34pyrln173Q=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIdWFJpKBYhIIbV1LBXqAJYTKdtkNnJmFmIoTQtRtfxY0LRdz6BO58G6dpEK3+MPDxn3M4c/4gokQq2/40CguLS8srxdXS2vrG5pa5vdOWYSwQbqGQhqIbQIkp4biliKK4GwkMWUBxJxhfTuudOywkCfmtSiLsMTjkZEAQVNryzX3sp9eTisviI7d+fuHWk4yPk2/bN8t21c5k/QUnhzLI1fTND7cfophhrhCFUvYcO1JeCoUiiOJJyY0ljiAawyHuaeSQYeml2SkT61A7fWsQCv24sjL350QKmZQJC3Qng2ok52tT879aL1aDMy8lPIoV5mi2aBBTS4XWNBerTwRGiiYaIBJE/9VCIyggUjq9kg7BmT/5L7RPqo5ddW5q5UYtj6MI9sABqAAHnIIGuAJN0AII3INH8AxejAfjyXg13matBSOf2QW/ZLx/AdeimQc=</latexit><latexit sha1_base64="SHijciTAtbZAUGnl34pyrln173Q=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIdWFJpKBYhIIbV1LBXqAJYTKdtkNnJmFmIoTQtRtfxY0LRdz6BO58G6dpEK3+MPDxn3M4c/4gokQq2/40CguLS8srxdXS2vrG5pa5vdOWYSwQbqGQhqIbQIkp4biliKK4GwkMWUBxJxhfTuudOywkCfmtSiLsMTjkZEAQVNryzX3sp9eTisviI7d+fuHWk4yPk2/bN8t21c5k/QUnhzLI1fTND7cfophhrhCFUvYcO1JeCoUiiOJJyY0ljiAawyHuaeSQYeml2SkT61A7fWsQCv24sjL350QKmZQJC3Qng2ok52tT879aL1aDMy8lPIoV5mi2aBBTS4XWNBerTwRGiiYaIBJE/9VCIyggUjq9kg7BmT/5L7RPqo5ddW5q5UYtj6MI9sABqAAHnIIGuAJN0AII3INH8AxejAfjyXg13matBSOf2QW/ZLx/AdeimQc=</latexit><latexit sha1_base64="SHijciTAtbZAUGnl34pyrln173Q=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIdWFJpKBYhIIbV1LBXqAJYTKdtkNnJmFmIoTQtRtfxY0LRdz6BO58G6dpEK3+MPDxn3M4c/4gokQq2/40CguLS8srxdXS2vrG5pa5vdOWYSwQbqGQhqIbQIkp4biliKK4GwkMWUBxJxhfTuudOywkCfmtSiLsMTjkZEAQVNryzX3sp9eTisviI7d+fuHWk4yPk2/bN8t21c5k/QUnhzLI1fTND7cfophhrhCFUvYcO1JeCoUiiOJJyY0ljiAawyHuaeSQYeml2SkT61A7fWsQCv24sjL350QKmZQJC3Qng2ok52tT879aL1aDMy8lPIoV5mi2aBBTS4XWNBerTwRGiiYaIBJE/9VCIyggUjq9kg7BmT/5L7RPqo5ddW5q5UYtj6MI9sABqAAHnIIGuAJN0AII3INH8AxejAfjyXg13matBSOf2QW/ZLx/AdeimQc=</latexit>

for v 2 Y
<latexit sha1_base64="00hPuMWfS0v7rXtyBOeGgEanN0g=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkoMuCG5cV7EOaUCbTSTt0Mgkzk0qJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRXT3uqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3OR+d0qlYrG417OE+hEeCRYygrWRBnZ1ijwmkBdhPSaYZw/zgV1z6s4CaJ24BalBgdbA/vKGMUkjKjThWKm+6yTaz7DUjHA6r3ipogkmEzyifUMFjqjys0X0OTo3yhCFsTRPaLRQf29kOFJqFgVmMo+oVr1c/M/rpzq89jMmklRTQZaHwpQjHaO8BzRkkhLNZ4ZgIpnJisgYS0y0aatiSnBXv7xOOpd116m7d41as1HUUYZTOIMLcOEKmnALLWgDgUd4hld4s56sF+vd+liOlqxi5wT+wPr8AeX2k7c=</latexit><latexit sha1_base64="00hPuMWfS0v7rXtyBOeGgEanN0g=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkoMuCG5cV7EOaUCbTSTt0Mgkzk0qJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRXT3uqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3OR+d0qlYrG417OE+hEeCRYygrWRBnZ1ijwmkBdhPSaYZw/zgV1z6s4CaJ24BalBgdbA/vKGMUkjKjThWKm+6yTaz7DUjHA6r3ipogkmEzyifUMFjqjys0X0OTo3yhCFsTRPaLRQf29kOFJqFgVmMo+oVr1c/M/rpzq89jMmklRTQZaHwpQjHaO8BzRkkhLNZ4ZgIpnJisgYS0y0aatiSnBXv7xOOpd116m7d41as1HUUYZTOIMLcOEKmnALLWgDgUd4hld4s56sF+vd+liOlqxi5wT+wPr8AeX2k7c=</latexit><latexit sha1_base64="00hPuMWfS0v7rXtyBOeGgEanN0g=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkoMuCG5cV7EOaUCbTSTt0Mgkzk0qJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRXT3uqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3OR+d0qlYrG417OE+hEeCRYygrWRBnZ1ijwmkBdhPSaYZw/zgV1z6s4CaJ24BalBgdbA/vKGMUkjKjThWKm+6yTaz7DUjHA6r3ipogkmEzyifUMFjqjys0X0OTo3yhCFsTRPaLRQf29kOFJqFgVmMo+oVr1c/M/rpzq89jMmklRTQZaHwpQjHaO8BzRkkhLNZ4ZgIpnJisgYS0y0aatiSnBXv7xOOpd116m7d41as1HUUYZTOIMLcOEKmnALLWgDgUd4hld4s56sF+vd+liOlqxi5wT+wPr8AeX2k7c=</latexit><latexit sha1_base64="00hPuMWfS0v7rXtyBOeGgEanN0g=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkoMuCG5cV7EOaUCbTSTt0Mgkzk0qJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRXT3uqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3OR+d0qlYrG417OE+hEeCRYygrWRBnZ1ijwmkBdhPSaYZw/zgV1z6s4CaJ24BalBgdbA/vKGMUkjKjThWKm+6yTaz7DUjHA6r3ipogkmEzyifUMFjqjys0X0OTo3yhCFsTRPaLRQf29kOFJqFgVmMo+oVr1c/M/rpzq89jMmklRTQZaHwpQjHaO8BzRkkhLNZ4ZgIpnJisgYS0y0aatiSnBXv7xOOpd116m7d41as1HUUYZTOIMLcOEKmnALLWgDgUd4hld4s56sF+vd+liOlqxi5wT+wPr8AeX2k7c=</latexit>

r(v; yN (µ);µ) := f(v;µ)� a(yN (µ), v;µ),
<latexit sha1_base64="b5RC2qBChuYZmMmoBzDnJUF5x8Y=">AAACIHicbVDLSgMxFM3UV62vUZdugkWoUMtMLVQsQsGNK6lgH9AZhkyaaUMzD5JMoQz9FDf+ihsXiuhOv8ZMW1BbDyScnHMvN/e4EaNCGsanlllZXVvfyG7mtrZ3dvf0/YOWCGOOSROHLOQdFwnCaECakkpGOhEnyHcZabvD69RvjwgXNAzu5Tgito/6AfUoRlJJjl7lhVFt7CS3k4Llx6e19LJql1dWzVNG+jpDhR+/ONOKOUfPGyVjCrhMzDnJgzkajv5h9UIc+ySQmCEhuqYRSTtBXFLMyCRnxYJECA9Rn3QVDZBPhJ1MF5zAE6X0oBdydQIJp+rvjgT5Qox9V1X6SA7EopeK/3ndWHoXdkKDKJYkwLNBXsygDGGaFuxRTrBkY0UQ5lT9FeIB4ghLlWkagrm48jJplUvmeal8V8nXK/M4suAIHIMCMEEV1MENaIAmwOABPIEX8Ko9as/am/Y+K81o855D8Afa1zdZ5KCJ</latexit>

= a(y(µ), v;µ)� a(yN (µ), v;µ)
<latexit sha1_base64="UjXSrSMQnI7CfcVsv3ce0h1Dglc=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsoGVGCgpFKLhxJRXsAzrDkEkzbWjmQZIpDEM/wY2/4saFIm5duvNvzLSzqK0HQk7OuZebe9yIUSEN40crrKyurW8UN0tb2zu7e/r+QVuEMcekhUMW8q6LBGE0IC1JJSPdiBPku4x03NFt5nfGhAsaBo8yiYjto0FAPYqRVJKjn95YdYgqScXy47PzcT27LtTbSe8n85qjl42qMQVcJmZOyiBH09G/rX6IY58EEjMkRM80ImmniEuKGZmUrFiQCOERGpCeogHyibDT6UITeKKUPvRCrk4g4VSd70iRL0Tiu6rSR3IoFr1M/M/rxdK7tlMaRLEkAZ4N8mIGZQizdGCfcoIlSxRBmFP1V4iHiCMsVYYlFYK5uPIyaV9WTaNqPtTKjVoeRxEcgWNQASa4Ag1wB5qgBTB4Ai/gDbxrz9qr9qF9zkoLWt5zCP5A+/oF5Zmakw==</latexit><latexit sha1_base64="UjXSrSMQnI7CfcVsv3ce0h1Dglc=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsoGVGCgpFKLhxJRXsAzrDkEkzbWjmQZIpDEM/wY2/4saFIm5duvNvzLSzqK0HQk7OuZebe9yIUSEN40crrKyurW8UN0tb2zu7e/r+QVuEMcekhUMW8q6LBGE0IC1JJSPdiBPku4x03NFt5nfGhAsaBo8yiYjto0FAPYqRVJKjn95YdYgqScXy47PzcT27LtTbSe8n85qjl42qMQVcJmZOyiBH09G/rX6IY58EEjMkRM80ImmniEuKGZmUrFiQCOERGpCeogHyibDT6UITeKKUPvRCrk4g4VSd70iRL0Tiu6rSR3IoFr1M/M/rxdK7tlMaRLEkAZ4N8mIGZQizdGCfcoIlSxRBmFP1V4iHiCMsVYYlFYK5uPIyaV9WTaNqPtTKjVoeRxEcgWNQASa4Ag1wB5qgBTB4Ai/gDbxrz9qr9qF9zkoLWt5zCP5A+/oF5Zmakw==</latexit><latexit sha1_base64="UjXSrSMQnI7CfcVsv3ce0h1Dglc=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsoGVGCgpFKLhxJRXsAzrDkEkzbWjmQZIpDEM/wY2/4saFIm5duvNvzLSzqK0HQk7OuZebe9yIUSEN40crrKyurW8UN0tb2zu7e/r+QVuEMcekhUMW8q6LBGE0IC1JJSPdiBPku4x03NFt5nfGhAsaBo8yiYjto0FAPYqRVJKjn95YdYgqScXy47PzcT27LtTbSe8n85qjl42qMQVcJmZOyiBH09G/rX6IY58EEjMkRM80ImmniEuKGZmUrFiQCOERGpCeogHyibDT6UITeKKUPvRCrk4g4VSd70iRL0Tiu6rSR3IoFr1M/M/rxdK7tlMaRLEkAZ4N8mIGZQizdGCfcoIlSxRBmFP1V4iHiCMsVYYlFYK5uPIyaV9WTaNqPtTKjVoeRxEcgWNQASa4Ag1wB5qgBTB4Ai/gDbxrz9qr9qF9zkoLWt5zCP5A+/oF5Zmakw==</latexit><latexit sha1_base64="UjXSrSMQnI7CfcVsv3ce0h1Dglc=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsoGVGCgpFKLhxJRXsAzrDkEkzbWjmQZIpDEM/wY2/4saFIm5duvNvzLSzqK0HQk7OuZebe9yIUSEN40crrKyurW8UN0tb2zu7e/r+QVuEMcekhUMW8q6LBGE0IC1JJSPdiBPku4x03NFt5nfGhAsaBo8yiYjto0FAPYqRVJKjn95YdYgqScXy47PzcT27LtTbSe8n85qjl42qMQVcJmZOyiBH09G/rX6IY58EEjMkRM80ImmniEuKGZmUrFiQCOERGpCeogHyibDT6UITeKKUPvRCrk4g4VSd70iRL0Tiu6rSR3IoFr1M/M/rxdK7tlMaRLEkAZ4N8mIGZQizdGCfcoIlSxRBmFP1V4iHiCMsVYYlFYK5uPIyaV9WTaNqPtTKjVoeRxEcgWNQASa4Ag1wB5qgBTB4Ai/gDbxrz9qr9qF9zkoLWt5zCP5A+/oF5Zmakw==</latexit>

= a(y(µ)� yN (µ), v;µ)
<latexit sha1_base64="9I+OniWfVi+m8ckGokXSnVRqZJM=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVNCSSEGhCAU3rqSCvUATwmQ6qUMnF2YmhRC6c+OruHGhiFtfwZ1v4yTNQlsPDPPx/+cwc343YlRIw/jWSkvLK6tr5fXKxubW9o6+u9cVYcwx6eCQhbzvIkEYDUhHUslIP+IE+S4jPXd8nfm9CeGChsG9TCJi+2gUUI9iJJXk6IdXVhOiWlKz/PjkLHHS22mOp5Nmdjl61agbecFFMAuogqLajv5lDUMc+ySQmCEhBqYRSTtFXFLMyLRixYJECI/RiAwUBsgnwk7zPabwWClD6IVcnUDCXP09kSJfiMR3VaeP5IOY9zLxP28QS+/STmkQxZIEePaQFzMoQ5iFAoeUEyxZogBhTtVfIX5AHGGpoquoEMz5lRehe143jbp516i2GkUcZXAAjkANmOACtMANaIMOwOARPINX8KY9aS/au/Yxay1pxcw++FPa5w/5qJds</latexit><latexit sha1_base64="9I+OniWfVi+m8ckGokXSnVRqZJM=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVNCSSEGhCAU3rqSCvUATwmQ6qUMnF2YmhRC6c+OruHGhiFtfwZ1v4yTNQlsPDPPx/+cwc343YlRIw/jWSkvLK6tr5fXKxubW9o6+u9cVYcwx6eCQhbzvIkEYDUhHUslIP+IE+S4jPXd8nfm9CeGChsG9TCJi+2gUUI9iJJXk6IdXVhOiWlKz/PjkLHHS22mOp5Nmdjl61agbecFFMAuogqLajv5lDUMc+ySQmCEhBqYRSTtFXFLMyLRixYJECI/RiAwUBsgnwk7zPabwWClD6IVcnUDCXP09kSJfiMR3VaeP5IOY9zLxP28QS+/STmkQxZIEePaQFzMoQ5iFAoeUEyxZogBhTtVfIX5AHGGpoquoEMz5lRehe143jbp516i2GkUcZXAAjkANmOACtMANaIMOwOARPINX8KY9aS/au/Yxay1pxcw++FPa5w/5qJds</latexit><latexit sha1_base64="9I+OniWfVi+m8ckGokXSnVRqZJM=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVNCSSEGhCAU3rqSCvUATwmQ6qUMnF2YmhRC6c+OruHGhiFtfwZ1v4yTNQlsPDPPx/+cwc343YlRIw/jWSkvLK6tr5fXKxubW9o6+u9cVYcwx6eCQhbzvIkEYDUhHUslIP+IE+S4jPXd8nfm9CeGChsG9TCJi+2gUUI9iJJXk6IdXVhOiWlKz/PjkLHHS22mOp5Nmdjl61agbecFFMAuogqLajv5lDUMc+ySQmCEhBqYRSTtFXFLMyLRixYJECI/RiAwUBsgnwk7zPabwWClD6IVcnUDCXP09kSJfiMR3VaeP5IOY9zLxP28QS+/STmkQxZIEePaQFzMoQ5iFAoeUEyxZogBhTtVfIX5AHGGpoquoEMz5lRehe143jbp516i2GkUcZXAAjkANmOACtMANaIMOwOARPINX8KY9aS/au/Yxay1pxcw++FPa5w/5qJds</latexit><latexit sha1_base64="9I+OniWfVi+m8ckGokXSnVRqZJM=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVNCSSEGhCAU3rqSCvUATwmQ6qUMnF2YmhRC6c+OruHGhiFtfwZ1v4yTNQlsPDPPx/+cwc343YlRIw/jWSkvLK6tr5fXKxubW9o6+u9cVYcwx6eCQhbzvIkEYDUhHUslIP+IE+S4jPXd8nfm9CeGChsG9TCJi+2gUUI9iJJXk6IdXVhOiWlKz/PjkLHHS22mOp5Nmdjl61agbecFFMAuogqLajv5lDUMc+ySQmCEhBqYRSTtFXFLMyLRixYJECI/RiAwUBsgnwk7zPabwWClD6IVcnUDCXP09kSJfiMR3VaeP5IOY9zLxP28QS+/STmkQxZIEePaQFzMoQ5iFAoeUEyxZogBhTtVfIX5AHGGpoquoEMz5lRehe143jbp516i2GkUcZXAAjkANmOACtMANaIMOwOARPINX8KY9aS/au/Yxay1pxcw++FPa5w/5qJds</latexit>

= a(eN (µ), v;µ)
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Simplest Case: Poisson Problem 

From the error-residual equation 

a(eN (µ), v;µ) = r(v; yN (µ), µ)
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Simplest Case: Poisson Problem 

From the error-residual equation 

and the Lax-Milgram Theorem, we have that 

a(eN (µ), v;µ) = r(v; yN (µ), µ)
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keN (µ)kY  kr(·; yN (µ), µ)kY0

↵a(µ)
.
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Simplest Case: Poisson Problem 

From the error-residual equation 

and the Lax-Milgram Theorem, we have that 

Assume we have a computable lower bound                                                 

Then

a(eN (µ), v;µ) = r(v; yN (µ), µ)
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ERR BOUND

keN (µ)kY  kr(·; yN (µ), µ)kY0

↵a(µ)
.
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keN (µ)kY  �N (µ) :=
kr(·; yN (µ))kY0

↵LB
a (µ)
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↵LB
a (µ)  ↵a(µ), 8 µ 2 D.
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Simplest Case: Poisson Problem

Questions: 

How can we compute an approximation              to          ? 

How do we know the error is small? 

How do we know what value of      to take? 

How do we compute                          efficiently online? 

How do we choose the sample points      optimally?

yN (µ)
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y(µ)
<latexit sha1_base64="sVsgKaP4qoHFtSqWjqfiEZ12uYE=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEUwMJkucncwmQ2Zml5lZYVnyF148KOLVv/Hm3zh5HDSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1Q6xppxJ2jTMcNpOFMUi5PQ+HF1P/PsnqjSL5Z3JEhoIPJAsYgQbKz24blbtivTMdXvlilfzpkDLxJ+TSv0oih4BoNErf3X7MUkFlYZwrHXH9xIT5FgZRjgdl7qppgkmIzygHUslFlQH+fTiMTq1Sh9FsbIlDZqqvydyLLTORGg7BTZDvehNxP+8TmqiqyBnMkkNlWS2KEo5MjGavI/6TFFieGYJJorZWxEZYoWJsSGVbAj+4svLpHVe872af2vTuIAZinAMJ1AFHy6hDjfQgCYQkPAMr/DmaOfFeXc+Zq0FZz5zCH/gfP4AeF6Q5A==</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="rewEvtmBuo+ulQd4aozd3rbl7hQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LDZCvZREBD0WvHisYFuxDWWz3bRLdzdhdyOE0H/hxYMiXv033vw3btsctPXBwOO9GWbmhQln2njet1NaW9/Y3CpvV3Z29/YPqodHHR2nitA2iXmsHkKsKWeStg0znD4kimIRctoNJzczv/tElWaxvDdZQgOBR5JFjGBjpUfXzep9kZ677qBa8xreHGiV+AWpQYHWoPrVH8YkFVQawrHWPd9LTJBjZRjhdFrpp5ommEzwiPYslVhQHeTzi6fozCpDFMXKljRorv6eyLHQOhOh7RTYjPWyNxP/83qpia6DnMkkNVSSxaIo5cjEaPY+GjJFieGZJZgoZm9FZIwVJsaGVLEh+Msvr5LORcP3Gv6dV2teFnGU4QROoQ4+XEETbqEFbSAg4Rle4c3Rzovz7nwsWktOMXMMf+B8/gBx0o9k</latexit>

µi
<latexit sha1_base64="2EXnAnK7il/mT3bSl/HKmjuYnFg=">AAAB8nicbVDJSgNBEK1xjXFJ1KOXxozgKcyIoDcDXjxGMAskQ+jp9CRNehm6e4Qw5DO8eFDEq1/jzU/wL+wsB018UPB4r4qqenHKmbFB8OWtrW9sbm0Xdoq7e/sHpfLhUdOoTBPaIIor3Y6xoZxJ2rDMctpONcUi5rQVj26nfuuRasOUfLDjlEYCDyRLGMHWSR3f74qsl7OJ7/fKlaAazIBWSbgglVrp+wYBQL1X/uz2FckElZZwbEwnDFIb5VhbRjidFLuZoSkmIzygHUclFtRE+ezkCTpzSh8lSruSFs3U3xM5FsaMRew6BbZDs+xNxf+8TmaT6yhnMs0slWS+KMk4sgpN/0d9pimxfOwIJpq5WxEZYo2JdSkVXQjh8surpHlRDYNqeO/SuIQ5CnACp3AOIVxBDe6gDg0goOAJXuDVs96z9+a9z1vXvMXMMfyB9/EDN2+R+w==</latexit><latexit sha1_base64="U5OCDtPiWOg/7IwA1QMdT2o07E4=">AAAB8nicbVDLSsNAFJ3UV42PVl26GWwE3ZREBN1ZEMFlBfuANJTJdNIOnUeYmQgl9DPcuFDErX/gX7jzE/wLp4+Fth64cDjnXu69J04Z1cb3v5zCyura+kZx093a3tktlff2m1pmCpMGlkyqdow0YVSQhqGGkXaqCOIxI614eD3xWw9EaSrFvRmlJOKoL2hCMTJWCj2vw7NuTsee1y1X/Ko/BVwmwZxUaqXvq1P346beLX92ehJnnAiDGdI6DPzURDlShmJGxm4n0yRFeIj6JLRUIE50lE9PHsNjq/RgIpUtYeBU/T2RI671iMe2kyMz0IveRPzPCzOTXEY5FWlmiMCzRUnGoJFw8j/sUUWwYSNLEFbU3grxACmEjU3JtSEEiy8vk+ZZNfCrwZ1N4xzMUASH4AicgABcgBq4BXXQABhI8AiewYtjnCfn1XmbtRac+cwB+APn/Qemt5MO</latexit><latexit sha1_base64="U5OCDtPiWOg/7IwA1QMdT2o07E4=">AAAB8nicbVDLSsNAFJ3UV42PVl26GWwE3ZREBN1ZEMFlBfuANJTJdNIOnUeYmQgl9DPcuFDErX/gX7jzE/wLp4+Fth64cDjnXu69J04Z1cb3v5zCyura+kZx093a3tktlff2m1pmCpMGlkyqdow0YVSQhqGGkXaqCOIxI614eD3xWw9EaSrFvRmlJOKoL2hCMTJWCj2vw7NuTsee1y1X/Ko/BVwmwZxUaqXvq1P346beLX92ehJnnAiDGdI6DPzURDlShmJGxm4n0yRFeIj6JLRUIE50lE9PHsNjq/RgIpUtYeBU/T2RI671iMe2kyMz0IveRPzPCzOTXEY5FWlmiMCzRUnGoJFw8j/sUUWwYSNLEFbU3grxACmEjU3JtSEEiy8vk+ZZNfCrwZ1N4xzMUASH4AicgABcgBq4BXXQABhI8AiewYtjnCfn1XmbtRac+cwB+APn/Qemt5MO</latexit><latexit sha1_base64="i8ST3Ne9sPVRcL3w0SDW1H9o56A=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBrOCp7Argh4DXjxGMA9IljA7mU2GzGOZ6RXCks/w4kERr36NN//GSbIHTSxoKKq66e6KU8EtBMG3V9rY3NreKe9W9vYPDo+qxydtqzNDWYtqoU03JpYJrlgLOAjWTQ0jMhasE0/u5n7niRnLtXqEacoiSUaKJ5wScFLP9/syG+R85vuDai2oBwvgdRIWpIYKNAfVr/5Q00wyBVQQa3thkEKUEwOcCjar9DPLUkInZMR6jioimY3yxckzfOGUIU60caUAL9TfEzmR1k5l7DolgbFd9ebif14vg+Q2yrlKM2CKLhclmcCg8fx/POSGURBTRwg13N2K6ZgYQsGlVHEhhKsvr5P2VT0M6uFDUGtcF3GU0Rk6R5coRDeoge5RE7UQRRo9o1f05oH34r17H8vWklfMnKI/8D5/ABErkGQ=</latexit>

yN (µ), sN (µ)
<latexit sha1_base64="ubABXDTgX0DXTDMFs7W0o9lqiEQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJqqDgpuDGValgH9CEMJlO2qEzSZiZCCF24a+4caGIW3/DnX/jNM1CqwcunDnnXube48eMSmVZX0ZpaXllda28XtnY3NreMXf3ujJKBCYdHLFI9H0kCaMh6SiqGOnHgiDuM9LzJ9czv3dPhKRReKfSmLgcjUIaUIyUljzzIPVaNYcnJ6fOFZRe1prmL8+sWnUrB/xL7IJUQYG2Z346wwgnnIQKMyTlwLZi5WZIKIoZmVacRJIY4QkakYGmIeJEulm+/xQea2UIg0joChXM1Z8TGeJSptzXnRypsVz0ZuJ/3iBRwaWb0TBOFAnx/KMgYVBFcBYGHFJBsGKpJggLqneFeIwEwkpHVtEh2Isn/yXdRt0+qzduz6vNRhFHGRyCI1ADNrgATXAD2qADMHgAT+AFvBqPxrPxZrzPW0tGMbMPfsH4+Ab2AJS6</latexit>

N
<latexit sha1_base64="P2Ulr0FBfWkJkuuG1F2SMqUQ950=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqadeq3kW11rys1Gt5HEU4gVM4Bw+uoA630IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AaMPjMY=</latexit>

General Form

Find                       s.t.

8 v 2 YN
<latexit sha1_base64="oqH83U3vXznywv5DDAfm7LQUotE=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZjQMEmYGMlEcxDsstydzJJhszOLjOzgbCktPFXbCwUsfUT7PwbZ5MUmnhg4HDOvcy5J4g5U9q2v63cyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2Q5AUc4EbWimOW3HkkIYcNoKhteZ3xpRqVgk7vU4pl4IfcF6jIA2kl88dnuRBM6xezXC2GUCuyHoAQGePkz824JfLNllewq8TJw5KaE56n7xy+1GJAmp0ISDUh3HjrWXgtSMcDopuImiMZAh9GnHUAEhVV46PWSCT43SxSaReULjqfp7I4VQqXEYmMkspVr0MvE/r5Po3qWXMhEnmgoy+6iXcKwjnLWCu0xSovnYECCSmayYDEAC0aa7rARn8eRl0qyUnfNy5a5aqlXndeTRETpBZ8hBF6iGblAdNRBBj+gZvaI368l6sd6tj9lozprvHKI/sD5/ABT5mLE=</latexit>

a(yN (µ), v;µ) = f(v;µ)
<latexit sha1_base64="/YBAYKk/+8ZnA0YuW7cfF9U6zvk=">AAACB3icbVDLSgMxFM3UV62vUZeCBIswgpSZWlAoQsGNK6lgH9AZhkyaaUMzD5JMYSjdufFX3LhQxK2/4M6/MdPOQlsPhJyccy8393gxo0Ka5rdWWFldW98obpa2tnd29/T9g7aIEo5JC0cs4l0PCcJoSFqSSka6MSco8BjpeKObzO+MCRc0Ch9kGhMnQIOQ+hQjqSRXP0ZG6t4ZdpCcnY/r2WXXr+26b8wfrl42K+YMcJlYOSmDHE1X/7L7EU4CEkrMkBA9y4ylM0FcUszItGQngsQIj9CA9BQNUUCEM5ntMYWnSulDP+LqhBLO1N8dExQIkQaeqgyQHIpFLxP/83qJ9K+cCQ3jRJIQzwf5CYMyglkosE85wZKliiDMqforxEPEEZYqupIKwVpceZm0qxXrolK9r5UbtTyOIjgCJ8AAFrgEDXALmqAFMHgEz+AVvGlP2ov2rn3MSwta3nMI/kD7/AHnMpdg</latexit>

Find                        s.t.

where AN 2 IRN⇥N , fN 2 IRN
<latexit sha1_base64="72gFvEjKOD37U0RTgEma6jPskRs="></latexit>

Matrix Form

yN (µ) 2 YN
<latexit sha1_base64="xBxAiqqsjUavdLraAirJ38X/jv4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSC7osuHFVKtiHNCFMppN26GQSZiZCCAU3/oobF4q49Sfc+TdO2iy0euDC4Zx7ufceP2ZUKsv6Mkorq2vrG+XNytb2zu6euX/Qk1EiMOniiEVi4CNJGOWkq6hiZBALgkKfkb4/vcr9/j0Rkkb8VqUxcUM05jSgGCkteeZR6rVrTpicQYdy6IRITTBi8A56bc+sWnVrDviX2AWpggIdz/x0RhFOQsIVZkjKoW3Fys2QUBQzMqs4iSQxwlM0JkNNOQqJdLP5DzN4qpURDCKhiys4V39OZCiUMg193ZkfKZe9XPzPGyYquHQzyuNEEY4Xi4KEQRXBPBA4ooJgxVJNEBZU3wrxBAmElY6tokOwl1/+S3qNun1eb9w0q61mEUcZHIMTUAM2uAAtcA06oAsweABP4AW8Go/Gs/FmvC9aS0Yxcwh+wfj4Bsp7lkk=</latexit>

yN (µ) 2 IRN
<latexit sha1_base64="Oyk6fih9WHjm0BUnZoAeCTZe6yQ=">AAACFnicbVBLSwMxGMzWV62vVY9eUotQD5bdWtBjwYtepIp9QLeWbJptQ5PskmSFsuyv8OJf8eJBEa/izX9j+jho60DCMPN9JDN+xKjSjvNtZZaWV1bXsuu5jc2t7R17d6+hwlhiUschC2XLR4owKkhdU81IK5IEcZ+Rpj+8GPvNByIVDcWdHkWkw1Ff0IBipI3UtU88jvTAD5JR2k0SL2/u6zQtejw+hh4VMPEkh1de/ja9N0bXLjglZwK4SNwZKYAZal37y+uFOOZEaMyQUm3XiXQnQVJTzEia82JFIoSHqE/ahgrEieokk1gpPDJKDwahNEdoOFF/bySIKzXivpkch1Dz3lj8z2vHOjjvJFREsSYCTx8KYgZ1CMcdwR6VBGs2MgRhSc1fIR4gibA2TeZMCe585EXSKJfc01L5plKoVmZ1ZMEBOARF4IIzUAWXoAbqAINH8AxewZv1ZL1Y79bHdDRjzXb2wR9Ynz/s7Z8k</latexit>

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="0wH5gR+vNo1j8P9asl0VlUp/OLs="></latexit>
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Simplest Case: Poisson Problem

Questions: 

How can we compute an approximation              to          ? 

How do we know the error is small? 

How do we know what value of      to take? 

How do we compute                          efficiently online? 

How do we choose the sample points      optimally?

yN (µ)
<latexit sha1_base64="uSADY894GRpK8Dp7aEkfbOb0BcI=">AAAB9XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBdPEsE8IFnj7GQ2GTIzu8zMKmHJf3jxoIhX/8Wbf+Mk8aCJBQ1FVTfdXWHCmTae9+XklpZXVtfy64WNza3tneLuXkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHg58ZsPVGkWy1szSmggcF+yiBFsrHTnuqNudj0ud0R64rrdYsmreFOgReL/kFL1IIruAaDWLX52ejFJBZWGcKx12/cSE2RYGUY4HRc6qaYJJkPcp21LJRZUB9n06jE6tkoPRbGyJQ2aqr8nMiy0HonQdgpsBnrem4j/ee3URBdBxmSSGirJbFGUcmRiNIkA9ZiixPCRJZgoZm9FZIAVJsYGVbAh+PMvL5LGacX3Kv6NTeMMZsjDIRxBGXw4hypcQQ3qQEDBE7zAq/PoPDtvzvusNef8zOzDHzgf35trkrE=</latexit><latexit sha1_base64="gBL9AlNVyrEI/2UrmgZyApUaSac=">AAAB9XicbVDLSsNAFL2pr1pf9bFzM9gIdVMSEXRZcONKKtgHtLFMppN26GQSZiZKCP0PNy4Uceu/uPNvnKZdaOuBC4dz7uXee/yYM6Ud59sqrKyurW8UN0tb2zu7e+X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fH11G8/UqlYJO51GlMvxEPBAkawNtKDbaf97HZS7YXJmW33yxWn5uRAy8Sdk0r9KMjR6Je/eoOIJCEVmnCsVNd1Yu1lWGpGOJ2UeomiMSZjPKRdQwUOqfKy/OoJOjXKAAWRNCU0ytXfExkOlUpD33SGWI/UojcV//O6iQ6uvIyJONFUkNmiIOFIR2gaARowSYnmqSGYSGZuRWSEJSbaBFUyIbiLLy+T1nnNdWrunUnjAmYowjGcQBVcuIQ63EADmkBAwjO8wpv1ZL1Y79bHrLVgzWcO4Q+szx88ZZPp</latexit><latexit sha1_base64="gBL9AlNVyrEI/2UrmgZyApUaSac=">AAAB9XicbVDLSsNAFL2pr1pf9bFzM9gIdVMSEXRZcONKKtgHtLFMppN26GQSZiZKCP0PNy4Uceu/uPNvnKZdaOuBC4dz7uXee/yYM6Ud59sqrKyurW8UN0tb2zu7e+X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fH11G8/UqlYJO51GlMvxEPBAkawNtKDbaf97HZS7YXJmW33yxWn5uRAy8Sdk0r9KMjR6Je/eoOIJCEVmnCsVNd1Yu1lWGpGOJ2UeomiMSZjPKRdQwUOqfKy/OoJOjXKAAWRNCU0ytXfExkOlUpD33SGWI/UojcV//O6iQ6uvIyJONFUkNmiIOFIR2gaARowSYnmqSGYSGZuRWSEJSbaBFUyIbiLLy+T1nnNdWrunUnjAmYowjGcQBVcuIQ63EADmkBAwjO8wpv1ZL1Y79bHrLVgzWcO4Q+szx88ZZPp</latexit><latexit sha1_base64="a9YIvwDb/JS2utsSLcTKmgQUqZw=">AAAB9XicbVBNSwMxEJ31s9avqkcvwa5QL2VXBD0WvHiSCvYD2rVk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtPG8b2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR9dTv/VIlWaxvDfjhAYCDySLGMHGSg+uO+5lt5NKV6Rnrtsrlb2qNwNaJn5OypCj3it9dfsxSQWVhnCsdcf3EhNkWBlGOJ0Uu6mmCSYjPKAdSyUWVAfZ7OoJOrVKH0WxsiUNmqm/JzIstB6L0HYKbIZ60ZuK/3md1ERXQcZkkhoqyXxRlHJkYjSNAPWZosTwsSWYKGZvRWSIFSbGBlW0IfiLLy+T5nnV96r+nVeuXeRxFOAYTqACPlxCDW6gDg0goOAZXuHNeXJenHfnY9664uQzR/AHzucPlN+RMQ==</latexit>

y(µ)
<latexit sha1_base64="sVsgKaP4qoHFtSqWjqfiEZ12uYE=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEUwMJkucncwmQ2Zml5lZYVnyF148KOLVv/Hm3zh5HDSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1Q6xppxJ2jTMcNpOFMUi5PQ+HF1P/PsnqjSL5Z3JEhoIPJAsYgQbKz24blbtivTMdXvlilfzpkDLxJ+TSv0oih4BoNErf3X7MUkFlYZwrHXH9xIT5FgZRjgdl7qppgkmIzygHUslFlQH+fTiMTq1Sh9FsbIlDZqqvydyLLTORGg7BTZDvehNxP+8TmqiqyBnMkkNlWS2KEo5MjGavI/6TFFieGYJJorZWxEZYoWJsSGVbAj+4svLpHVe872af2vTuIAZinAMJ1AFHy6hDjfQgCYQkPAMr/DmaOfFeXc+Zq0FZz5zCH/gfP4AeF6Q5A==</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="rewEvtmBuo+ulQd4aozd3rbl7hQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LDZCvZREBD0WvHisYFuxDWWz3bRLdzdhdyOE0H/hxYMiXv033vw3btsctPXBwOO9GWbmhQln2njet1NaW9/Y3CpvV3Z29/YPqodHHR2nitA2iXmsHkKsKWeStg0znD4kimIRctoNJzczv/tElWaxvDdZQgOBR5JFjGBjpUfXzep9kZ677qBa8xreHGiV+AWpQYHWoPrVH8YkFVQawrHWPd9LTJBjZRjhdFrpp5ommEzwiPYslVhQHeTzi6fozCpDFMXKljRorv6eyLHQOhOh7RTYjPWyNxP/83qpia6DnMkkNVSSxaIo5cjEaPY+GjJFieGZJZgoZm9FZIwVJsaGVLEh+Msvr5LORcP3Gv6dV2teFnGU4QROoQ4+XEETbqEFbSAg4Rle4c3Rzovz7nwsWktOMXMMf+B8/gBx0o9k</latexit>

µi
<latexit sha1_base64="2EXnAnK7il/mT3bSl/HKmjuYnFg=">AAAB8nicbVDJSgNBEK1xjXFJ1KOXxozgKcyIoDcDXjxGMAskQ+jp9CRNehm6e4Qw5DO8eFDEq1/jzU/wL+wsB018UPB4r4qqenHKmbFB8OWtrW9sbm0Xdoq7e/sHpfLhUdOoTBPaIIor3Y6xoZxJ2rDMctpONcUi5rQVj26nfuuRasOUfLDjlEYCDyRLGMHWSR3f74qsl7OJ7/fKlaAazIBWSbgglVrp+wYBQL1X/uz2FckElZZwbEwnDFIb5VhbRjidFLuZoSkmIzygHUclFtRE+ezkCTpzSh8lSruSFs3U3xM5FsaMRew6BbZDs+xNxf+8TmaT6yhnMs0slWS+KMk4sgpN/0d9pimxfOwIJpq5WxEZYo2JdSkVXQjh8surpHlRDYNqeO/SuIQ5CnACp3AOIVxBDe6gDg0goOAJXuDVs96z9+a9z1vXvMXMMfyB9/EDN2+R+w==</latexit><latexit sha1_base64="U5OCDtPiWOg/7IwA1QMdT2o07E4=">AAAB8nicbVDLSsNAFJ3UV42PVl26GWwE3ZREBN1ZEMFlBfuANJTJdNIOnUeYmQgl9DPcuFDErX/gX7jzE/wLp4+Fth64cDjnXu69J04Z1cb3v5zCyura+kZx093a3tktlff2m1pmCpMGlkyqdow0YVSQhqGGkXaqCOIxI614eD3xWw9EaSrFvRmlJOKoL2hCMTJWCj2vw7NuTsee1y1X/Ko/BVwmwZxUaqXvq1P346beLX92ehJnnAiDGdI6DPzURDlShmJGxm4n0yRFeIj6JLRUIE50lE9PHsNjq/RgIpUtYeBU/T2RI671iMe2kyMz0IveRPzPCzOTXEY5FWlmiMCzRUnGoJFw8j/sUUWwYSNLEFbU3grxACmEjU3JtSEEiy8vk+ZZNfCrwZ1N4xzMUASH4AicgABcgBq4BXXQABhI8AiewYtjnCfn1XmbtRac+cwB+APn/Qemt5MO</latexit><latexit sha1_base64="U5OCDtPiWOg/7IwA1QMdT2o07E4=">AAAB8nicbVDLSsNAFJ3UV42PVl26GWwE3ZREBN1ZEMFlBfuANJTJdNIOnUeYmQgl9DPcuFDErX/gX7jzE/wLp4+Fth64cDjnXu69J04Z1cb3v5zCyura+kZx093a3tktlff2m1pmCpMGlkyqdow0YVSQhqGGkXaqCOIxI614eD3xWw9EaSrFvRmlJOKoL2hCMTJWCj2vw7NuTsee1y1X/Ko/BVwmwZxUaqXvq1P346beLX92ehJnnAiDGdI6DPzURDlShmJGxm4n0yRFeIj6JLRUIE50lE9PHsNjq/RgIpUtYeBU/T2RI671iMe2kyMz0IveRPzPCzOTXEY5FWlmiMCzRUnGoJFw8j/sUUWwYSNLEFbU3grxACmEjU3JtSEEiy8vk+ZZNfCrwZ1N4xzMUASH4AicgABcgBq4BXXQABhI8AiewYtjnCfn1XmbtRac+cwB+APn/Qemt5MO</latexit><latexit sha1_base64="i8ST3Ne9sPVRcL3w0SDW1H9o56A=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBrOCp7Argh4DXjxGMA9IljA7mU2GzGOZ6RXCks/w4kERr36NN//GSbIHTSxoKKq66e6KU8EtBMG3V9rY3NreKe9W9vYPDo+qxydtqzNDWYtqoU03JpYJrlgLOAjWTQ0jMhasE0/u5n7niRnLtXqEacoiSUaKJ5wScFLP9/syG+R85vuDai2oBwvgdRIWpIYKNAfVr/5Q00wyBVQQa3thkEKUEwOcCjar9DPLUkInZMR6jioimY3yxckzfOGUIU60caUAL9TfEzmR1k5l7DolgbFd9ebif14vg+Q2yrlKM2CKLhclmcCg8fx/POSGURBTRwg13N2K6ZgYQsGlVHEhhKsvr5P2VT0M6uFDUGtcF3GU0Rk6R5coRDeoge5RE7UQRRo9o1f05oH34r17H8vWklfMnKI/8D5/ABErkGQ=</latexit>

yN (µ), sN (µ)
<latexit sha1_base64="ubABXDTgX0DXTDMFs7W0o9lqiEQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJqqDgpuDGValgH9CEMJlO2qEzSZiZCCF24a+4caGIW3/DnX/jNM1CqwcunDnnXube48eMSmVZX0ZpaXllda28XtnY3NreMXf3ujJKBCYdHLFI9H0kCaMh6SiqGOnHgiDuM9LzJ9czv3dPhKRReKfSmLgcjUIaUIyUljzzIPVaNYcnJ6fOFZRe1prmL8+sWnUrB/xL7IJUQYG2Z346wwgnnIQKMyTlwLZi5WZIKIoZmVacRJIY4QkakYGmIeJEulm+/xQea2UIg0joChXM1Z8TGeJSptzXnRypsVz0ZuJ/3iBRwaWb0TBOFAnx/KMgYVBFcBYGHFJBsGKpJggLqneFeIwEwkpHVtEh2Isn/yXdRt0+qzduz6vNRhFHGRyCI1ADNrgATXAD2qADMHgAT+AFvBqPxrPxZrzPW0tGMbMPfsH4+Ab2AJS6</latexit>

N
<latexit sha1_base64="P2Ulr0FBfWkJkuuG1F2SMqUQ950=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqadeq3kW11rys1Gt5HEU4gVM4Bw+uoA630IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AaMPjMY=</latexit>

General Form

Find                       s.t.

8 v 2 YN
<latexit sha1_base64="oqH83U3vXznywv5DDAfm7LQUotE=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZjQMEmYGMlEcxDsstydzJJhszOLjOzgbCktPFXbCwUsfUT7PwbZ5MUmnhg4HDOvcy5J4g5U9q2v63cyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2Q5AUc4EbWimOW3HkkIYcNoKhteZ3xpRqVgk7vU4pl4IfcF6jIA2kl88dnuRBM6xezXC2GUCuyHoAQGePkz824JfLNllewq8TJw5KaE56n7xy+1GJAmp0ISDUh3HjrWXgtSMcDopuImiMZAh9GnHUAEhVV46PWSCT43SxSaReULjqfp7I4VQqXEYmMkspVr0MvE/r5Po3qWXMhEnmgoy+6iXcKwjnLWCu0xSovnYECCSmayYDEAC0aa7rARn8eRl0qyUnfNy5a5aqlXndeTRETpBZ8hBF6iGblAdNRBBj+gZvaI368l6sd6tj9lozprvHKI/sD5/ABT5mLE=</latexit>

a(yN (µ), v;µ) = f(v;µ)
<latexit sha1_base64="/YBAYKk/+8ZnA0YuW7cfF9U6zvk=">AAACB3icbVDLSgMxFM3UV62vUZeCBIswgpSZWlAoQsGNK6lgH9AZhkyaaUMzD5JMYSjdufFX3LhQxK2/4M6/MdPOQlsPhJyccy8393gxo0Ka5rdWWFldW98obpa2tnd29/T9g7aIEo5JC0cs4l0PCcJoSFqSSka6MSco8BjpeKObzO+MCRc0Ch9kGhMnQIOQ+hQjqSRXP0ZG6t4ZdpCcnY/r2WXXr+26b8wfrl42K+YMcJlYOSmDHE1X/7L7EU4CEkrMkBA9y4ylM0FcUszItGQngsQIj9CA9BQNUUCEM5ntMYWnSulDP+LqhBLO1N8dExQIkQaeqgyQHIpFLxP/83qJ9K+cCQ3jRJIQzwf5CYMyglkosE85wZKliiDMqforxEPEEZYqupIKwVpceZm0qxXrolK9r5UbtTyOIjgCJ8AAFrgEDXALmqAFMHgEz+AVvGlP2ov2rn3MSwta3nMI/kD7/AHnMpdg</latexit>

Find                        s.t.

where AN 2 IRN⇥N , fN 2 IRN
<latexit sha1_base64="72gFvEjKOD37U0RTgEma6jPskRs="></latexit>

Matrix Form

yN (µ) 2 YN
<latexit sha1_base64="xBxAiqqsjUavdLraAirJ38X/jv4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSC7osuHFVKtiHNCFMppN26GQSZiZCCAU3/oobF4q49Sfc+TdO2iy0euDC4Zx7ufceP2ZUKsv6Mkorq2vrG+XNytb2zu6euX/Qk1EiMOniiEVi4CNJGOWkq6hiZBALgkKfkb4/vcr9/j0Rkkb8VqUxcUM05jSgGCkteeZR6rVrTpicQYdy6IRITTBi8A56bc+sWnVrDviX2AWpggIdz/x0RhFOQsIVZkjKoW3Fys2QUBQzMqs4iSQxwlM0JkNNOQqJdLP5DzN4qpURDCKhiys4V39OZCiUMg193ZkfKZe9XPzPGyYquHQzyuNEEY4Xi4KEQRXBPBA4ooJgxVJNEBZU3wrxBAmElY6tokOwl1/+S3qNun1eb9w0q61mEUcZHIMTUAM2uAAtcA06oAsweABP4AW8Go/Gs/FmvC9aS0Yxcwh+wfj4Bsp7lkk=</latexit>

yN (µ) 2 IRN
<latexit sha1_base64="Oyk6fih9WHjm0BUnZoAeCTZe6yQ=">AAACFnicbVBLSwMxGMzWV62vVY9eUotQD5bdWtBjwYtepIp9QLeWbJptQ5PskmSFsuyv8OJf8eJBEa/izX9j+jho60DCMPN9JDN+xKjSjvNtZZaWV1bXsuu5jc2t7R17d6+hwlhiUschC2XLR4owKkhdU81IK5IEcZ+Rpj+8GPvNByIVDcWdHkWkw1Ff0IBipI3UtU88jvTAD5JR2k0SL2/u6zQtejw+hh4VMPEkh1de/ja9N0bXLjglZwK4SNwZKYAZal37y+uFOOZEaMyQUm3XiXQnQVJTzEia82JFIoSHqE/ahgrEieokk1gpPDJKDwahNEdoOFF/bySIKzXivpkch1Dz3lj8z2vHOjjvJFREsSYCTx8KYgZ1CMcdwR6VBGs2MgRhSc1fIR4gibA2TeZMCe585EXSKJfc01L5plKoVmZ1ZMEBOARF4IIzUAWXoAbqAINH8AxewZv1ZL1Y79bHdDRjzXb2wR9Ynz/s7Z8k</latexit>

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="0wH5gR+vNo1j8P9asl0VlUp/OLs="></latexit>
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Simplest Case: Poisson Problem 

Problem: How can we compute            efficiently? 

We have                                         where 

                                                and 

Assume that              and             are affine in the parameter, i.e. 

                                                                 and 

For our Poisson example 

-dependent 
coefficients 

µ
<latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit>

-independent 
matrices 

µ
<latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit>

yN (µ)
<latexit sha1_base64="A/BzjmHnJzMUCBj6/CdAJIYWy7c=">AAACA3icbVDLSsNAFJ3UV62vqDvdjBahbkpSC7osuHElFewDmhAm00k7dDIJMxOhhIAbf8WNC0Xc+hPu/BsnbRbaemCGwzn3cu89fsyoVJb1bZRWVtfWN8qbla3tnd09c/+gK6NEYNLBEYtE30eSMMpJR1HFSD8WBIU+Iz1/cp37vQciJI34vZrGxA3RiNOAYqS05JlHTojU2A/SaealqXOi/9ssqzlhcu6ZVatuzQCXiV2QKijQ9swvZxjhJCRcYYakHNhWrNwUCUUxI1nFSSSJEZ6gERloylFIpJvObsjgmVaGMIiEflzBmfq7I0WhlNPQ15X5xnLRy8X/vEGigis3pTxOFOF4PihIGFQRzAOBQyoIVmyqCcKC6l0hHiOBsNKxVXQI9uLJy6TbqNsX9cZds9pqFnGUwTE4BTVgg0vQAjegDToAg0fwDF7Bm/FkvBjvxse8tGQUPYfgD4zPH1C9l+Q=</latexit>

fN (µ)
<latexit sha1_base64="Za+INF01pwmm56TIJba4IT/oUCs=">AAACEnicbVC7TsMwFHXKq5RXgJHFUCG1S5WUSjBWYmFCRaIPqYkix3Vaq04c2Q5SFeUbWPgVFgYQYmVi429w2gzQciTbR+feK597/JhRqSzr2yitrW9sbpW3Kzu7e/sH5uFRT/JEYNLFnHEx8JEkjEakq6hiZBALgkKfkb4/vc7r/QciJOXRvZrFxA3ROKIBxUhpyTPrqeNzNpKzUD9pkGVemjqn+nZCpCYYMXibZTUnTOqeWbUa1hxwldgFqYICHc/8ckYcJyGJFGZIyqFtxcpNkVAUM5JVnESSGOEpGpOhphEKiXTT+UoZPNfKCAZc6BMpOFd/T6QolLlp3Zkblcu1XPyvNkxUcOWmNIoTRSK8+ChIGFQc5vnAERUEKzbTBGFBtVeIJ0ggrHSKFR2CvbzyKuk1G/ZFo3nXqrZbRRxlcALOQA3Y4BK0wQ3ogC7A4BE8g1fwZjwZL8a78bFoLRnFzDH4A+PzB2cenno=</latexit>

fN (µ) =

QfX

q=1

✓qf (µ) fq
N .

<latexit sha1_base64="PF0j+IwG7xMK1aMtRlFOPKgDCJg="></latexit>

a(w, v;µ)| {z } =
PX

q=0

q|{z}

Z

⌦q

rw ·rv d⌦

| {z }
<latexit sha1_base64="aH9nAXZfZ1A2NNV6Zo7xwnpuhYE="></latexit>

AN (µ) yN (µ) = fN (µ)
<latexit sha1_base64="RjFTXyiweFLAnrqmip3/MfaQqDM="></latexit>

AN (µ) = WT
N
AN (µ) WN

<latexit sha1_base64="HmJcf6CTjCxce6oE9REeOFRsgak="></latexit>

fN (µ) = WT
N
fN (µ)

<latexit sha1_base64="rRaf4DIZuAvXdLsAaKbWmtckwY4="></latexit>

AN (µ)
<latexit sha1_base64="nNuq5FWPcJnr0VgzPQHvgE1DIc8=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Wom5DUgi4rblxJBfuAJoTJZNIOnTyYmQgl5C/c+CtuXCjiVnf+jZM2oLYeGObMufcy5x4vYVRI0/zSKiura+sb1c3a1vbO7p6+f9ATccox6eKYxXzgIUEYjUhXUsnIIOEEhR4jfW9yVdT794QLGkd3cpoQJ0SjiAYUI6kkVzcy24uZL6ahujI7RHKMEYOXee5m7s/7Js8bdpieunrdNMwZ4DKxSlIHJTqu/mn7MU5DEknMkBBDy0ykkyEuKWYkr9mpIAnCEzQiQ0UjFBLhZLO9cniiFB8GMVcnknCm/p7IUCgK56qzMCoWa4X4X22YyuDCyWiUpJJEeP5RkDIoY1iEBH3KCZZsqgjCnCqvEI8RR1iqKGsqBGtx5WXSaxrWmdG8bdXbrTKOKjgCx6ABLHAO2uAadEAXYPAAnsALeNUetWftTXuft1a0cuYQ/IH28Q0S4qBo</latexit>

AN (µ) =
QaX

q=1

✓qa(µ)| {z } Aq
N|{z}

<latexit sha1_base64="N4a1tglTrS/9vAYUknCB4Fnqh70="></latexit>

vT
N AN (µ) wN =

PX

q=0

✓q(µ) vT
N Aq

N wN

<latexit sha1_base64="KhNQYuZXQwbkuxLSpuSWXQtQtPM="></latexit>
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Simplest Case: Poisson Problem 

We thus obtain: 

Similarly,

    -independent 
matrices of size 
µ

<latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit>

N ⇥N
<latexit sha1_base64="chjPtJBU891P6ON3vQawvqyje4E=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoOQU9iNgh4DXjyFCOYhyRJmJ7PJkJndZaZXCCFf4cWDIl79HG/+jZNkD5pY0FBUddPdFSRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZONeNNFstYdwJquBQRb6JAyTuJ5lQFkreD8e3cbz9xbUQcPeAk4b6iw0iEglG00mO9h0JxQ+r9YsmtuAuQdeJlpAQZGv3iV28Qs1TxCJmkxnQ9N0F/SjUKJvms0EsNTygb0yHvWhpRu8afLg6ekQurDEgYa1sRkoX6e2JKlTETFdhORXFkVr25+J/XTTG88aciSlLkEVsuClNJMCbz78lAaM5QTiyhTAt7K2EjqilDm1HBhuCtvrxOWtWKd1mp3l+VauUsjjycwTmUwYNrqMEdNKAJDBQ8wyu8Odp5cd6dj2VrzslmTuEPnM8fQxGP+A==</latexit>

AN (µ) = WT
N

 
✓aX

q=1

✓qa(µ) Aq
N

!
WN =

QaX

q=1

✓qa(µ)

✓
WT

N
Aq

N WN| {z }

◆
=

QaX

q=1

✓qa(µ) A
q
N

<latexit sha1_base64="u6G5oImxe16iDJS2MqRGFXfq9dg="></latexit>

fN (µ) =
QX

q=1

✓qf (µ) (W
T

N
f q

N ) =
QX

q=1

✓qf (µ)fq
N

<latexit sha1_base64="otTUyhRBO4b7GtSsgWWaskqsImE="></latexit>
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Simplest Case: Poisson Problem 

We thus obtain: 

Similarly,

    -independent 
matrices of size 
µ

<latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit>

N ⇥N
<latexit sha1_base64="chjPtJBU891P6ON3vQawvqyje4E=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoOQU9iNgh4DXjyFCOYhyRJmJ7PJkJndZaZXCCFf4cWDIl79HG/+jZNkD5pY0FBUddPdFSRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZONeNNFstYdwJquBQRb6JAyTuJ5lQFkreD8e3cbz9xbUQcPeAk4b6iw0iEglG00mO9h0JxQ+r9YsmtuAuQdeJlpAQZGv3iV28Qs1TxCJmkxnQ9N0F/SjUKJvms0EsNTygb0yHvWhpRu8afLg6ekQurDEgYa1sRkoX6e2JKlTETFdhORXFkVr25+J/XTTG88aciSlLkEVsuClNJMCbz78lAaM5QTiyhTAt7K2EjqilDm1HBhuCtvrxOWtWKd1mp3l+VauUsjjycwTmUwYNrqMEdNKAJDBQ8wyu8Odp5cd6dj2VrzslmTuEPnM8fQxGP+A==</latexit>

Offline stage: 
• compute snapshot-basis 

• compute and store 
at cost

Aq
N
, fq

N
<latexit sha1_base64="eNc2PpAzApjXqL/D91WokwUsmlQ=">AAACFnicbZDLSsNAFIYn9VbrLerSzWARXNSS1IIuK25cSQV7gSaGyXTSDp1cnJkIJeQp3Pgqblwo4lbc+TZO2gi19YeBn++cw5zzuxGjQhrGt1ZYWl5ZXSuulzY2t7Z39N29tghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem4o8us3nkgXNAwuJXjiNg+GgTUoxhJhRz9xPKRHLpecpE6iZNcp+ldcp9WrMov92a5o5eNqjERXDRmbsogV9PRv6x+iGOfBBIzJETPNCJpJ4hLihlJS1YsSITwCA1IT9kA+UTYyeSsFB4p0odeyNULJJzQ2YkE+UKMfVd1ZsuK+VoG/6v1Yumd2wkNoliSAE8/8mIGZQizjGCfcoIlGyuDMKdqV4iHiCMsVZIlFYI5f/Kiadeq5mm1dlMvN+p5HEVwAA7BMTDBGWiAK9AELYDBI3gGr+BNe9JetHftY9pa0PKZffBH2ucPhZKg0A==</latexit>

Online stage:  

For any            

• assemble 

• solve for             at cost

µ 2 D
<latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit>

AN (µ), fN (µ)
<latexit sha1_base64="U8OcDAwWkhGbfZjlW1m/Q8hT6A0=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WoUGpSC7qsuHElFewDmhAm00k7dPJgZiKUkM9w46+4caGI2+78GydtBNt64MLhnHu59x43YlRIw/jWCmvrG5tbxe3Szu7e/oF+eNQRYcwxaeOQhbznIkEYDUhbUslIL+IE+S4jXXd8m/ndJ8IFDYNHOYmI7aNhQD2KkVSSo19YPpIj10tuUidxkvs0rVh+fF61qr+Gt2A4etmoGTPAVWLmpAxytBx9ag1CHPskkJghIfqmEUk7QVxSzEhasmJBIoTHaEj6igbIJ8JOZo+l8EwpA+iFXFUg4Uz9O5EgX4iJ76rO7Fqx7GXif14/lt61ndAgiiUJ8HyRFzMoQ5ilBAeUEyzZRBGEOVW3QjxCHGGpsiypEMzll1dJp14zL2v1h0a52cjjKIITcAoqwARXoAnuQAu0AQbP4BW8gw/tRXvTPrWveWtBy2eOwQK06Q85v6B0</latexit>

(N •, N•)
<latexit sha1_base64="fniBTlNUzglXPzQ8l11Ejf1ZQg8=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSElqQZcFN65KBfuAJpbJdNIOnUzCzEQoIV/gxl9x40IRt67d+TdO2oDaemDgzDn3cu89XsSoVJb1Zaysrq1vbBa2its7u3v75sFhR4axwKSNQxaKnockYZSTtqKKkV4kCAo8Rrre5Crzu/dESBryWzWNiBugEac+xUhpaWCWK06A1BgjljTTu8TxYsaISuEZbP78TgdmyapaM8BlYuekBHK0BuanMwxxHBCuMENS9m0rUm6ChKKYkbToxJJECE/QiPQ15Sgg0k1m56SwrJUh9EOhH1dwpv7uSFAg5TTwdGW2u1z0MvE/rx8r/9JNKI9iRTieD/JjBlUIs2zgkAqCFZtqgrCgeleIx0ggrHSCRR2CvXjyMunUqvZ5tXZTLzXqeRwFcAxOQAXY4AI0wDVogTbA4AE8gRfwajwaz8ab8T4vXTHyniPwB8bHNwv8nA4=</latexit>

(N•)
<latexit sha1_base64="yWLGcC5U5cxfc4rZZ5yYYB86wvA=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqpSS1oMeCF09SwX5AG8tmu2mXbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM82PBNTrOt7W2vrG5tZ3bye/u7R8cFo6OmzpKFGUNGolItX2imeCSNZCjYO1YMRL6grX80c3Mb42Z0jySDziJmReSgeQBpwSN5JXuHtOunwjBcHrRKxSdsjOHvUrcjBQhQ71X+Or2I5qETCIVROuO68TopUQhp4JN891Es5jQERmwjqGShEx76fzoqX1ulL4dRMqURHuu/p5ISaj1JPRNZ0hwqJe9mfif10kwuPZSLuMEmaSLRUEibIzsWQJ2nytGUUwMIVRxc6tNh0QRiianvAnBXX55lTQrZfeyXLmvFmvVLI4cnMIZlMCFK6jBLdShARSe4Ble4c0aWy/Wu/WxaF2zspkT+APr8wdd9ZHL</latexit>

WN
<latexit sha1_base64="jx2Sdpptj5Xcgh6GkoWukZu/5A8=">AAACDXicbVC7TsMwFHV4lvIKMLK4FCSmKimVYKzEwoSKRB9SE0WO47RWnTiyHaQqyg+w8CssDCDEys7G3+C0GaDlSNY9Ovde+dzjJ4xKZVnfxsrq2vrGZmWrur2zu7dvHhz2JE8FJl3MGRcDH0nCaEy6iipGBokgKPIZ6fuT66LffyBCUh7fq2lC3AiNYhpSjJSWPPPU8TkL5DTSJXMipMYYMdjPvSxzak5N19s898y61bBmgMvELkkdlOh45pcTcJxGJFaYISmHtpUoN0NCUcxIXnVSSRKEJ2hEhprGKCLSzWbX5PBMKwEMudAvVnCm/t7IUCQLw3qy8CsXe4X4X2+YqvDKzWicpIrEeP5RmDKoOCyigQEVBCs21QRhQbVXiMdIIKx0gFUdgr148jLpNRv2RaN516q3W2UcFXAMTsA5sMElaIMb0AFdgMEjeAav4M14Ml6Md+NjPrpilDtH4A+Mzx8nHpwv</latexit>

yN (µ)
<latexit sha1_base64="A/BzjmHnJzMUCBj6/CdAJIYWy7c=">AAACA3icbVDLSsNAFJ3UV62vqDvdjBahbkpSC7osuHElFewDmhAm00k7dDIJMxOhhIAbf8WNC0Xc+hPu/BsnbRbaemCGwzn3cu89fsyoVJb1bZRWVtfWN8qbla3tnd09c/+gK6NEYNLBEYtE30eSMMpJR1HFSD8WBIU+Iz1/cp37vQciJI34vZrGxA3RiNOAYqS05JlHTojU2A/SaealqXOi/9ssqzlhcu6ZVatuzQCXiV2QKijQ9swvZxjhJCRcYYakHNhWrNwUCUUxI1nFSSSJEZ6gERloylFIpJvObsjgmVaGMIiEflzBmfq7I0WhlNPQ15X5xnLRy8X/vEGigis3pTxOFOF4PihIGFQRzAOBQyoIVmyqCcKC6l0hHiOBsNKxVXQI9uLJy6TbqNsX9cZds9pqFnGUwTE4BTVgg0vQAjegDToAg0fwDF7Bm/FkvBjvxse8tGQUPYfgD4zPH1C9l+Q=</latexit>

AN (µ) = WT
N

 
✓aX

q=1

✓qa(µ) Aq
N

!
WN =

QaX

q=1

✓qa(µ)

✓
WT

N
Aq

N WN| {z }

◆
=

QaX

q=1

✓qa(µ) A
q
N

<latexit sha1_base64="u6G5oImxe16iDJS2MqRGFXfq9dg="></latexit>

fN (µ) =
QX

q=1

✓qf (µ) (W
T

N
f q

N ) =
QX

q=1

✓qf (µ)fq
N

<latexit sha1_base64="otTUyhRBO4b7GtSsgWWaskqsImE="></latexit>
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Simplest Case: Poisson Problem 

How can we compute               efficiently? 

                                                               where we assume we have               . 

�N (µ)
<latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit><latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit><latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit><latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit>

SCM↵LB
a (µ)

<latexit sha1_base64="KJ53lZMqaMM66zxi3nDVIIhXojg=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoOgTdiNAS2DNhYWEcwDsjHcnUySIbMPZu6KYdnGxl+xsVDE1n+w82+cPAqNHrhwOOde7r3Hi6TQaNtfVmZhcWl5JbuaW1vf2NzKb+/UdRgrxmsslKFqeqC5FAGvoUDJm5Hi4HuSN7zhxdhv3HGlRRjc4CjibR/6gegJBmikTn7fBRkNoJNAeksTF/k9JlfnaXrk+vFxJ1+wi/YE9C9xZqRAZqh28p9uN2SxzwNkErRuOXaE7QQUCiZ5mnNjzSNgQ+jzlqEB+Fy3k8kXKT00Spf2QmUqQDpRf04k4Gs98j3T6QMO9Lw3Fv/zWjH2ztqJCKIYecCmi3qxpBjScSS0KxRnKEeGAFPC3ErZABQwNMHlTAjO/Mt/Sb1UdE6KpetyoVKexZEle+SAHBGHnJIKuSRVUiOMPJAn8kJerUfr2Xqz3qetGWs2s0t+wfr4BngwmH8=</latexit>

�N (µ) =
kr(·; yN (µ), µ)kY0

↵LB
a (µ)

<latexit sha1_base64="dTAmlKTscRr7hYSdwHcwv6tn4lc="></latexit>
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Simplest Case: Poisson Problem 

How can we compute               efficiently? 

                                                               where we assume we have               . 

Let 

The dual norm of the residual is then 

�N (µ)
<latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit><latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit><latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit><latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit>

SCM↵LB
a (µ)

<latexit sha1_base64="KJ53lZMqaMM66zxi3nDVIIhXojg=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoOgTdiNAS2DNhYWEcwDsjHcnUySIbMPZu6KYdnGxl+xsVDE1n+w82+cPAqNHrhwOOde7r3Hi6TQaNtfVmZhcWl5JbuaW1vf2NzKb+/UdRgrxmsslKFqeqC5FAGvoUDJm5Hi4HuSN7zhxdhv3HGlRRjc4CjibR/6gegJBmikTn7fBRkNoJNAeksTF/k9JlfnaXrk+vFxJ1+wi/YE9C9xZqRAZqh28p9uN2SxzwNkErRuOXaE7QQUCiZ5mnNjzSNgQ+jzlqEB+Fy3k8kXKT00Spf2QmUqQDpRf04k4Gs98j3T6QMO9Lw3Fv/zWjH2ztqJCKIYecCmi3qxpBjScSS0KxRnKEeGAFPC3ErZABQwNMHlTAjO/Mt/Sb1UdE6KpetyoVKexZEle+SAHBGHnJIKuSRVUiOMPJAn8kJerUfr2Xqz3qetGWs2s0t+wfr4BngwmH8=</latexit>

kvk2Y = vT Y v
<latexit sha1_base64="eVvD7Zc3xe9gfKZJvINVJtv3Sv0="></latexit>

�N (µ) =
kr(·; yN (µ), µ)kY0

↵LB
a (µ)

<latexit sha1_base64="dTAmlKTscRr7hYSdwHcwv6tn4lc="></latexit>

kr(·; yN (µ), µ)k2Y0 = (f(µ)�A(µ)y
N
(µ))T Y�1(f(µ)�A(µ)y

N
(µ))

<latexit sha1_base64="z7+uceUqtW9xxqpOl+cMyRpnSpk="></latexit>
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Simplest Case: Poisson Problem 

How can we compute               efficiently? 

                                                               where we assume we have               . 

Let 

The dual norm of the residual is then 

�N (µ)
<latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit><latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit><latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit><latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit>

SCM↵LB
a (µ)

<latexit sha1_base64="KJ53lZMqaMM66zxi3nDVIIhXojg=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoOgTdiNAS2DNhYWEcwDsjHcnUySIbMPZu6KYdnGxl+xsVDE1n+w82+cPAqNHrhwOOde7r3Hi6TQaNtfVmZhcWl5JbuaW1vf2NzKb+/UdRgrxmsslKFqeqC5FAGvoUDJm5Hi4HuSN7zhxdhv3HGlRRjc4CjibR/6gegJBmikTn7fBRkNoJNAeksTF/k9JlfnaXrk+vFxJ1+wi/YE9C9xZqRAZqh28p9uN2SxzwNkErRuOXaE7QQUCiZ5mnNjzSNgQ+jzlqEB+Fy3k8kXKT00Spf2QmUqQDpRf04k4Gs98j3T6QMO9Lw3Fv/zWjH2ztqJCKIYecCmi3qxpBjScSS0KxRnKEeGAFPC3ErZABQwNMHlTAjO/Mt/Sb1UdE6KpetyoVKexZEle+SAHBGHnJIKuSRVUiOMPJAn8kJerUfr2Xqz3qetGWs2s0t+wfr4BngwmH8=</latexit>

kvk2Y = vT Y v
<latexit sha1_base64="eVvD7Zc3xe9gfKZJvINVJtv3Sv0="></latexit>

�N (µ) =
kr(·; yN (µ), µ)kY0

↵LB
a (µ)

<latexit sha1_base64="dTAmlKTscRr7hYSdwHcwv6tn4lc="></latexit>

kr(·; yN (µ), µ)k2Y0 = (f(µ)�A(µ)y
N
(µ))T Y�1(f(µ)�A(µ)y

N
(µ))

<latexit sha1_base64="z7+uceUqtW9xxqpOl+cMyRpnSpk="></latexit>

= fTY�1f � 2fTY�1A y
N
+ (A y

N
)T Y�1A y

N
<latexit sha1_base64="8RoJwyyYzbgeoRILID4ltsG3E8s="></latexit>
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Simplest Case: Poisson Problem 

How can we compute               efficiently? 

                                                               where we assume we have               . 

Let 

The dual norm of the residual is then 

which permits a similar offline-online decomposition 

�N (µ)
<latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit><latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit><latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit><latexit sha1_base64="vHxuDQQZBw2RjzGZp/3wPkppMRc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JIQZcFXbiSCvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15387a+sbm1nZpp7y7t39QcQ+POio1EpM2TlkqezFShFFB2ppqRnqZJIjHjHTj8fXM7z4SqWgqHvQkIyFHQ0ETipG2UuRWghvCNIryu2kt4OY8cqte3ZsDrhK/IFVQoBW5X8EgxYYToTFDSvV9L9NhjqSmmJFpOTCKZAiP0ZD0LRWIExXm88On8MwqA5ik0pbQcK7+nsgRV2rCY9vJkR6pZW8m/uf1jU6uwpyKzGgi8GJRYhjUKZylAAdUEqzZxBKEJbW3QjxCEmFtsyrbEPzll1dJ56Lue3X/vlFtNoo4SuAEnIIa8MElaIJb0AJtgIEBz+AVvDlPzovz7nwsWtecYuYY/IHz+QMd/ZKt</latexit>

SCM↵LB
a (µ)

<latexit sha1_base64="KJ53lZMqaMM66zxi3nDVIIhXojg=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoOgTdiNAS2DNhYWEcwDsjHcnUySIbMPZu6KYdnGxl+xsVDE1n+w82+cPAqNHrhwOOde7r3Hi6TQaNtfVmZhcWl5JbuaW1vf2NzKb+/UdRgrxmsslKFqeqC5FAGvoUDJm5Hi4HuSN7zhxdhv3HGlRRjc4CjibR/6gegJBmikTn7fBRkNoJNAeksTF/k9JlfnaXrk+vFxJ1+wi/YE9C9xZqRAZqh28p9uN2SxzwNkErRuOXaE7QQUCiZ5mnNjzSNgQ+jzlqEB+Fy3k8kXKT00Spf2QmUqQDpRf04k4Gs98j3T6QMO9Lw3Fv/zWjH2ztqJCKIYecCmi3qxpBjScSS0KxRnKEeGAFPC3ErZABQwNMHlTAjO/Mt/Sb1UdE6KpetyoVKexZEle+SAHBGHnJIKuSRVUiOMPJAn8kJerUfr2Xqz3qetGWs2s0t+wfr4BngwmH8=</latexit>

kvk2Y = vT Y v
<latexit sha1_base64="eVvD7Zc3xe9gfKZJvINVJtv3Sv0="></latexit>

�N (µ) =
kr(·; yN (µ), µ)kY0

↵LB
a (µ)

<latexit sha1_base64="dTAmlKTscRr7hYSdwHcwv6tn4lc="></latexit>

= ...+

✓ QX

q=1

✓qa(µ)AqWNy
N
(µ)

◆T

Y�1

✓ QX

q0=1

✓q
0

a (µ)Aq0WNy
N
(µ)

◆

<latexit sha1_base64="CU+2ZIOf+vNypl09wni/H/r2SO0="></latexit>

kr(·; yN (µ), µ)k2Y0 = (f(µ)�A(µ)y
N
(µ))T Y�1(f(µ)�A(µ)y

N
(µ))

<latexit sha1_base64="z7+uceUqtW9xxqpOl+cMyRpnSpk="></latexit>

= fTY�1f � 2fTY�1A y
N
+ (A y

N
)T Y�1A y

N
<latexit sha1_base64="8RoJwyyYzbgeoRILID4ltsG3E8s="></latexit>
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Simplest Case: Poisson Problem

Questions: 

How can we compute an approximation              to          ? 

How do we know the error is small? 

How do we know what value of     to take? 

How do we compute                        efficiently online? 

How do we choose the sample points      optimally?

General Form Matrix Form

Find                  s.t.y(µ) 2 Y
<latexit sha1_base64="6xuSn3/tL8NC3M5hWCaFFWFn7F4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikztaDLghuXFexDOkPJpJk2NMkMSUYYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQliRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VJRKTDo5YJPsBUoRRQTqaakb6sSSIB4z0gulN7vceiVQ0Evc6jYnP0VjQkGKkjTS0T9Kax5MLjwrocaQnGLHsYTa0q07dmQOuErcgVVCgPbS/vFGEE06ExgwpNXCdWPsZkppiRmYVL1EkRniKxmRgqECcKD+bx5/Bc6OMYBhJ84SGc/X3Roa4UikPzGQeUS17ufifN0h0eO1nVMSJJgIvDoUJgzqCeRdwRCXBmqWGICypyQrxBEmEtWmsYkpwl7+8SrqNuntZb9w1q61mUUcZnIIzUAMuuAItcAvaoAMwyMAzeAVv1pP1Yr1bH4vRklXsHIM/sD5/AMdplVU=</latexit>

Find                        s.t.

yN (µ)
<latexit sha1_base64="uSADY894GRpK8Dp7aEkfbOb0BcI=">AAAB9XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBdPEsE8IFnj7GQ2GTIzu8zMKmHJf3jxoIhX/8Wbf+Mk8aCJBQ1FVTfdXWHCmTae9+XklpZXVtfy64WNza3tneLuXkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHg58ZsPVGkWy1szSmggcF+yiBFsrHTnuqNudj0ud0R64rrdYsmreFOgReL/kFL1IIruAaDWLX52ejFJBZWGcKx12/cSE2RYGUY4HRc6qaYJJkPcp21LJRZUB9n06jE6tkoPRbGyJQ2aqr8nMiy0HonQdgpsBnrem4j/ee3URBdBxmSSGirJbFGUcmRiNIkA9ZiixPCRJZgoZm9FZIAVJsYGVbAh+PMvL5LGacX3Kv6NTeMMZsjDIRxBGXw4hypcQQ3qQEDBE7zAq/PoPDtvzvusNef8zOzDHzgf35trkrE=</latexit><latexit sha1_base64="gBL9AlNVyrEI/2UrmgZyApUaSac=">AAAB9XicbVDLSsNAFL2pr1pf9bFzM9gIdVMSEXRZcONKKtgHtLFMppN26GQSZiZKCP0PNy4Uceu/uPNvnKZdaOuBC4dz7uXee/yYM6Ud59sqrKyurW8UN0tb2zu7e+X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fH11G8/UqlYJO51GlMvxEPBAkawNtKDbaf97HZS7YXJmW33yxWn5uRAy8Sdk0r9KMjR6Je/eoOIJCEVmnCsVNd1Yu1lWGpGOJ2UeomiMSZjPKRdQwUOqfKy/OoJOjXKAAWRNCU0ytXfExkOlUpD33SGWI/UojcV//O6iQ6uvIyJONFUkNmiIOFIR2gaARowSYnmqSGYSGZuRWSEJSbaBFUyIbiLLy+T1nnNdWrunUnjAmYowjGcQBVcuIQ63EADmkBAwjO8wpv1ZL1Y79bHrLVgzWcO4Q+szx88ZZPp</latexit><latexit sha1_base64="gBL9AlNVyrEI/2UrmgZyApUaSac=">AAAB9XicbVDLSsNAFL2pr1pf9bFzM9gIdVMSEXRZcONKKtgHtLFMppN26GQSZiZKCP0PNy4Uceu/uPNvnKZdaOuBC4dz7uXee/yYM6Ud59sqrKyurW8UN0tb2zu7e+X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fH11G8/UqlYJO51GlMvxEPBAkawNtKDbaf97HZS7YXJmW33yxWn5uRAy8Sdk0r9KMjR6Je/eoOIJCEVmnCsVNd1Yu1lWGpGOJ2UeomiMSZjPKRdQwUOqfKy/OoJOjXKAAWRNCU0ytXfExkOlUpD33SGWI/UojcV//O6iQ6uvIyJONFUkNmiIOFIR2gaARowSYnmqSGYSGZuRWSEJSbaBFUyIbiLLy+T1nnNdWrunUnjAmYowjGcQBVcuIQ63EADmkBAwjO8wpv1ZL1Y79bHrLVgzWcO4Q+szx88ZZPp</latexit><latexit sha1_base64="a9YIvwDb/JS2utsSLcTKmgQUqZw=">AAAB9XicbVBNSwMxEJ31s9avqkcvwa5QL2VXBD0WvHiSCvYD2rVk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtPG8b2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR9dTv/VIlWaxvDfjhAYCDySLGMHGSg+uO+5lt5NKV6Rnrtsrlb2qNwNaJn5OypCj3it9dfsxSQWVhnCsdcf3EhNkWBlGOJ0Uu6mmCSYjPKAdSyUWVAfZ7OoJOrVKH0WxsiUNmqm/JzIstB6L0HYKbIZ60ZuK/3md1ERXQcZkkhoqyXxRlHJkYjSNAPWZosTwsSWYKGZvRWSIFSbGBlW0IfiLLy+T5nnV96r+nVeuXeRxFOAYTqACPlxCDW6gDg0goOAZXuHNeXJenHfnY9664uQzR/AHzucPlN+RMQ==</latexit>

y(µ)
<latexit sha1_base64="sVsgKaP4qoHFtSqWjqfiEZ12uYE=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEUwMJkucncwmQ2Zml5lZYVnyF148KOLVv/Hm3zh5HDSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1Q6xppxJ2jTMcNpOFMUi5PQ+HF1P/PsnqjSL5Z3JEhoIPJAsYgQbKz24blbtivTMdXvlilfzpkDLxJ+TSv0oih4BoNErf3X7MUkFlYZwrHXH9xIT5FgZRjgdl7qppgkmIzygHUslFlQH+fTiMTq1Sh9FsbIlDZqqvydyLLTORGg7BTZDvehNxP+8TmqiqyBnMkkNlWS2KEo5MjGavI/6TFFieGYJJorZWxEZYoWJsSGVbAj+4svLpHVe872af2vTuIAZinAMJ1AFHy6hDjfQgCYQkPAMr/DmaOfFeXc+Zq0FZz5zCH/gfP4AeF6Q5A==</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="rewEvtmBuo+ulQd4aozd3rbl7hQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LDZCvZREBD0WvHisYFuxDWWz3bRLdzdhdyOE0H/hxYMiXv033vw3btsctPXBwOO9GWbmhQln2njet1NaW9/Y3CpvV3Z29/YPqodHHR2nitA2iXmsHkKsKWeStg0znD4kimIRctoNJzczv/tElWaxvDdZQgOBR5JFjGBjpUfXzep9kZ677qBa8xreHGiV+AWpQYHWoPrVH8YkFVQawrHWPd9LTJBjZRjhdFrpp5ommEzwiPYslVhQHeTzi6fozCpDFMXKljRorv6eyLHQOhOh7RTYjPWyNxP/83qpia6DnMkkNVSSxaIo5cjEaPY+GjJFieGZJZgoZm9FZIwVJsaGVLEh+Msvr5LORcP3Gv6dV2teFnGU4QROoQ4+XEETbqEFbSAg4Rle4c3Rzovz7nwsWktOMXMMf+B8/gBx0o9k</latexit>

µi
<latexit sha1_base64="2EXnAnK7il/mT3bSl/HKmjuYnFg=">AAAB8nicbVDJSgNBEK1xjXFJ1KOXxozgKcyIoDcDXjxGMAskQ+jp9CRNehm6e4Qw5DO8eFDEq1/jzU/wL+wsB018UPB4r4qqenHKmbFB8OWtrW9sbm0Xdoq7e/sHpfLhUdOoTBPaIIor3Y6xoZxJ2rDMctpONcUi5rQVj26nfuuRasOUfLDjlEYCDyRLGMHWSR3f74qsl7OJ7/fKlaAazIBWSbgglVrp+wYBQL1X/uz2FckElZZwbEwnDFIb5VhbRjidFLuZoSkmIzygHUclFtRE+ezkCTpzSh8lSruSFs3U3xM5FsaMRew6BbZDs+xNxf+8TmaT6yhnMs0slWS+KMk4sgpN/0d9pimxfOwIJpq5WxEZYo2JdSkVXQjh8surpHlRDYNqeO/SuIQ5CnACp3AOIVxBDe6gDg0goOAJXuDVs96z9+a9z1vXvMXMMfyB9/EDN2+R+w==</latexit><latexit sha1_base64="U5OCDtPiWOg/7IwA1QMdT2o07E4=">AAAB8nicbVDLSsNAFJ3UV42PVl26GWwE3ZREBN1ZEMFlBfuANJTJdNIOnUeYmQgl9DPcuFDErX/gX7jzE/wLp4+Fth64cDjnXu69J04Z1cb3v5zCyura+kZx093a3tktlff2m1pmCpMGlkyqdow0YVSQhqGGkXaqCOIxI614eD3xWw9EaSrFvRmlJOKoL2hCMTJWCj2vw7NuTsee1y1X/Ko/BVwmwZxUaqXvq1P346beLX92ehJnnAiDGdI6DPzURDlShmJGxm4n0yRFeIj6JLRUIE50lE9PHsNjq/RgIpUtYeBU/T2RI671iMe2kyMz0IveRPzPCzOTXEY5FWlmiMCzRUnGoJFw8j/sUUWwYSNLEFbU3grxACmEjU3JtSEEiy8vk+ZZNfCrwZ1N4xzMUASH4AicgABcgBq4BXXQABhI8AiewYtjnCfn1XmbtRac+cwB+APn/Qemt5MO</latexit><latexit sha1_base64="U5OCDtPiWOg/7IwA1QMdT2o07E4=">AAAB8nicbVDLSsNAFJ3UV42PVl26GWwE3ZREBN1ZEMFlBfuANJTJdNIOnUeYmQgl9DPcuFDErX/gX7jzE/wLp4+Fth64cDjnXu69J04Z1cb3v5zCyura+kZx093a3tktlff2m1pmCpMGlkyqdow0YVSQhqGGkXaqCOIxI614eD3xWw9EaSrFvRmlJOKoL2hCMTJWCj2vw7NuTsee1y1X/Ko/BVwmwZxUaqXvq1P346beLX92ehJnnAiDGdI6DPzURDlShmJGxm4n0yRFeIj6JLRUIE50lE9PHsNjq/RgIpUtYeBU/T2RI671iMe2kyMz0IveRPzPCzOTXEY5FWlmiMCzRUnGoJFw8j/sUUWwYSNLEFbU3grxACmEjU3JtSEEiy8vk+ZZNfCrwZ1N4xzMUASH4AicgABcgBq4BXXQABhI8AiewYtjnCfn1XmbtRac+cwB+APn/Qemt5MO</latexit><latexit sha1_base64="i8ST3Ne9sPVRcL3w0SDW1H9o56A=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBrOCp7Argh4DXjxGMA9IljA7mU2GzGOZ6RXCks/w4kERr36NN//GSbIHTSxoKKq66e6KU8EtBMG3V9rY3NreKe9W9vYPDo+qxydtqzNDWYtqoU03JpYJrlgLOAjWTQ0jMhasE0/u5n7niRnLtXqEacoiSUaKJ5wScFLP9/syG+R85vuDai2oBwvgdRIWpIYKNAfVr/5Q00wyBVQQa3thkEKUEwOcCjar9DPLUkInZMR6jioimY3yxckzfOGUIU60caUAL9TfEzmR1k5l7DolgbFd9ebif14vg+Q2yrlKM2CKLhclmcCg8fx/POSGURBTRwg13N2K6ZgYQsGlVHEhhKsvr5P2VT0M6uFDUGtcF3GU0Rk6R5coRDeoge5RE7UQRRo9o1f05oH34r17H8vWklfMnKI/8D5/ABErkGQ=</latexit>

N
<latexit sha1_base64="P2Ulr0FBfWkJkuuG1F2SMqUQ950=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqadeq3kW11rys1Gt5HEU4gVM4Bw+uoA630IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AaMPjMY=</latexit>

a(y(µ), v;µ) = f(v;µ)
<latexit sha1_base64="UICn4IN2u9SkYJ0RbTpRAjfv4oA=">AAACBXicbVBNS8MwGE7n15xfVY96KA6hgox2DhSGMPDicYL7gLWMNEu3sCQtSTooYxcv/hUvHhTx6n/w5r8x3XrQ6QMhT57nfXnzPkFMiVSO82UUVlbX1jeKm6Wt7Z3dPXP/oC2jRCDcQhGNRDeAElPCcUsRRXE3FhiygOJOML7J/M4EC0kifq/SGPsMDjkJCYJKS33zGNqp7bHk7HxSzy6vfu3VQ3vx6Jtlp+LMYf0lbk7KIEezb356gwglDHOFKJSy5zqx8qdQKIIonpW8ROIYojEc4p6mHDIs/el8i5l1qpWBFUZCH66sufqzYwqZlCkLdCWDaiSXvUz8z+slKrzyp4THicIcLQaFCbVUZGWRWAMiMFI01QQiQfRfLTSCAiKlgyvpENzllf+SdrXiXlSqd7Vyo5bHUQRH4ATYwAWXoAFuQRO0AAIP4Am8gFfj0Xg23oz3RWnByHsOwS8YH9+DM5af</latexit>

8 v 2 Y
<latexit sha1_base64="MT71/2zFHbh0HG+Dzac7YK4CYec=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KkktKLgpuHFZwT6kKeVmOmmHTiZhZlIooRs3/oobF4q49R/c+TdO2iy09cDA4Zx7mXOPH3OmtON8Wyura+sbm4Wt4vbO7t6+fXDYVFEiCW2QiEey7YOinAna0Exz2o4lhdDntOWPbjK/NaZSsUjc60lMuyEMBAsYAW2knn3iBZEEzrF3PcbYYwJ7IeghAZ4+THt2ySk7M+Bl4uakhHLUe/aX149IElKhCQelOq4T624KUjPC6bToJYrGQEYwoB1DBYRUddPZFVN8ZpQ+NnHMExrP1N8bKYRKTULfTGYR1aKXif95nUQHV92UiTjRVJD5R0HCsY5wVgnuM0mJ5hNDgEhmsmIyBAlEm+KKpgR38eRl0qyU3Yty5a5aqlXzOgroGJ2ic+SiS1RDt6iOGoigR/SMXtGb9WS9WO/Wx3x0xcp3jtAfWJ8/cFmX3A==</latexit>

where AN 2 IRN⇥N , fN 2 IRN
<latexit sha1_base64="hc1jOwZu5eQNRhkCV7PrxruYNH4="></latexit>

yN (µ) 2 IRN
<latexit sha1_base64="67u31IFNVRKtfakCKG/zgyM+3Io="></latexit>

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="5CRVGXXQuFs+3Y8KW4aD0yPf6d0="></latexit>

yN (µ), sN (µ)
<latexit sha1_base64="ubABXDTgX0DXTDMFs7W0o9lqiEQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJqqDgpuDGValgH9CEMJlO2qEzSZiZCCF24a+4caGIW3/DnX/jNM1CqwcunDnnXube48eMSmVZX0ZpaXllda28XtnY3NreMXf3ujJKBCYdHLFI9H0kCaMh6SiqGOnHgiDuM9LzJ9czv3dPhKRReKfSmLgcjUIaUIyUljzzIPVaNYcnJ6fOFZRe1prmL8+sWnUrB/xL7IJUQYG2Z346wwgnnIQKMyTlwLZi5WZIKIoZmVacRJIY4QkakYGmIeJEulm+/xQea2UIg0joChXM1Z8TGeJSptzXnRypsVz0ZuJ/3iBRwaWb0TBOFAnx/KMgYVBFcBYGHFJBsGKpJggLqneFeIwEwkpHVtEh2Isn/yXdRt0+qzduz6vNRhFHGRyCI1ADNrgATXAD2qADMHgAT+AFvBqPxrPxZrzPW0tGMbMPfsH4+Ab2AJS6</latexit>
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Simplest Case: Poisson Problem 

How can we choose the snapshots optimally?  

Greedy algorithm 

Given the samples                              and space of snapshots 

                                                            , we want to choose 

S = {µ1, ..., µN}
<latexit sha1_base64="iv3Q8YJWAX0i1AyhhWVLT7wRAvo="></latexit>

YN = span{ y(µi) , i = 1, . . . , N }
<latexit sha1_base64="soYyd2Om7JWbP3McY2Sc/2P9gl0="></latexit>

µN+1 = max
µ2D

ky(µ)� yN (µ)kY
ky(µ)kY

<latexit sha1_base64="XlpbxZ1ctD7uGeJOBH4rzm4eVEM="></latexit>
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Simplest Case: Poisson Problem 

How can we choose the snapshots optimally?  

Greedy algorithm 

Given the samples                              and space of snapshots 

                                                            , we want to choose 

In practice, we choose 

S = {µ1, ..., µN}
<latexit sha1_base64="iv3Q8YJWAX0i1AyhhWVLT7wRAvo="></latexit>

error bound

approximation
training 
sample

YN = span{ y(µi) , i = 1, . . . , N }
<latexit sha1_base64="soYyd2Om7JWbP3McY2Sc/2P9gl0="></latexit>

µN+1 = max
µ2D

�N (µ)

kyN (µ)kY
<latexit sha1_base64="VwR+GEJJLBskzYqXD6jqOUhY0cE="></latexit>

µN+1 = max
µ2D

ky(µ)� yN (µ)kY
ky(µ)kY

<latexit sha1_base64="XlpbxZ1ctD7uGeJOBH4rzm4eVEM="></latexit>
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(Weak) Greedy Algorithm

Given                                              , how do we choose     ? 

Key points: 

•             is sharp and inexpensive to compute (online) 

• Error bounds enable choice of good approximation spaces

µ3
<latexit sha1_base64="7cCsuq01mKtkPfW7pQ68a+Cdaqs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BLx4jmAckS5iddJIhM7PLzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyN/fbT6gNj9WjnSYYSjpSfMgZtU5q92Taz65n/XLFr/oLkHUS5KQCORr98ldvELNUorJMUGO6gZ/YMKPaciZwVuqlBhPKJnSEXUcVlWjCbHHujFw4ZUCGsXalLFmovycyKo2Zysh1SmrHZtWbi/953dQOb8OMqyS1qNhy0TAVxMZk/jsZcI3MiqkjlGnubiVsTDVl1iVUciEEqy+vk9ZVNfCrwUOtUq/lcRThDM7hEgK4gTrcQwOawGACz/AKb17ivXjv3seyteDlM6fwB97nD0lnj3o=</latexit><latexit sha1_base64="7cCsuq01mKtkPfW7pQ68a+Cdaqs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BLx4jmAckS5iddJIhM7PLzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyN/fbT6gNj9WjnSYYSjpSfMgZtU5q92Taz65n/XLFr/oLkHUS5KQCORr98ldvELNUorJMUGO6gZ/YMKPaciZwVuqlBhPKJnSEXUcVlWjCbHHujFw4ZUCGsXalLFmovycyKo2Zysh1SmrHZtWbi/953dQOb8OMqyS1qNhy0TAVxMZk/jsZcI3MiqkjlGnubiVsTDVl1iVUciEEqy+vk9ZVNfCrwUOtUq/lcRThDM7hEgK4gTrcQwOawGACz/AKb17ivXjv3seyteDlM6fwB97nD0lnj3o=</latexit><latexit sha1_base64="7cCsuq01mKtkPfW7pQ68a+Cdaqs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BLx4jmAckS5iddJIhM7PLzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyN/fbT6gNj9WjnSYYSjpSfMgZtU5q92Taz65n/XLFr/oLkHUS5KQCORr98ldvELNUorJMUGO6gZ/YMKPaciZwVuqlBhPKJnSEXUcVlWjCbHHujFw4ZUCGsXalLFmovycyKo2Zysh1SmrHZtWbi/953dQOb8OMqyS1qNhy0TAVxMZk/jsZcI3MiqkjlGnubiVsTDVl1iVUciEEqy+vk9ZVNfCrwUOtUq/lcRThDM7hEgK4gTrcQwOawGACz/AKb17ivXjv3seyteDlM6fwB97nD0lnj3o=</latexit><latexit sha1_base64="7cCsuq01mKtkPfW7pQ68a+Cdaqs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BLx4jmAckS5iddJIhM7PLzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyN/fbT6gNj9WjnSYYSjpSfMgZtU5q92Taz65n/XLFr/oLkHUS5KQCORr98ldvELNUorJMUGO6gZ/YMKPaciZwVuqlBhPKJnSEXUcVlWjCbHHujFw4ZUCGsXalLFmovycyKo2Zysh1SmrHZtWbi/953dQOb8OMqyS1qNhy0TAVxMZk/jsZcI3MiqkjlGnubiVsTDVl1iVUciEEqy+vk9ZVNfCrwUOtUq/lcRThDM7hEgK4gTrcQwOawGACz/AKb17ivXjv3seyteDlM6fwB97nD0lnj3o=</latexit>

µ3

�n

kunkX

µ2µ1

(see, e.g., [VEROY, et al., 2003], [BINEV, et al., 2011])

Y2 = span{y(µ1), y(µ2)}
<latexit sha1_base64="hySR4VzPqLzx3cmTYNMrpXBT8k4=">AAACIXicbVDLSgMxFM34rPVVdelmsAgKUmaqoFCEghuXFexDmjJk0lSDmcyQ3BFLmF9x46+4caFId+LPmLaz0OqBwOGce7k5J0wE1+B5n87c/MLi0nJhpbi6tr6xWdrabuk4VZQ1aSxi1QmJZoJL1gQOgnUSxUgUCtYO7y/GfvuBKc1jeQ3DhPUiciv5gFMCVgpKZzgicEeJMDdZYKoZrp3jGgb2CEYnRGbYDA9wlAbGzw6PclrNDnEWlMpexZvA/Uv8nJRRjkZQGuF+TNOISaCCaN31vQR6hijgVLCsiFPNEkLvyS3rWipJxHTPTBJm7r5V+u4gVvZJcCfqzw1DIq2HUWgnx3n0rDcW//O6KQzOeobLJAUm6fTQIBUuxO64LrfPFaMghpYQqrj9q0vviCIUbKlFW4I/G/kvaVUr/nGlenVSrp/kdRTQLtpDB8hHp6iOLlEDNRFFT+gFvaF359l5dT6c0XR0zsl3dtAvOF/fNAakFA==</latexit>

�n

kykY
<latexit sha1_base64="64+ufDdeB6I37f3rDA/e9+YRnPw=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBbFU0mqoMeCHjxWsK3ShLDZbtqlm03Y3QghzT/w4l/x4kERr169+W/ctDlo64OBx3szzMzzY0alsqxvo7K0vLK6Vl2vbWxube+Yu3tdGSUCkw6OWCTufCQJo5x0FFWM3MWCoNBnpOePLwu/90CEpBG/VWlM3BANOQ0oRkpLnnkMnUAgnDlXhCnkZTzPM2eSOhMvc0KkRhgxeJ/nnlm3GtYUcJHYJamDEm3P/HIGEU5CwhVmSMq+bcXKzZBQFDOS15xEkhjhMRqSvqYchUS62fSfHB5pZQCDSOjiCk7V3xMZCqVMQ193FjfKea8Q//P6iQou3IzyOFGE49miIGFQRbAIBw6oIFixVBOEBdW3QjxCOh+lI6zpEOz5lxdJt9mwTxvNm7N6q1nGUQUH4BCcABucgxa4Bm3QARg8gmfwCt6MJ+PFeDc+Zq0Vo5zZB39gfP4AOQOdXQ==</latexit>

Y3 = span{u(µ1), u(µ2), u(µ3)}
<latexit sha1_base64="jP+y0gYG7ZKh0ZYvKA5Lwfe5jVw="></latexit>

�N (µ)
<latexit sha1_base64="bfSKIb61MFRo8sg+IwHSMnbPmNU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3ZSkFnRZ0IUrqWBroQlhMp22Q2cmYR5CDf0SNy4UceunuPNvnLZZaOuBC4dz7uXee+KUUaU979sprK1vbG4Vt0s7u3v7ZffgsKMSIzFp44QlshsjRRgVpK2pZqSbSoJ4zMhDPL6a+Q+PRCqaiHs9SUnI0VDQAcVIWylyy8E1YRpF2e20GnBzFrkVr+bNAVeJn5MKyNGK3K+gn2DDidCYIaV6vpfqMENSU8zItBQYRVKEx2hIepYKxIkKs/nhU3hqlT4cJNKW0HCu/p7IEFdqwmPbyZEeqWVvJv7n9YweXIYZFanRRODFooFhUCdwlgLsU0mwZhNLEJbU3grxCEmEtc2qZEPwl19eJZ16zT+v1e8alWYjj6MIjsEJqAIfXIAmuAEt0AYYGPAMXsGb8+S8OO/Ox6K14OQzR+APnM8fH0uSsQ==</latexit>

µ3 = argmax
µ2D

�2(µ)

ku2(µ)kY
<latexit sha1_base64="LaAPIb0aowWjyYlz8TH/kWuoCjY="></latexit>
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Simplest Case: Poisson Problem 

Algorithm: Offline 

Choose training sample               and first snapshot parameter             .  

For  

Solve  

Compute and store                                                          for 

and other    -independent quantities 

Find 

Set    

end

µ
<latexit sha1_base64="dsoxoKZKsMMVd7jH9pV3UjrvVIs=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqezWgh4LXjxWtB/QLiWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pmzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNObud+54lpw2P1aKcJCyQZKR5xSqyTHvoyHZQrXtVbAK8TPycVyNEclL/6w5imkilLBTGm53uJDTKiLaeCzUr91LCE0AkZsZ6jikhmgmxx6gxfOGWIo1i7UhYv1N8TGZHGTGXoOiWxY7PqzcX/vF5qo5sg4ypJLVN0uShKBbYxnv+Nh1wzasXUEUI1d7diOiaaUOvSKbkQ/NWX10m7VvWvqrX7eqVRz+MowhmcwyX4cA0NuIMmtIDCCJ7hFd6QQC/oHX0sWwsonzmFP0CfP1p2jcw=</latexit>

N = N + 1
<latexit sha1_base64="9ID2IzQoLULD/QEKypA9doDthys=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSIIQtmtBb0IBS+eSgW3LbRLyabZNjTJLklWKEt/gxcPinj1B3nz35i2e9DWBwOP92aYmRcmnGnjut/O2vrG5tZ2Yae4u7d/cFg6Om7pOFWE+iTmseqEWFPOJPUNM5x2EkWxCDlth+O7md9+okqzWD6aSUIDgYeSRYxgYyW/cdu49Pqlsltx50CrxMtJGXI0+6Wv3iAmqaDSEI617npuYoIMK8MIp9NiL9U0wWSMh7RrqcSC6iCbHztF51YZoChWtqRBc/X3RIaF1hMR2k6BzUgvezPxP6+bmugmyJhMUkMlWSyKUo5MjGafowFTlBg+sQQTxeytiIywwsTYfIo2BG/55VXSqla8q0r1oVau1/I4CnAKZ3ABHlxDHe6hCT4QYPAMr/DmSOfFeXc+Fq1rTj5zAn/gfP4AmDWN1w==</latexit>

µ1 2 D
<latexit sha1_base64="AqME/HGcbLvCPa+6wGcKiPutBxg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FPXisYD8gCWWz3bRLdzdhdyOU0J/hxYMiXv013vw3btsctPXBwOO9GWbmRSln2rjut1Pa2Nza3invVvb2Dw6PqscnXZ1kitAOSXii+hHWlDNJO4YZTvupolhEnPaiye3c7z1RpVkiH800paHAI8liRrCxkh+IbOChgEl0N6jW3Lq7AFonXkFqUKA9qH4Fw4RkgkpDONba99zUhDlWhhFOZ5Ug0zTFZIJH1LdUYkF1mC9OnqELqwxRnChb0qCF+nsix0LrqYhsp8BmrFe9ufif52cmvglzJtPMUEmWi+KMI5Og+f9oyBQlhk8twUQxeysiY6wwMTalig3BW315nXQbde+q3nho1lrNIo4ynME5XIIH19CCe2hDBwgk8Ayv8OYY58V5dz6WrSWnmDmFP3A+fwAHy5Bj</latexit>

N = 1 to Nmax
<latexit sha1_base64="HMwRNFBpKclKsrAMnw6WmE/Th48=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBCswm4MKAQhYGMVIpgHZJcwO5kkQ2YfzNyVhGV7G3/FxkIRW3/Azr9xkmyhiQcunDnnXube40WCK7Csb2NtfWNzazu3k9/d2z84NI+OWyqMJWVNGopQdjyimOABawIHwTqRZMT3BGt745uZ335gUvEwuIdpxFyfDAM+4JSAlnpmoY6vse1UEwfYBBII09Sp1nvZ0yeTNO2ZRatkzYFXiZ2RIsrQ6JlfTj+ksc8CoIIo1bWtCNyESOBUsDTvxIpFhI7JkHU1DYjPlJvMb0nxmVb6eBBKXQHgufp7IiG+UlPf050+gZFa9mbif143hsGVm/AgioEFdPHRIBYYQjwLBve5ZBTEVBNCJde7YjoiklDQ8eV1CPbyyaukVS7ZF6XyXaVYq2Rx5NApKqBzZKNLVEO3qIGaiKJH9Ixe0ZvxZLwY78bHonXNyGZO0B8Ynz8aQJsX</latexit>

q, q0 = 1, ..., Q
<latexit sha1_base64="hlPyDvbY/dcXVVAajyO6sb5nDyk=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1hEFyUktaBQhIIbly3YBzShTKaTduhkks5MhBIK/oobF4q49Tvc+TdO2yy09cCFwzn3cu89fsyoVLb9beTW1jc2t/LbhZ3dvf0D8/CoJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/dDfz249ESBrxBzWJiReiAacBxUhpqWeejEvjC+hWb90qdErQsqwSbMCeWbQtew64SpyMFEGGes/8cvsRTkLCFWZIyq5jx8pLkVAUMzItuIkkMcIjNCBdTTkKifTS+flTeK6VPgwioYsrOFd/T6QolHIS+rozRGool72Z+J/XTVRw46WUx4kiHC8WBQmDKoKzLGCfCoIVm2iCsKD6VoiHSCCsdGIFHYKz/PIqaZUt58oqNyrFWiWLIw9OwRm4BA64BjVwD+qgCTBIwTN4BW/Gk/FivBsfi9ackc0cgz8wPn8AxoOSFw==</latexit>

D ⇢ D
<latexit sha1_base64="lvYJsr9gdpKHjVQmySEUMU8GnT4=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWpBV0W7MJlBfuAJpTJdNIOnUzCzESopfgrblwo4tb/cOffOGmz0NYDA4dz7uWeOUHCmdKO820V1tY3NreK26Wd3b39A/vwqK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHyT+Z0HKhWLxb2eJNSP8FCwkBGsjdS3TxrIU2mgqEZehPWIYI4afbvsVJw50Cpxc1KGHM2+/eUNYpJGVGjCsVI910m0P8VSM8LprOSliiaYjPGQ9gwVOKLKn87Tz9C5UQYojKV5QqO5+ntjiiOlJlFgJrOEatnLxP+8XqrDa3/KRJJqKsjiUJhypGOUVYEGTFKi+cQQTCQzWREZYYmJNoWVTAnu8pdXSbtacS8r1btauV7L6yjCKZzBBbhwBXW4hSa0gMAjPMMrvFlP1ov1bn0sRgtWvnMMf2B9/gBcZZR5</latexit>

µN+1 = argmax
µ2D

�N (µ)

ky
N
(µ)kY

<latexit sha1_base64="zj2fRXs+cenajTE/iVqM7pXPzOM="></latexit>

a(y(µN ), v;µN ) = f(v;µN ), 8 v 2 Y.
<latexit sha1_base64="+tt9/ckT3Ug9kbBUvY87WjqU6hc="></latexit>

Aq
N

= WT
N
AqWN , �qq0

N
= (AqWN )T Y�1(Aq0WN )T

<latexit sha1_base64="B3Y6is60oHrhUKIX1jQBK3AxpaI="></latexit>
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Simplest Case: Poisson Problem 

Algorithm: Online 

For given            , 

Assemble                                            and, similarly, 
                                      

Solve                                         . 

Compute              ,  

and

µ 2 D
<latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit>

kr(·; yN (µ), µ)k2Y0 = . . . +
QaX

q,q0

yT
N
(µ) �qq0

N
yN (µ)

<latexit sha1_base64="ij2cg5XCAx38gRwSUKcD2U3PoTM="></latexit>

AN (µ) =
QaX

q=1

✓qa(µ)A
q
N

<latexit sha1_base64="NYdGyOhgF/OhvhqLQ0GVwGl3bZ0="></latexit>

fN (µ)
<latexit sha1_base64="FzNvMprQ+4kCGkEbmJe2zBuW5oI=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWomzJTC7osuHElFewDOsOQSTNtaJIZkoxQh+KvuHGhiFv/w51/Y6adhbYeCBzOuZd7csKEUaUd59taWV1b39gsbZW3d3b39u2Dw46KU4lJG8cslr0QKcKoIG1NNSO9RBLEQ0a64fg697sPRCoai3s9SYjP0VDQiGKkjRTYxx5HehRGWTQNsuB2WvV4eh7YFafmzACXiVuQCijQCuwvbxDjlBOhMUNK9V0n0X6GpKaYkWnZSxVJEB6jIekbKhAnys9m6afwzCgDGMXSPKHhTP29kSGu1ISHZjLPqha9XPzP66c6uvIzKpJUE4Hnh6KUQR3DvAo4oJJgzSaGICypyQrxCEmEtSmsbEpwF7+8TDr1mntRq981Ks1GUUcJnIBTUAUuuARNcANaoA0weATP4BW8WU/Wi/VufcxHV6xi5wj8gfX5A29JlSg=</latexit>

AN (µ) yN (µ) = fN (µ)
<latexit sha1_base64="2c+flrS14aTZKSCADUqRZLRhYjw=">AAACNnicbVDLSsNAFJ34rPUVdekmWoS6KUktKIhQceNGqWAf0IQwmU7aoZMHMxMhhHyVG7/DXTcuFHHrJzhpI/bhgYHDOfcw9x4npIQLXR8pS8srq2vrhY3i5tb2zq66t9/iQcQQbqKABqzjQI4p8XFTEEFxJ2QYeg7FbWd4k/ntJ8w4CfxHEYfY8mDfJy5BUEjJVu9MD4qB4ybXqZ3YyX2alk0vOjUvf/VY6ol5lE57V3+2OxOz1ZJe0cfQFomRkxLI0bDVV7MXoMjDvkAUct419FBYCWSCIIrTohlxHEI0hH3cldSHHuZWMj471U6k0tPcgMnnC22sTicS6HEee46czLbl814m/ud1I+FeWAnxw0hgH00+ciOqiUDLOtR6hGEkaCwJRIzIXTU0gAwiIZsuyhKM+ZMXSataMc4q1YdaqV7L6yiAQ3AMysAA56AObkEDNAECz2AE3sGH8qK8KZ/K12R0SckzB2AGyvcP7b6tLQ==</latexit>

↵LB
a (µ)

<latexit sha1_base64="ooyTMiOl9Bzqgf0kmyL0O8Cw1pc=">AAACAXicbVA9SwNBEN3zM8avUxvBZjEIsQl3MaBl0MbCIoL5gNwZ5jabZMnu3bG7J4QjNv4VGwtFbP0Xdv4bN8kVmvhg4PHeDDPzgpgzpR3n21paXlldW89t5De3tnd27b39hooSSWidRDySrQAU5Sykdc00p61YUhABp81geDXxmw9UKhaFd3oUU19AP2Q9RkAbqWMfesDjAXRSGN+nnhT45nJc9ERy2rELTsmZAi8SNyMFlKHWsb+8bkQSQUNNOCjVdp1Y+ylIzQin47yXKBoDGUKftg0NQVDlp9MPxvjEKF3ci6SpUOOp+nsiBaHUSASmU4AeqHlvIv7ntRPdu/BTFsaJpiGZLeolHOsIT+LAXSYp0XxkCBDJzK2YDEAC0Sa0vAnBnX95kTTKJfesVL6tFKqVLI4cOkLHqIhcdI6q6BrVUB0R9Iie0St6s56sF+vd+pi1LlnZzAH6A+vzB+Vxlnk=</latexit>

�N (µ) =
kr(·; yN (µ), µ)kY0

↵LB
a (µ)

.
<latexit sha1_base64="Sz3+tInuMFlZwHfTUKNoYod+8U4="></latexit>
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Simplest Case

What about the output of interest? 

Assume                                    . 

Then 

One can show that for 

which also permits an offline-online decomposition.

online offline

s� sN (µ) 
kr(·; yN (µ);µ)k2Y0

↵LB
a (µ)

<latexit sha1_base64="ejTlu1cmQvLgKLcxJZocgW+5/UQ="></latexit>

s(µ) = f(y(µ))
<latexit sha1_base64="l7ytxvtsArBr+fEEHUnwwZmFWA8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRah3ZSkFhSKUHDjsoJ9QBPKZDpph85MwsxEiKH4K25cKOLW/3Dn3zhNs9DWAxfOnHMvc+/xI0qksu1vo7C2vrG5Vdwu7ezu7R+Yh0ddGcYC4Q4KaSj6PpSYEo47iiiK+5HAkPkU9/zpzdzvPWAhScjvVRJhj8ExJwFBUGlpaJ7Iisviqtu8dptBJcke1aFZtmt2BmuVODkpgxztofnljkIUM8wVolDKgWNHykuhUARRPCu5scQRRFM4xgNNOWRYemm2/cw618rICkKhiysrU39PpJBJmTBfdzKoJnLZm4v/eYNYBVdeSngUK8zR4qMgppYKrXkU1ogIjBRNNIFIEL2rhSZQQKR0YCUdgrN88irp1mvORa1+1yi3GnkcRXAKzkAFOOAStMAtaIMOQOARPINX8GY8GS/Gu/GxaC0Y+cwx+APj8wf8L5OV</latexit>

sN (µ) = f(yN (µ)) = yT
N
(µ)fN

<latexit sha1_base64="b4emAeprDx+EtSPiZ1eLa71UjdQ="></latexit>

= yT
N
(µ)

| {z }
(WT

N
fN| {z }

)
<latexit sha1_base64="PN/fkpvQnzpnN/c9kraadIliRJw="></latexit>
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Simplest Case

Problem: Compute                                   where 

where          is a bounded linear form. 

                           is a coercive, continuous bilinear form. 

                               are affine in    . 

What about more complex cases?

f
<latexit sha1_base64="+yhXjjSHXQ+7J8xTbLwuEqkBDJ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxyWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/Gu4zc</latexit><latexit sha1_base64="+yhXjjSHXQ+7J8xTbLwuEqkBDJ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxyWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/Gu4zc</latexit><latexit sha1_base64="+yhXjjSHXQ+7J8xTbLwuEqkBDJ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxyWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/Gu4zc</latexit><latexit sha1_base64="+yhXjjSHXQ+7J8xTbLwuEqkBDJ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxyWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/Gu4zc</latexit>

a
<latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit>

a, f
<latexit sha1_base64="uXIJe8DJflzVRkbM9sDZdUzlibs=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquFPRY8OKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmhYngxnreNyptbG5t75R3K3v7B4dH1eOTjolTTVmbxiLWvZAYJrhibcutYL1EMyJDwbrh9C73u09MGx6rRztLWCDJWPGIU2JziVzhaFiteXVvAbxO/ILUoEBrWP0ajGKaSqYsFcSYvu8lNsiItpwKNq8MUsMSQqdkzPqOKiKZCbLFrXN84ZQRjmLtSlm8UH9PZEQaM5Oh65TETsyql4v/ef3URrdBxlWSWqboclGUCmxjnD+OR1wzasXMEUI1d7diOiGaUOviqbgQ/NWX10nnuu57df+hUWs2ijjKcAbncAk+3EAT7qEFbaAwgWd4hTck0Qt6Rx/L1hIqZk7hD9DnDz1ajac=</latexit><latexit sha1_base64="uXIJe8DJflzVRkbM9sDZdUzlibs=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquFPRY8OKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmhYngxnreNyptbG5t75R3K3v7B4dH1eOTjolTTVmbxiLWvZAYJrhibcutYL1EMyJDwbrh9C73u09MGx6rRztLWCDJWPGIU2JziVzhaFiteXVvAbxO/ILUoEBrWP0ajGKaSqYsFcSYvu8lNsiItpwKNq8MUsMSQqdkzPqOKiKZCbLFrXN84ZQRjmLtSlm8UH9PZEQaM5Oh65TETsyql4v/ef3URrdBxlWSWqboclGUCmxjnD+OR1wzasXMEUI1d7diOiGaUOviqbgQ/NWX10nnuu57df+hUWs2ijjKcAbncAk+3EAT7qEFbaAwgWd4hTck0Qt6Rx/L1hIqZk7hD9DnDz1ajac=</latexit><latexit sha1_base64="uXIJe8DJflzVRkbM9sDZdUzlibs=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquFPRY8OKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmhYngxnreNyptbG5t75R3K3v7B4dH1eOTjolTTVmbxiLWvZAYJrhibcutYL1EMyJDwbrh9C73u09MGx6rRztLWCDJWPGIU2JziVzhaFiteXVvAbxO/ILUoEBrWP0ajGKaSqYsFcSYvu8lNsiItpwKNq8MUsMSQqdkzPqOKiKZCbLFrXN84ZQRjmLtSlm8UH9PZEQaM5Oh65TETsyql4v/ef3URrdBxlWSWqboclGUCmxjnD+OR1wzasXMEUI1d7diOiGaUOviqbgQ/NWX10nnuu57df+hUWs2ijjKcAbncAk+3EAT7qEFbaAwgWd4hTck0Qt6Rx/L1hIqZk7hD9DnDz1ajac=</latexit><latexit sha1_base64="uXIJe8DJflzVRkbM9sDZdUzlibs=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquFPRY8OKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmhYngxnreNyptbG5t75R3K3v7B4dH1eOTjolTTVmbxiLWvZAYJrhibcutYL1EMyJDwbrh9C73u09MGx6rRztLWCDJWPGIU2JziVzhaFiteXVvAbxO/ILUoEBrWP0ajGKaSqYsFcSYvu8lNsiItpwKNq8MUsMSQqdkzPqOKiKZCbLFrXN84ZQRjmLtSlm8UH9PZEQaM5Oh65TETsyql4v/ef3URrdBxlWSWqboclGUCmxjnD+OR1wzasXMEUI1d7diOiGaUOviqbgQ/NWX10nnuu57df+hUWs2ijjKcAbncAk+3EAT7qEFbaAwgWd4hTck0Qt6Rx/L1hIqZk7hD9DnDz1ajac=</latexit>

µ
<latexit sha1_base64="/fPRlyK+sPTrpPdGHnj90DUHZ1Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmgckS5iddJIhM7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyO/fbT6gNj9WjnSYYSjpSfMgZtU566Mm0X674VX8Bsk6CnFQgR6Nf/uoNYpZKVJYJakw38BMbZlRbzgTOSr3UYELZhI6w66iiEk2YLU6dkQunDMgw1q6UJQv190RGpTFTGblOSe3YrHpz8T+vm9rhTZhxlaQWFVsuGqaC2JjM/yYDrpFZMXWEMs3drYSNqabMunRKLoRg9eV10rqqBn41uK9V6rU8jiKcwTlcQgDXUIc7aEATGIzgGV7hzRPei/fufSxbC14+cwp/4H3+AFkojcg=</latexit><latexit sha1_base64="/fPRlyK+sPTrpPdGHnj90DUHZ1Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmgckS5iddJIhM7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyO/fbT6gNj9WjnSYYSjpSfMgZtU566Mm0X674VX8Bsk6CnFQgR6Nf/uoNYpZKVJYJakw38BMbZlRbzgTOSr3UYELZhI6w66iiEk2YLU6dkQunDMgw1q6UJQv190RGpTFTGblOSe3YrHpz8T+vm9rhTZhxlaQWFVsuGqaC2JjM/yYDrpFZMXWEMs3drYSNqabMunRKLoRg9eV10rqqBn41uK9V6rU8jiKcwTlcQgDXUIc7aEATGIzgGV7hzRPei/fufSxbC14+cwp/4H3+AFkojcg=</latexit><latexit sha1_base64="/fPRlyK+sPTrpPdGHnj90DUHZ1Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmgckS5iddJIhM7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyO/fbT6gNj9WjnSYYSjpSfMgZtU566Mm0X674VX8Bsk6CnFQgR6Nf/uoNYpZKVJYJakw38BMbZlRbzgTOSr3UYELZhI6w66iiEk2YLU6dkQunDMgw1q6UJQv190RGpTFTGblOSe3YrHpz8T+vm9rhTZhxlaQWFVsuGqaC2JjM/yYDrpFZMXWEMs3drYSNqabMunRKLoRg9eV10rqqBn41uK9V6rU8jiKcwTlcQgDXUIc7aEATGIzgGV7hzRPei/fufSxbC14+cwp/4H3+AFkojcg=</latexit><latexit sha1_base64="/fPRlyK+sPTrpPdGHnj90DUHZ1Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmgckS5iddJIhM7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyO/fbT6gNj9WjnSYYSjpSfMgZtU566Mm0X674VX8Bsk6CnFQgR6Nf/uoNYpZKVJYJakw38BMbZlRbzgTOSr3UYELZhI6w66iiEk2YLU6dkQunDMgw1q6UJQv190RGpTFTGblOSe3YrHpz8T+vm9rhTZhxlaQWFVsuGqaC2JjM/yYDrpFZMXWEMs3drYSNqabMunRKLoRg9eV10rqqBn41uK9V6rU8jiKcwTlcQgDXUIc7aEATGIzgGV7hzRPei/fufSxbC14+cwp/4H3+AFkojcg=</latexit>

s(µ) = f(y(µ);µ)
<latexit sha1_base64="294OQdtRwjF7N4YErqIQ0SfrapE=">AAACAXicbVBNS8MwGE79nPOr6kXwEhzCvIx2DhSGMPDicYL7gLWMNEu3sKQtSSqUMi/+FS8eFPHqv/DmvzHtetDNBxKePM/78uZ9vIhRqSzr21hZXVvf2Cxtlbd3dvf2zYPDrgxjgUkHhywUfQ9JwmhAOooqRvqRIIh7jPS86U3m9x6IkDQM7lUSEZejcUB9ipHS0tA8llWHx+dO89pp+tUkfzSza2hWrJqVAy4TuyAVUKA9NL+cUYhjTgKFGZJyYFuRclMkFMWMzMpOLEmE8BSNyUDTAHEi3TTfYAbPtDKCfij0CRTM1d8dKeJSJtzTlRypiVz0MvE/bxAr/8pNaRDFigR4PsiPGVQhzOKAIyoIVizRBGFB9V8hniCBsNKhlXUI9uLKy6Rbr9kXtfpdo9JqFHGUwAk4BVVgg0vQAregDToAg0fwDF7Bm/FkvBjvxse8dMUoeo7AHxifP+fLlTY=</latexit>

a(u(µ), v;µ) = f(v;µ), 8 v 2 Y,
<latexit sha1_base64="JcBYXHbjfswi67+Gjy/xx8z3cxc="></latexit>
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More Complex Cases

 Part I: Introduction to the Reduced Basis Method 

• Simplest Case (Coercive, Compliant, Elliptic, Affine) 

• Noncompliant 

• Parabolic 

• Noncoercive 

• Saddle Point 

• Non-affine / Non-linear
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Noncompliant Problems
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Noncompliant Case

Problem: Compute                                  where 

with           .  

One can show that        

|s(µ)� sN (µ)| = `(y(µ)� yN (µ);µ)
<latexit sha1_base64="7IKAI6Ltb7wt6NW050nzQq9l63o=">AAACHXicbZDLSsNAFIYnXmu9RV26GSxCXViSWlAoQsGNK6lgL9CEMJlO26GTCzMTIaR9ETe+ihsXirhwI76NkzSIth6Y4eP/z2Hm/G7IqJCG8aUtLa+srq0XNoqbW9s7u/reflsEEcekhQMW8K6LBGHUJy1JJSPdkBPkuYx03PFV6nfuCRc08O9kHBLbQ0OfDihGUkmOXpuIsuVFJ6fCSW6mGU6s+qVVtwhjsBzPzPjHrKeXo5eMipEVXAQzhxLIq+noH1Y/wJFHfIkZEqJnGqG0E8QlxYxMi1YkSIjwGA1JT6GPPCLsJNtuCo+V0oeDgKvjS5ipvycS5AkRe67q9JAciXkvFf/zepEcXNgJ9cNIEh/PHhpEDMoAplHBPuUESxYrQJhT9VeIR4gjLFWgRRWCOb/yIrSrFfOsUr2tlRq1PI4COARHoAxMcA4a4Bo0QQtg8ACewAt41R61Z+1Ne5+1Lmn5zAH4U9rnN4ojoEc=</latexit>

 k`(·;µ)kY0ky(µ)� yN (µ)kY
<latexit sha1_base64="ZGt3uEqwWmbvPD22d1jBD1vdwU4="></latexit>

 k`(·;µ)kY0�N (µ)
<latexit sha1_base64="PDpHIRwWrwDV25JLuTqGZRgesrM=">AAACHnicbVDLSgNBEJz1bXxFPXpZDGK8hF0fKHgJ6MGTKBijZMIyO+kkg7MPZ3qFsNkv8eKvePGgiOBJ/8bZmINGCxqKqm66u/xYCo2O82mNjU9MTk3PzBbm5hcWl4rLK5c6ShSHGo9kpK58pkGKEGooUMJVrIAFvoS6f3OU+/U7UFpE4QX2YmgGrBOKtuAMjeQV96iEW9qnIGWZ8laEhzRItmjfS2nAsMuZTK+zzYweg0TmpadZOfe9YsmpOAPYf4k7JCUyxJlXfKetiCcBhMgl07rhOjE2U6ZQcAlZgSYaYsZvWAcahoYsAN1MB+9l9oZRWnY7UqZCtAfqz4mUBVr3At905jfrUS8X//MaCbYPmqkI4wQh5N+L2om0MbLzrOyWUMBR9gxhXAlzq827TDGOJtGCCcEdffkvudyuuDuV7fPdUnV3GMcMWSPrpExcsk+q5ISckRrh5J48kmfyYj1YT9ar9fbdOmYNZ1bJL1gfX+oXouk=</latexit>

` 6= f
<latexit sha1_base64="nO2fKRiWxi9iboUDRW6WUUFYX0U=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lqQY8FLx4r2A9IQtlsJ+3SzW7c3Qgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMUehQyaXqR0QDZwI6hhkO/VQBSSIOvWhyO/d7T6A0k+LBTFMIEzISLGaUGCv5AXCOAwGPOB5Ua27dXQCvE68gNVSgPah+BUNJswSEoZxo7XtuasKcKMMoh1klyDSkhE7ICHxLBUlAh/ni5Bm+sMoQx1LZEgYv1N8TOUm0niaR7UyIGetVby7+5/mZiW/CnIk0MyDoclGccWwknv+Ph0wBNXxqCaGK2VsxHRNFqLEpVWwI3urL66TbqHtX9cZ9s9ZqFnGU0Rk6R5fIQ9eohe5QG3UQRRI9o1f05hjnxXl3PpatJaeYOUV/4Hz+AJEGkL0=</latexit>

s(µ) = `(y(µ);µ)
<latexit sha1_base64="cCmm10vXVYs8q5MEH4P3tBuEv7s=">AAACBHicbVBNS8MwGE79nPOr6nGX4BDmZbRzoDCEgRePE9wHrGWkWbqFJW1JUqGUHbz4V7x4UMSrP8Kb/8a060E3H0h48jzvy5v38SJGpbKsb2NtfWNza7u0U97d2z84NI+OezKMBSZdHLJQDDwkCaMB6SqqGBlEgiDuMdL3ZjeZ338gQtIwuFdJRFyOJgH1KUZKSyOzImsOj8+d1rXTcghjtSR/t7JrZFatupUDrhK7IFVQoDMyv5xxiGNOAoUZknJoW5FyUyQUxYzMy04sSYTwDE3IUNMAcSLdNF9iDs+0MoZ+KPQJFMzV3x0p4lIm3NOVHKmpXPYy8T9vGCv/yk1pEMWKBHgxyI8ZVCHMEoFjKghWLNEEYUH1XyGeIoGw0rmVdQj28sqrpNeo2xf1xl2z2m4WcZRABZyCGrDBJWiDW9ABXYDBI3gGr+DNeDJejHfjY1G6ZhQ9J+APjM8fQ9KWhw==</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y
<latexit sha1_base64="V0RmbtlZcdkxhYyE7yInhVmsTXo="></latexit>
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Noncompliant Case

One can also show that 

where         is the primal residual (as before), and the dual residual is 

and                            approximates                    where  

|s(µ)� sN (µ)|  1

↵LB
a (µ)

krpr(·; yN (µ), µ)ky0 krdu(·; N (µ), µ)ky0

<latexit sha1_base64="UC4qC8D8bBA8al72AMBHJNGXGHc="></latexit>

rpr
<latexit sha1_base64="KvFME8U9DGKIVjLhqN64ZkxrUHU=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIvgqezWgh4LXjxWsK3YriWbZtvQJLskWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqmzjVlLVoLGJ9HxLDBFesZbkV7D7RjMhQsE44vp75nSemDY/VnZ0kLJBkqHjEKbFOetCPWU9LnOhpv1zxqt4ceJX4OalAjma//NUbxDSVTFkqiDFd30tskBFtORVsWuqlhiWEjsmQdR1VRDITZPOLp/jMKQMcxdqVsniu/p7IiDRmIkPXKYkdmWVvJv7ndVMbXQUZV0lqmaKLRVEqsI3x7H084JpRKyaOEKq5uxXTEdGEWhdSyYXgL7+8Stq1qn9Rrd3WK416HkcRTuAUzsGHS2jADTShBRQUPMMrvCGDXtA7+li0FlA+cwx/gD5/AKPRkNk=</latexit>

a(v, (µ);µ) = �l(v;µ), 8 v 2 Y
<latexit sha1_base64="GNT7wNFoDowsJeNOKEagkanq6CA="></latexit>

 N (µ) 2 Ydu
N

<latexit sha1_base64="baND1uJGRHRXkiuPacDjZl8ZemE=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjVRUlqQZcFN66kgn1IE8NkOm2HzkzCzEQoIf/gxl9x40IRt27c+TdO2i609cCFwzn3cu89Ycyo0o7zbS0tr6yurRc2iptb2zu79t5+S0WJxKSJIxbJTogUYVSQpqaakU4sCeIhI+1wdJn77QciFY3ErR7HxOdoIGifYqSNFNinXqxokF5nZY8nJx4V0ONIDzFiML3LcuM+9SSHvSQL7JJTcSaAi8SdkRKYoRHYX14vwgknQmOGlOq6Tqz9FElNMSNZ0UsUiREeoQHpGioQJ8pPJz9l8NgoPdiPpCmh4UT9PZEirtSYh6YzP1jNe7n4n9dNdP/CT6mIE00Eni7qJwzqCOYBwR6VBGs2NgRhSc2tEA+RRFibGIsmBHf+5UXSqlbcs0r1plaq12ZxFMAhOAJl4IJzUAdXoAGaAINH8AxewZv1ZL1Y79bHtHXJms0cgD+wPn8AJWieSg==</latexit>

rdu(v;µ) := �l(v;µ)� a(v, N (µ);µ) 8 v 2 Y
<latexit sha1_base64="9Rwug6m3FRtAp8FOhSDKHDwIfGM="></latexit>

 (µ) 2 Y
<latexit sha1_base64="4Af7Lj9wmDNmu8BKNLoL3+79/bg=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclqQVdFty4rGAf0oQymU7aoTOTMDMRSsjGX3HjQhG3foY7/8ZJm4W2HrhwOOde7r0niBlV2nG+rdLa+sbmVnm7srO7t39gHx51VZRITDo4YpHsB0gRRgXpaKoZ6ceSIB4w0gumN7nfeyRS0Ujc61lMfI7GgoYUI22koX3ixYrWPJ5ceFR4HOkJRix9yIZ21ak7c8BV4hakCgq0h/aXN4pwwonQmCGlBq4Taz9FUlPMSFbxEkVihKdoTAaGCsSJ8tP5Axk8N8oIhpE0JTScq78nUsSVmvHAdOYnqmUvF//zBokOr/2UijjRRODFojBhUEcwTwOOqCRYs5khCEtqboV4giTC2mRWMSG4yy+vkm6j7l7WG3fNaqtZxFEGp+AM1IALrkAL3II26AAMMvAMXsGb9WS9WO/Wx6K1ZBUzx+APrM8fwOSWeA==</latexit>
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Parabolic Problems
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Parabolic Case

Problem: Given           , evaluate 

                where                 satisfies

µ 2 D
<latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit>

yk = y(x, tk;µ)
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We assume that     and    are 

• symmetric 

• continuous  

• coercive 

bilinear forms for all            .

m
<latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Rggd+rUY+cFyLsp2VA9zU1SDvMY=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxeQxJRihDf4EbF4r4t9z5b0wfC209EPg4JyH3niQT3Low/A62tnd29/ZLB+XDytHxSfW00rY6NwxbTAttugm1KLjCluNOYDczSGUisJNM7ud55xmN5Vo9ummGsaQjxVPOqPNWUw6qtbAeLkQ2IVpBDVZqDKpf/aFmuUTlmKDW9qIwc3FBjeNM4Kzczy1mlE3oCHseFZVo42Ix6IxcemdIUm38UY4s3N8vCiqtncrE35TUje16Njf/y3q5S2/jgqssd6jY8qM0F8RpMt+aDLlB5sTUA2WG+1kJG1NDmfPdlH0J0frKm9C+rkdhPWqGUIJzuIAriOAG7uABGtACBggv8AbvwVPwGnws69oKVr2dwR8Fnz/BYIue</latexit><latexit sha1_base64="Rggd+rUY+cFyLsp2VA9zU1SDvMY=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxeQxJRihDf4EbF4r4t9z5b0wfC209EPg4JyH3niQT3Low/A62tnd29/ZLB+XDytHxSfW00rY6NwxbTAttugm1KLjCluNOYDczSGUisJNM7ud55xmN5Vo9ummGsaQjxVPOqPNWUw6qtbAeLkQ2IVpBDVZqDKpf/aFmuUTlmKDW9qIwc3FBjeNM4Kzczy1mlE3oCHseFZVo42Ix6IxcemdIUm38UY4s3N8vCiqtncrE35TUje16Njf/y3q5S2/jgqssd6jY8qM0F8RpMt+aDLlB5sTUA2WG+1kJG1NDmfPdlH0J0frKm9C+rkdhPWqGUIJzuIAriOAG7uABGtACBggv8AbvwVPwGnws69oKVr2dwR8Fnz/BYIue</latexit><latexit sha1_base64="7vbbrw/LNwfuIZHJI+cknezQSsk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48JmAckS5id9CZjZmaXmVkhhHyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmGTZZIhLdiahBwRU2LbcCO6lGKiOB7Wh8N/fbT6gNT9SDnaQYSjpUPOaMWic1ZL9c8av+AmSdBDmpQI56v/zVGyQsk6gsE9SYbuCnNpxSbTkTOCv1MoMpZWM6xK6jiko04XRx6IxcOGVA4kS7UpYs1N8TUyqNmcjIdUpqR2bVm4v/ed3MxrfhlKs0s6jYclGcCWITMv+aDLhGZsXEEco0d7cSNqKaMuuyKbkQgtWX10nrqhr41aDhV2rXeRxFOINzuIQAbqAG91CHJjBAeIZXePMevRfv3ftYtha8fOYU/sD7/AHQF4zf</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit>

a
<latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit>

µ 2 D
<latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit>

s(t;µ) = `(y(x, t;µ);µ)
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y(x, t;µ)
<latexit sha1_base64="xNL/dUl5ykL8fEIApbT4X4zGwFY=">AAAB8XicbVBNSwMxEM36WetX1aOXYBEqSNmtBQUvBS8eK9gPbJeSTbNtaJJdklmxLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRjdTv/XItOGRuodxzHxJBoqHnBKw0sO49HQO112ZnPUKRbfszoCXiZeRIspQ7xW+uv2IJpIpoIIY0/HcGPyUaOBUsEm+mxgWEzoiA9axVBHJjJ/OLp7gU6v0cRhpWwrwTP09kRJpzFgGtlMSGJpFbyr+53USCK/8lKs4AabofFGYCAwRnr6P+1wzCmJsCaGa21sxHRJNKNiQ8jYEb/HlZdKslL2LcuWuWqxVszhy6BidoBLy0CWqoVtURw1EkULP6BW9OcZ5cd6dj3nripPNHKE/cD5/AJ9nkC8=</latexit>
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Parabolic Case

For a given             , let 

represent the       largest POD modes with respect to the    -inner product, s.t.
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k = K

k = 0
uN(tk; µ1)

uN(tk; µ2)
uN(tk; µM)

XN

y
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<latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="bVNnksKGfj5WOOpvR/IekRPPlt0=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oS8mkd9rYTGZI7gjD0F/gxoUi/i13/hvTx0JbDwQ+zknIvSdMlbTk+9/e1vbO7t5+6aB8WDk6PqmeVto2yYzAlkhUYroht6ikxhZJUthNDfI4VNgJp/fzvPOMxspEP1Ke4iDmYy0jKTg5q5kPqzW/7i/ENiFYQQ1WagyrX/1RIrIYNQnFre0FfkqDghuSQuGs3M8splxM+Rh7DjWP0Q6KxaAzdumcEYsS444mtnB/vyh4bG0eh+5mzGli17O5+V/Wyyi6HRRSpxmhFsuPokwxSth8azaSBgWp3AEXRrpZmZhwwwW5bsquhGB95U1oX9cDvx40fSjBOVzAFQRwA3fwAA1ogQCEF3iDd+/Je/U+lnVteavezuCPvM8f0wyLqg==</latexit><latexit sha1_base64="bVNnksKGfj5WOOpvR/IekRPPlt0=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oS8mkd9rYTGZI7gjD0F/gxoUi/i13/hvTx0JbDwQ+zknIvSdMlbTk+9/e1vbO7t5+6aB8WDk6PqmeVto2yYzAlkhUYroht6ikxhZJUthNDfI4VNgJp/fzvPOMxspEP1Ke4iDmYy0jKTg5q5kPqzW/7i/ENiFYQQ1WagyrX/1RIrIYNQnFre0FfkqDghuSQuGs3M8splxM+Rh7DjWP0Q6KxaAzdumcEYsS444mtnB/vyh4bG0eh+5mzGli17O5+V/Wyyi6HRRSpxmhFsuPokwxSth8azaSBgWp3AEXRrpZmZhwwwW5bsquhGB95U1oX9cDvx40fSjBOVzAFQRwA3fwAA1ogQCEF3iDd+/Je/U+lnVteavezuCPvM8f0wyLqg==</latexit><latexit sha1_base64="iJ9nnNC8ksU5tNflHCkAM51cu5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617LrTWuizjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPiR4zr</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit>

y
<latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="bVNnksKGfj5WOOpvR/IekRPPlt0=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oS8mkd9rYTGZI7gjD0F/gxoUi/i13/hvTx0JbDwQ+zknIvSdMlbTk+9/e1vbO7t5+6aB8WDk6PqmeVto2yYzAlkhUYroht6ikxhZJUthNDfI4VNgJp/fzvPOMxspEP1Ke4iDmYy0jKTg5q5kPqzW/7i/ENiFYQQ1WagyrX/1RIrIYNQnFre0FfkqDghuSQuGs3M8splxM+Rh7DjWP0Q6KxaAzdumcEYsS444mtnB/vyh4bG0eh+5mzGli17O5+V/Wyyi6HRRSpxmhFsuPokwxSth8azaSBgWp3AEXRrpZmZhwwwW5bsquhGB95U1oX9cDvx40fSjBOVzAFQRwA3fwAA1ogQCEF3iDd+/Je/U+lnVteavezuCPvM8f0wyLqg==</latexit><latexit sha1_base64="bVNnksKGfj5WOOpvR/IekRPPlt0=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oS8mkd9rYTGZI7gjD0F/gxoUi/i13/hvTx0JbDwQ+zknIvSdMlbTk+9/e1vbO7t5+6aB8WDk6PqmeVto2yYzAlkhUYroht6ikxhZJUthNDfI4VNgJp/fzvPOMxspEP1Ke4iDmYy0jKTg5q5kPqzW/7i/ENiFYQQ1WagyrX/1RIrIYNQnFre0FfkqDghuSQuGs3M8splxM+Rh7DjWP0Q6KxaAzdumcEYsS444mtnB/vyh4bG0eh+5mzGli17O5+V/Wyyi6HRRSpxmhFsuPokwxSth8azaSBgWp3AEXRrpZmZhwwwW5bsquhGB95U1oX9cDvx40fSjBOVzAFQRwA3fwAA1ogQCEF3iDd+/Je/U+lnVteavezuCPvM8f0wyLqg==</latexit><latexit sha1_base64="iJ9nnNC8ksU5tNflHCkAM51cu5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617LrTWuizjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPiR4zr</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit>

• Compute an  

• Choose largest mode(s). 

• In practice, do POD on error instead of 

directly on data.

R
<latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit><latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit><latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit><latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit> Y

<latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit>

µi 2 D
<latexit sha1_base64="QH4zFCS1EbjSbyo+AdaFCcySWSI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkpSC7os6MJlBfuAJoTJdNoOnUzCzEQooeCvuHGhiFu/w51/46TNQlsPDBzOuZd75oQJZ0o7zrdVWlvf2Nwqb1d2dvf2D+zDo46KU0lom8Q8lr0QK8qZoG3NNKe9RFIchZx2w8lN7ncfqVQsFg96mlA/wiPBhoxgbaTAPvGiNGDIYwJ5EdZjgnl2OwvsqlNz5kCrxC1IFQq0AvvLG8QkjajQhGOl+q6TaD/DUjPC6azipYommEzwiPYNFTiiys/m8Wfo3CgDNIyleUKjufp7I8ORUtMoNJN5RLXs5eJ/Xj/Vw2s/YyJJNRVkcWiYcqRjlHeBBkxSovnUEEwkM1kRGWOJiTaNVUwJ7vKXV0mnXnMva/X7RrXZKOoowymcwQW4cAVNuIMWtIFABs/wCm/Wk/VivVsfi9GSVewcwx9Ynz/XYJVe</latexit>

PR = PODY({yk(µ), 1  k  K}, R)
<latexit sha1_base64="YlFvQgMTs5bHbLokTVdfVZIn+WQ="></latexit>

PR = arg inf
YR⇢span{yk,k=1...K}

 
1

k

KX

k=1

inf
v2XR

kyk(µ)� vk2Y

!y1/2

<latexit sha1_base64="57X4Txn2FYBpSoaTbvzd/psijNE="></latexit>

SVDY
<latexit sha1_base64="ZlBAyHhRvPrBctxgKug/KkyOy2U=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWkFnRZ0IXLivYhTQiT6bQdOnkwcyOWkI2/4saFIm79DHf+jZM2C209cOFwzr3ce48fC67Asr6NpeWV1bX10kZ5c2t7Z9fc22+rKJGUtWgkItn1iWKCh6wFHATrxpKRwBes448vc7/zwKTiUXgHk5i5ARmGfMApAS155qED7BHS2/ZV5qVOQGBEicD3mWdWrKo1BV4kdkEqqEDTM7+cfkSTgIVABVGqZ1sxuCmRwKlgWdlJFIsJHZMh62kakoApN50+kOETrfTxIJK6QsBT9fdESgKlJoGvO/MT1byXi/95vQQGF27KwzgBFtLZokEiMEQ4TwP3uWQUxEQTQiXXt2I6IpJQ0JmVdQj2/MuLpF2r2mfV2k290qgXcZTQETpGp8hG56iBrlETtRBFGXpGr+jNeDJejHfjY9a6ZBQzB+gPjM8f8KeWkw==</latexit>
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Noncoercive Problems
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Noncoercive Problems

Problem: Find                  such that 

Assume that 

RB Approximation: Find                        such that 

Is the RB Problem well-posed? 

y(µ) 2 Y
<latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y
<latexit sha1_base64="nrdeaAAkmjhq/C2iIvPfSK18zNQ="></latexit><latexit sha1_base64="nrdeaAAkmjhq/C2iIvPfSK18zNQ="></latexit><latexit sha1_base64="nrdeaAAkmjhq/C2iIvPfSK18zNQ="></latexit><latexit sha1_base64="nrdeaAAkmjhq/C2iIvPfSK18zNQ="></latexit>

�(µ) = inf
w2Y

sup
v2Y

a(w, v;µ)

kwkYkvkY
� �0 > 0

<latexit sha1_base64="UV5JrQfcDTrrSfWosRDXIPlOM0I="></latexit><latexit sha1_base64="UV5JrQfcDTrrSfWosRDXIPlOM0I="></latexit><latexit sha1_base64="UV5JrQfcDTrrSfWosRDXIPlOM0I="></latexit><latexit sha1_base64="UV5JrQfcDTrrSfWosRDXIPlOM0I="></latexit>

yN (µ) 2 YN
<latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit>

a(yN (µ), v;µ) = f(v;µ), 8 v 2 YN
<latexit sha1_base64="CVhC9OFqAo/9CyT+eKGpxO3Mb/0="></latexit><latexit sha1_base64="CVhC9OFqAo/9CyT+eKGpxO3Mb/0="></latexit><latexit sha1_base64="CVhC9OFqAo/9CyT+eKGpxO3Mb/0="></latexit><latexit sha1_base64="CVhC9OFqAo/9CyT+eKGpxO3Mb/0="></latexit>
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Problem: Find              such that 

where                                 is a continuous bilinear form 

                                       is a continuous linear functional 

y 2 Y1
<latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit>

a(y, v) = f(v) 8 v 2 Y2
<latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit>

a : Y1 ⇥ Y2 ! R
<latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit>

f : Y2 ! R
<latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit>
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Noncoercive Problems

!69

Problem: Find              such that 

where                                 is a continuous bilinear form 

                                       is a continuous linear functional 

Banach-Nečas-Babuška Thm: The problem is well-posed if and only if: 

                                such that 

Moreover,

y 2 Y1
<latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit>

a(y, v) = f(v) 8 v 2 Y2
<latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit>

a : Y1 ⇥ Y2 ! R
<latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit>

f : Y2 ! R
<latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit>

kykY1  1

�
kfkY0

2
8 f 2 Y 0

2
<latexit sha1_base64="H5QS1zgRckf/BJ1Jnr2s4G7Shwo="></latexit><latexit sha1_base64="H5QS1zgRckf/BJ1Jnr2s4G7Shwo="></latexit><latexit sha1_base64="H5QS1zgRckf/BJ1Jnr2s4G7Shwo="></latexit><latexit sha1_base64="H5QS1zgRckf/BJ1Jnr2s4G7Shwo="></latexit>

(BNB1)
Ker{A} = 0

<latexit sha1_base64="USxGyhtmvrBrIE2b5z/7+SPIsv0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lE0ItQ8SJ4qWA/oAlls922S3c3YXcj1JBf4sWDIl79Kd78N27bHLT1wcDjvRlm5kUJZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5aOU0Vok8Q8Vp0Ia8qZpE3DDKedRFEsIk7b0fhm6rcfqdIslg9mktBQ4KFkA0awsVLPrQRKZHdU5UF2HeRXXs+tejVvBrRM/IJUoUCj534F/ZikgkpDONa663uJCTOsDCOc5uUg1TTBZIyHtGupxILqMJsdnqMTq/TRIFa2pEEz9fdEhoXWExHZToHNSC96U/E/r5uawWWYMZmkhkoyXzRIOTIxmqaA+kxRYvjEEkwUs7ciMsIKE2OzKtsQ/MWXl0nrrOZ7Nf/+vFr3izhKcATHcAo+XEAdbqEBTSCQwjO8wpvz5Lw4787HvHXFKWYO4Q+czx92m5Lj</latexit><latexit sha1_base64="USxGyhtmvrBrIE2b5z/7+SPIsv0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lE0ItQ8SJ4qWA/oAlls922S3c3YXcj1JBf4sWDIl79Kd78N27bHLT1wcDjvRlm5kUJZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5aOU0Vok8Q8Vp0Ia8qZpE3DDKedRFEsIk7b0fhm6rcfqdIslg9mktBQ4KFkA0awsVLPrQRKZHdU5UF2HeRXXs+tejVvBrRM/IJUoUCj534F/ZikgkpDONa663uJCTOsDCOc5uUg1TTBZIyHtGupxILqMJsdnqMTq/TRIFa2pEEz9fdEhoXWExHZToHNSC96U/E/r5uawWWYMZmkhkoyXzRIOTIxmqaA+kxRYvjEEkwUs7ciMsIKE2OzKtsQ/MWXl0nrrOZ7Nf/+vFr3izhKcATHcAo+XEAdbqEBTSCQwjO8wpvz5Lw4787HvHXFKWYO4Q+czx92m5Lj</latexit><latexit sha1_base64="USxGyhtmvrBrIE2b5z/7+SPIsv0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lE0ItQ8SJ4qWA/oAlls922S3c3YXcj1JBf4sWDIl79Kd78N27bHLT1wcDjvRlm5kUJZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5aOU0Vok8Q8Vp0Ia8qZpE3DDKedRFEsIk7b0fhm6rcfqdIslg9mktBQ4KFkA0awsVLPrQRKZHdU5UF2HeRXXs+tejVvBrRM/IJUoUCj534F/ZikgkpDONa663uJCTOsDCOc5uUg1TTBZIyHtGupxILqMJsdnqMTq/TRIFa2pEEz9fdEhoXWExHZToHNSC96U/E/r5uawWWYMZmkhkoyXzRIOTIxmqaA+kxRYvjEEkwUs7ciMsIKE2OzKtsQ/MWXl0nrrOZ7Nf/+vFr3izhKcATHcAo+XEAdbqEBTSCQwjO8wpvz5Lw4787HvHXFKWYO4Q+czx92m5Lj</latexit><latexit sha1_base64="USxGyhtmvrBrIE2b5z/7+SPIsv0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lE0ItQ8SJ4qWA/oAlls922S3c3YXcj1JBf4sWDIl79Kd78N27bHLT1wcDjvRlm5kUJZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5aOU0Vok8Q8Vp0Ia8qZpE3DDKedRFEsIk7b0fhm6rcfqdIslg9mktBQ4KFkA0awsVLPrQRKZHdU5UF2HeRXXs+tejVvBrRM/IJUoUCj534F/ZikgkpDONa663uJCTOsDCOc5uUg1TTBZIyHtGupxILqMJsdnqMTq/TRIFa2pEEz9fdEhoXWExHZToHNSC96U/E/r5uawWWYMZmkhkoyXzRIOTIxmqaA+kxRYvjEEkwUs7ciMsIKE2OzKtsQ/MWXl0nrrOZ7Nf/+vFr3izhKcATHcAo+XEAdbqEBTSCQwjO8wpvz5Lw4787HvHXFKWYO4Q+czx92m5Lj</latexit>

(BNB2)
Ker{AT} = 0

<latexit sha1_base64="Y/RodghpykJIiq3rA33RDriFnK8=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaQKuhEqbgQ3FfqCJpbJdNIOnZmEmYkQQvwVNy4UceuHuPNvnLZZaOuBC4dz7uXee4KYUaUd59taWV1b39gsbZW3d3b39u2Dw46KEolJG0cskr0AKcKoIG1NNSO9WBLEA0a6weRm6ncfiVQ0Ei2dxsTnaCRoSDHSRhrYFU/y7I7I3MuuH7JW7uVXzsCuOjVnBrhM3IJUQYHmwP7yhhFOOBEaM6RU33Vi7WdIaooZycteokiM8ASNSN9QgThRfjY7PocnRhnCMJKmhIYz9fdEhrhSKQ9MJ0d6rBa9qfif1090eOlnVMSJJgLPF4UJgzqC0yTgkEqCNUsNQVhScyvEYyQR1iavsgnBXXx5mXTqNfesVr8/rzbcIo4SOALH4BS44AI0wC1ogjbAIAXP4BW8WU/Wi/VufcxbV6xipgL+wPr8Aa0GlLk=</latexit>

9 �o > 0
<latexit sha1_base64="0ML9RK+EQKXQcc1hS73R3uPqHkk=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5LUgoIgBS8eK9gPaELYbCft0s0m7G6kpfSvePGgiFf/iDf/jds2B219MPB4b4aZeWHKmdKO820VNja3tneKu6W9/YPDI/u43FZJJim0aMIT2Q2JAs4EtDTTHLqpBBKHHDrh6G7ud55AKpaIRz1JwY/JQLCIUaKNFNhlD8Zmi/JuvBA0CZJbJ7ArTtVZAK8TNycVlKMZ2F9eP6FZDEJTTpTquU6q/SmRmlEOs5KXKUgJHZEB9AwVJAblTxe3z/C5Ufo4SqQpofFC/T0xJbFSkzg0nTHRQ7XqzcX/vF6mo2t/ykSaaRB0uSjKONYJngeB+0wC1XxiCKGSmVsxHRJJqDZxlUwI7urL66Rdq7qX1dpDvdKo53EU0Sk6QxfIRVeoge5RE7UQRWP0jF7RmzWzXqx362PZWrDymRP0B9bnD50YlBw=</latexit>

inf
w2Y1

sup
v2Y2

a(w, v)

kwkY1kvkY2

� �o
<latexit sha1_base64="BQnC0Sd0rwv/anklvkQrWvCUkLE="></latexit>

8 v 2 Y2 (a(w, v) = 0, 8 w 2 Y1) ) (v = 0)
<latexit sha1_base64="U2TLdi8UzRGKiLoycy30JO5ppkA="></latexit>
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Noncoercive Problems

Recall that 

In other words     is the minimum eigenvalue of 

How can we interpret the inf-sup constant    ?  

↵
<latexit sha1_base64="N1xRgvR8IqW9NkH5M7g/gJPRib0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEnons8mQ2dlhZlYIIR/hxYMiXv0eb/6Nk2QPmljQUFR1090VKcGN9f1vb2Nza3tnt7BX3D84PDounZy2TJppypo0FanuRGiY4JI1LbeCdZRmmESCtaPx3dxvPzFteCof7USxMMGh5DGnaJ3U7qFQIyT9Utmv+AuQdRLkpAw5Gv3SV2+Q0ixh0lKBxnQDX9lwitpyKtis2MsMU0jHOGRdRyUmzITTxbkzcumUAYlT7UpaslB/T0wxMWaSRK4zQTsyq95c/M/rZja+DadcqswySZeL4kwQm5L572TANaNWTBxBqrm7ldARaqTWJVR0IQSrL6+TVrUSXFeqD7VyvZbHUYBzuIArCOAG6nAPDWgChTE8wyu8ecp78d69j2XrhpfPnMEfeJ8/4GmPOA==</latexit>

A' = �Y '
<latexit sha1_base64="bi9+aXwAa/tEFTguk1OJdCZDi9E=">AAACJXicbVBdS8MwFE39nPOr6qMvwSH4NNo5UFBh4ouPE9yHrGWkabqFpU1J0sEo+zO++Fd88cEhgk/+FdOtyNy8kNzDOfcm9x4vZlQqy/oyVlbX1jc2C1vF7Z3dvX3z4LApeSIwaWDOuGh7SBJGI9JQVDHSjgVBocdIyxvcZXprSISkPHpUo5i4IepFNKAYKU11zWvH48yXo1Cn9BY6QyTiPh07V/AG6mtedZh+1kfw6beqa5assjUNuAzsHJRAHvWuOXF8jpOQRAozJGXHtmLlpkgoihkZF51EkhjhAeqRjoYRCol00+mWY3iqGR8GXOgTKThl5ztSFMpsVF0ZItWXi1pG/qd1EhVcuimN4kSRCM8+ChIGFYeZZdCngmDFRhogLKieFeI+EggrbWxRm2AvrrwMmpWyfV6uPFRLtWpuRwEcgxNwBmxwAWrgHtRBA2DwDF7BO5gYL8ab8WF8zkpXjLznCPwJ4/sHv/mlXQ==</latexit>

�
<latexit sha1_base64="+BBLL3+9+JhqWuKscRAD1V3v1t8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWMF0xbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ3dzvPHFtRKIecZryIKYjJSLBKFrJ74cc6aBSdWvuAmSdeAWpQoHWoPLVHyYsi7lCJqkxPc9NMcipRsEkn5X7meEpZRM64j1LFY25CfLFsTNyaZUhiRJtSyFZqL8nchobM41D2xlTHJtVby7+5/UyjG6DXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8yjYEb/XlddKu17zrWv2hUW02ijhKcA4XcAUe3EAT7qEFPjAQ8Ayv8OYo58V5dz6WrRtOMXMGf+B8/gDA7o6a</latexit>

↵ = inf
v2Y

a(v, v)

kvk2Y
= min

v2IRN

vTAv

vTY v
<latexit sha1_base64="eDLTmCjnDEqhKB5nas/7lQ7IMF8="></latexit>
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Noncoercive Problems

Riesz Representation Theorem 

Let      be a Hilbert space, and             . Then there exists a  

unique element             such that 

Furthermore 

For given             , let                           … 

Y
<latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit>

f 2 Y 0
<latexit sha1_base64="t1AMV5Tl7FhoRrtMyZF+m4cFrcg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovoqiRS0GXBjcsK9iFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+b0alYrF41POE+hEeCxYygrWRhrYdekx4EdYTgnn2tLgc2nWn4RRA68QtSR1KtIf2lzeKSRpRoQnHSg1cJ9F+hqVmhNNFzUsVTTCZ4jEdGCpwRJWfFckX6MIoIxTG0jyhUaH+3shwpNQ8CsxknlGtern4nzdIdXjrZ0wkqaaCLA+FKUc6RnkNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxuu03AfmvVWs6yjCmdwDlfgwg204B7a0AECM3iGV3izMuvFerc+lqMVq9w5hT+wPn8AgpKThA==</latexit><latexit sha1_base64="t1AMV5Tl7FhoRrtMyZF+m4cFrcg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovoqiRS0GXBjcsK9iFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+b0alYrF41POE+hEeCxYygrWRhrYdekx4EdYTgnn2tLgc2nWn4RRA68QtSR1KtIf2lzeKSRpRoQnHSg1cJ9F+hqVmhNNFzUsVTTCZ4jEdGCpwRJWfFckX6MIoIxTG0jyhUaH+3shwpNQ8CsxknlGtern4nzdIdXjrZ0wkqaaCLA+FKUc6RnkNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxuu03AfmvVWs6yjCmdwDlfgwg204B7a0AECM3iGV3izMuvFerc+lqMVq9w5hT+wPn8AgpKThA==</latexit><latexit sha1_base64="t1AMV5Tl7FhoRrtMyZF+m4cFrcg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovoqiRS0GXBjcsK9iFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+b0alYrF41POE+hEeCxYygrWRhrYdekx4EdYTgnn2tLgc2nWn4RRA68QtSR1KtIf2lzeKSRpRoQnHSg1cJ9F+hqVmhNNFzUsVTTCZ4jEdGCpwRJWfFckX6MIoIxTG0jyhUaH+3shwpNQ8CsxknlGtern4nzdIdXjrZ0wkqaaCLA+FKUc6RnkNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxuu03AfmvVWs6yjCmdwDlfgwg204B7a0AECM3iGV3izMuvFerc+lqMVq9w5hT+wPn8AgpKThA==</latexit><latexit sha1_base64="t1AMV5Tl7FhoRrtMyZF+m4cFrcg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovoqiRS0GXBjcsK9iFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+b0alYrF41POE+hEeCxYygrWRhrYdekx4EdYTgnn2tLgc2nWn4RRA68QtSR1KtIf2lzeKSRpRoQnHSg1cJ9F+hqVmhNNFzUsVTTCZ4jEdGCpwRJWfFckX6MIoIxTG0jyhUaH+3shwpNQ8CsxknlGtern4nzdIdXjrZ0wkqaaCLA+FKUc6RnkNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxuu03AfmvVWs6yjCmdwDlfgwg204B7a0AECM3iGV3izMuvFerc+lqMVq9w5hT+wPn8AgpKThA==</latexit>

p 2 Y
<latexit sha1_base64="u+HaWQeVW1D4/gCtbLfheABM/vU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LblxWsA9pQplMJ+3QySTMTIQY+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyn8/iOVisXiXmcJ9SM8ESxkBGsjjex64jHhRVhPCeb5w3xkN5ymswBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifZzLDUjnM5rXqpogskMT+jQUIEjqvx8EXyOzo0yRmEszRMaLdTfGzmOlMqiwEwWEdWqV4j/ecNUh9d+zkSSairI8lCYcqRjVLSAxkxSonlmCCaSmayITLHERJuuaqYEd/XL66R32XSdpnvXarRbZR1VOIUzuAAXrqANt9CBLhBI4Rle4c16sl6sd+tjOVqxyp0T+APr8wcr65Nd</latexit><latexit sha1_base64="u+HaWQeVW1D4/gCtbLfheABM/vU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LblxWsA9pQplMJ+3QySTMTIQY+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyn8/iOVisXiXmcJ9SM8ESxkBGsjjex64jHhRVhPCeb5w3xkN5ymswBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifZzLDUjnM5rXqpogskMT+jQUIEjqvx8EXyOzo0yRmEszRMaLdTfGzmOlMqiwEwWEdWqV4j/ecNUh9d+zkSSairI8lCYcqRjVLSAxkxSonlmCCaSmayITLHERJuuaqYEd/XL66R32XSdpnvXarRbZR1VOIUzuAAXrqANt9CBLhBI4Rle4c16sl6sd+tjOVqxyp0T+APr8wcr65Nd</latexit><latexit sha1_base64="u+HaWQeVW1D4/gCtbLfheABM/vU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LblxWsA9pQplMJ+3QySTMTIQY+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyn8/iOVisXiXmcJ9SM8ESxkBGsjjex64jHhRVhPCeb5w3xkN5ymswBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifZzLDUjnM5rXqpogskMT+jQUIEjqvx8EXyOzo0yRmEszRMaLdTfGzmOlMqiwEwWEdWqV4j/ecNUh9d+zkSSairI8lCYcqRjVLSAxkxSonlmCCaSmayITLHERJuuaqYEd/XL66R32XSdpnvXarRbZR1VOIUzuAAXrqANt9CBLhBI4Rle4c16sl6sd+tjOVqxyp0T+APr8wcr65Nd</latexit><latexit sha1_base64="u+HaWQeVW1D4/gCtbLfheABM/vU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LblxWsA9pQplMJ+3QySTMTIQY+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyn8/iOVisXiXmcJ9SM8ESxkBGsjjex64jHhRVhPCeb5w3xkN5ymswBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifZzLDUjnM5rXqpogskMT+jQUIEjqvx8EXyOzo0yRmEszRMaLdTfGzmOlMqiwEwWEdWqV4j/ecNUh9d+zkSSairI8lCYcqRjVLSAxkxSonlmCCaSmayITLHERJuuaqYEd/XL66R32XSdpnvXarRbZR1VOIUzuAAXrqANt9CBLhBI4Rle4c16sl6sd+tjOVqxyp0T+APr8wcr65Nd</latexit>

f(v) = (v, p)Y 8 v 2 Y.
<latexit sha1_base64="gj0YhTws17kepfP983C510myIgI=">AAACI3icbVDLSgMxFM34rPVVdelmsAgtSJmRgmIRCm5cVrAPaUq5k2ba0ExmTDKFMvRf3PgrblwoxY0L/8X0saitBwKHc+4l5x4v4kxpx/m21tY3Nre2Uzvp3b39g8PM0XFNhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/m/j1AZWKheJRDyPaCqArmM8IaCO1Mzd+bpDHpVtcyg0uonw7wQHoHgGePI1G+DmGDvZDCZzj0gAzseAW2pmsU3CmsFeJOydZNEelnRnjTkjigApNOCjVdJ1ItxKQmhFOR2kcKxoB6UOXNg0VEFDVSqY3juxzo3Rsk8U8oe2puriRQKDUMPDM5CSjWvYm4n9eM9b+dSthIoo1FWT2kR9zW4f2pDC7wyQlmg8NASKZyWqTHkgg2tSaNiW4yyevktplwXUK7kMxWy7O60ihU3SGcshFV6iM7lEFVRFBL+gNfaBP69V6t8bW12x0zZrvnKA/sH5+ARuEpJI=</latexit><latexit sha1_base64="gj0YhTws17kepfP983C510myIgI=">AAACI3icbVDLSgMxFM34rPVVdelmsAgtSJmRgmIRCm5cVrAPaUq5k2ba0ExmTDKFMvRf3PgrblwoxY0L/8X0saitBwKHc+4l5x4v4kxpx/m21tY3Nre2Uzvp3b39g8PM0XFNhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/m/j1AZWKheJRDyPaCqArmM8IaCO1Mzd+bpDHpVtcyg0uonw7wQHoHgGePI1G+DmGDvZDCZzj0gAzseAW2pmsU3CmsFeJOydZNEelnRnjTkjigApNOCjVdJ1ItxKQmhFOR2kcKxoB6UOXNg0VEFDVSqY3juxzo3Rsk8U8oe2puriRQKDUMPDM5CSjWvYm4n9eM9b+dSthIoo1FWT2kR9zW4f2pDC7wyQlmg8NASKZyWqTHkgg2tSaNiW4yyevktplwXUK7kMxWy7O60ihU3SGcshFV6iM7lEFVRFBL+gNfaBP69V6t8bW12x0zZrvnKA/sH5+ARuEpJI=</latexit><latexit sha1_base64="gj0YhTws17kepfP983C510myIgI=">AAACI3icbVDLSgMxFM34rPVVdelmsAgtSJmRgmIRCm5cVrAPaUq5k2ba0ExmTDKFMvRf3PgrblwoxY0L/8X0saitBwKHc+4l5x4v4kxpx/m21tY3Nre2Uzvp3b39g8PM0XFNhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/m/j1AZWKheJRDyPaCqArmM8IaCO1Mzd+bpDHpVtcyg0uonw7wQHoHgGePI1G+DmGDvZDCZzj0gAzseAW2pmsU3CmsFeJOydZNEelnRnjTkjigApNOCjVdJ1ItxKQmhFOR2kcKxoB6UOXNg0VEFDVSqY3juxzo3Rsk8U8oe2puriRQKDUMPDM5CSjWvYm4n9eM9b+dSthIoo1FWT2kR9zW4f2pDC7wyQlmg8NASKZyWqTHkgg2tSaNiW4yyevktplwXUK7kMxWy7O60ihU3SGcshFV6iM7lEFVRFBL+gNfaBP69V6t8bW12x0zZrvnKA/sH5+ARuEpJI=</latexit><latexit sha1_base64="gj0YhTws17kepfP983C510myIgI=">AAACI3icbVDLSgMxFM34rPVVdelmsAgtSJmRgmIRCm5cVrAPaUq5k2ba0ExmTDKFMvRf3PgrblwoxY0L/8X0saitBwKHc+4l5x4v4kxpx/m21tY3Nre2Uzvp3b39g8PM0XFNhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/m/j1AZWKheJRDyPaCqArmM8IaCO1Mzd+bpDHpVtcyg0uonw7wQHoHgGePI1G+DmGDvZDCZzj0gAzseAW2pmsU3CmsFeJOydZNEelnRnjTkjigApNOCjVdJ1ItxKQmhFOR2kcKxoB6UOXNg0VEFDVSqY3juxzo3Rsk8U8oe2puriRQKDUMPDM5CSjWvYm4n9eM9b+dSthIoo1FWT2kR9zW4f2pDC7wyQlmg8NASKZyWqTHkgg2tSaNiW4yyevktplwXUK7kMxWy7O60ihU3SGcshFV6iM7lEFVRFBL+gNfaBP69V6t8bW12x0zZrvnKA/sH5+ARuEpJI=</latexit>

kfkY0 = sup
v2Y

f(v)

kvkY
= kpkY

<latexit sha1_base64="LRNJPYOsDXMBWArZ9kRX9OWOHe0="></latexit><latexit sha1_base64="LRNJPYOsDXMBWArZ9kRX9OWOHe0="></latexit><latexit sha1_base64="LRNJPYOsDXMBWArZ9kRX9OWOHe0="></latexit><latexit sha1_base64="LRNJPYOsDXMBWArZ9kRX9OWOHe0="></latexit>

w 2 Y
<latexit sha1_base64="w65S21CayC3QeW2uFikZLJrYLDo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRQl0W3LisYB/ShDKZTtqhk0mYmSg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gep37vQcqFYvFnZ4l1I/wWLCQEayNNLSrjx4TXoT1hGCe3c+Hds2pOwugdeIWpAYF2kP7yxvFJI2o0IRjpQauk2g/w1Izwum84qWKJphM8ZgODBU4osrPFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKJa9XLxP2+Q6vDKz5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtZdp+7eNmqtRlFHGU7hDC7AhSa04Aba0AECKTzDK7xZT9aL9W59LEdLVrFzAn9gff4ANumTZA==</latexit><latexit sha1_base64="w65S21CayC3QeW2uFikZLJrYLDo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRQl0W3LisYB/ShDKZTtqhk0mYmSg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gep37vQcqFYvFnZ4l1I/wWLCQEayNNLSrjx4TXoT1hGCe3c+Hds2pOwugdeIWpAYF2kP7yxvFJI2o0IRjpQauk2g/w1Izwum84qWKJphM8ZgODBU4osrPFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKJa9XLxP2+Q6vDKz5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtZdp+7eNmqtRlFHGU7hDC7AhSa04Aba0AECKTzDK7xZT9aL9W59LEdLVrFzAn9gff4ANumTZA==</latexit><latexit sha1_base64="w65S21CayC3QeW2uFikZLJrYLDo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRQl0W3LisYB/ShDKZTtqhk0mYmSg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gep37vQcqFYvFnZ4l1I/wWLCQEayNNLSrjx4TXoT1hGCe3c+Hds2pOwugdeIWpAYF2kP7yxvFJI2o0IRjpQauk2g/w1Izwum84qWKJphM8ZgODBU4osrPFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKJa9XLxP2+Q6vDKz5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtZdp+7eNmqtRlFHGU7hDC7AhSa04Aba0AECKTzDK7xZT9aL9W59LEdLVrFzAn9gff4ANumTZA==</latexit><latexit sha1_base64="w65S21CayC3QeW2uFikZLJrYLDo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRQl0W3LisYB/ShDKZTtqhk0mYmSg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gep37vQcqFYvFnZ4l1I/wWLCQEayNNLSrjx4TXoT1hGCe3c+Hds2pOwugdeIWpAYF2kP7yxvFJI2o0IRjpQauk2g/w1Izwum84qWKJphM8ZgODBU4osrPFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKJa9XLxP2+Q6vDKz5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtZdp+7eNmqtRlFHGU7hDC7AhSa04Aba0AECKTzDK7xZT9aL9W59LEdLVrFzAn9gff4ANumTZA==</latexit>

f(v) = a(w, v)
<latexit sha1_base64="fnXOeko8mEBaRPRwRreysKzXHso=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahBSm7UtCLUPDisYL9gO1Ssmm2Dc0mS5KtlNKf4cWDIl79Nd78N6btHrT1wcDjvRlm5oUJZ9q47reT29jc2t7J7xb29g8Oj4rHJy0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHQ399tjqjST4tFMEhrEeCBYxAg2VvKj8rhyi8tPl+NKr1hyq+4CaJ14GSlBhkav+NXtS5LGVBjCsda+5yYmmGJlGOF0VuimmiaYjPCA+pYKHFMdTBcnz9CFVfooksqWMGih/p6Y4ljrSRzazhiboV715uJ/np+a6CaYMpGkhgqyXBSlHBmJ5v+jPlOUGD6xBBPF7K2IDLHCxNiUCjYEb/XlddK6qnpu1Xuoleq1LI48nME5lMGDa6jDPTSgCQQkPMMrvDnGeXHenY9la87JZk7hD5zPH4pskA8=</latexit><latexit sha1_base64="fnXOeko8mEBaRPRwRreysKzXHso=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahBSm7UtCLUPDisYL9gO1Ssmm2Dc0mS5KtlNKf4cWDIl79Nd78N6btHrT1wcDjvRlm5oUJZ9q47reT29jc2t7J7xb29g8Oj4rHJy0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHQ399tjqjST4tFMEhrEeCBYxAg2VvKj8rhyi8tPl+NKr1hyq+4CaJ14GSlBhkav+NXtS5LGVBjCsda+5yYmmGJlGOF0VuimmiaYjPCA+pYKHFMdTBcnz9CFVfooksqWMGih/p6Y4ljrSRzazhiboV715uJ/np+a6CaYMpGkhgqyXBSlHBmJ5v+jPlOUGD6xBBPF7K2IDLHCxNiUCjYEb/XlddK6qnpu1Xuoleq1LI48nME5lMGDa6jDPTSgCQQkPMMrvDnGeXHenY9la87JZk7hD5zPH4pskA8=</latexit><latexit sha1_base64="fnXOeko8mEBaRPRwRreysKzXHso=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahBSm7UtCLUPDisYL9gO1Ssmm2Dc0mS5KtlNKf4cWDIl79Nd78N6btHrT1wcDjvRlm5oUJZ9q47reT29jc2t7J7xb29g8Oj4rHJy0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHQ399tjqjST4tFMEhrEeCBYxAg2VvKj8rhyi8tPl+NKr1hyq+4CaJ14GSlBhkav+NXtS5LGVBjCsda+5yYmmGJlGOF0VuimmiaYjPCA+pYKHFMdTBcnz9CFVfooksqWMGih/p6Y4ljrSRzazhiboV715uJ/np+a6CaYMpGkhgqyXBSlHBmJ5v+jPlOUGD6xBBPF7K2IDLHCxNiUCjYEb/XlddK6qnpu1Xuoleq1LI48nME5lMGDa6jDPTSgCQQkPMMrvDnGeXHenY9la87JZk7hD5zPH4pskA8=</latexit><latexit sha1_base64="fnXOeko8mEBaRPRwRreysKzXHso=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahBSm7UtCLUPDisYL9gO1Ssmm2Dc0mS5KtlNKf4cWDIl79Nd78N6btHrT1wcDjvRlm5oUJZ9q47reT29jc2t7J7xb29g8Oj4rHJy0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHQ399tjqjST4tFMEhrEeCBYxAg2VvKj8rhyi8tPl+NKr1hyq+4CaJ14GSlBhkav+NXtS5LGVBjCsda+5yYmmGJlGOF0VuimmiaYjPCA+pYKHFMdTBcnz9CFVfooksqWMGih/p6Y4ljrSRzazhiboV715uJ/np+a6CaYMpGkhgqyXBSlHBmJ5v+jPlOUGD6xBBPF7K2IDLHCxNiUCjYEb/XlddK6qnpu1Xuoleq1LI48nME5lMGDa6jDPTSgCQQkPMMrvDnGeXHenY9la87JZk7hD5zPH4pskA8=</latexit>
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Noncoercive Problems

If    is continuous, then for a given            , 

•   
• there exists a unique element 

• furthermore 

a
<latexit sha1_base64="CnSZxB6B9ZvYt1F4bfD6IAF9lcQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUpINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2a+V6LY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AwHWM2w==</latexit>

w 2 Y
<latexit sha1_base64="x0od8n6YG/EFGEgX+8892VGN6oc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiS1oMuCG5cV7EOaUCbTSTt0Mgkzk0oJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRfXzSUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wuc397pRKxWLxoGcJ9SM8EixkBGsjDWz7CXlMIC/CekwwR48Du+rUnAXQOnELUoUCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4XRe8VJFE0wmeET7hgocUeVni+RzdGGUIQpjaZ7QaKH+3shwpNQsCsxknlCtern4n9dPdXjjZ0wkqaaCLA+FKUc6RnkNaMgkJZrPDMFEMpMVkTGWmGhTVsWU4K5+eZ106jX3qla/b1SbjaKOMpzBOVyCC9fQhDtoQRsITOEZXuHNyqwX6936WI6WrGLnFP7A+vwBdfmS2g==</latexit>

a(w, ·) 2 Y 0
<latexit sha1_base64="NwDxwDCwYW8+4JlsloTuwS7QN1w=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotYQUpSC7osuHFZwT6kCWUymbRDJ5MwM1FK6MKNv+LGhSJu/Qh3/o2TNgttPXDhcM693HuPFzMqlWV9G4WV1bX1jeJmaWt7Z3fP3D/oyCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNcbX2V+954ISSN+qyYxcUM05DSgGCktDcwyqj6cQQf7kTqFDuXQCZEaYcTg3cnArFg1awa4TOycVECO1sD8cvwIJyHhCjMkZd+2YuWmSCiKGZmWnESSGOExGpK+phyFRLrp7IkpPNaKD4NI6OIKztTfEykKpZyEnu7MTpSLXib+5/UTFVy6KeVxogjH80VBwqCKYJYI9KkgWLGJJggLqm+FeIQEwkrnVtIh2IsvL5NOvWaf1+o3jUqzkcdRBGVwBKrABhegCa5BC7QBBo/gGbyCN+PJeDHejY95a8HIZw7BHxifPyL0lnM=</latexit>

Tw 2 Y s.t.
<latexit sha1_base64="/ts75XTN6iH+pV13GX1ZoccwbGI=">AAACFnicbVDLSsNAFJ34rPUVdelmsAhuDEktKLgpuHFZoS9pQphMJ+3QySTMTJQS+hVu/BU3LhRxK+78GydtEG09zMDhnHu5954gYVQq2/4ylpZXVtfWSxvlza3tnV1zb78t41Rg0sIxi0U3QJIwyklLUcVINxEERQEjnWB0lfudOyIkjXlTjRPiRWjAaUgxUlryzVM3QmqIEYNN6N9Dl3L4o9xC9zJ/mSsiKC1lTXyzYlv2FHCROAWpgAIN3/x0+zFOI8IVZkjKnmMnysuQUBQzMim7qSQJwiM0ID1NOYqI9LLpWRN4rJU+DGOhP1dwqv7uyFAk5TgKdGW+spz3cvE/r5eq8MLLKE9SRTieDQpTBlUM84xgnwqCFRtrgrCgeleIh0ggrHSSZR2CM3/yImlXLefMqt7UKvVaEUcJHIIjcAIccA7q4Bo0QAtg8ACewAt4NR6NZ+PNeJ+VLhlFzwH4A+PjG+6NnUk=</latexit>

(Tw, v)Y = a(w, v), 8v 2 Y
<latexit sha1_base64="KYRfvQfdiCpm8NhVkkakhLXPjB8="></latexit>

Tw = arg sup
v2Y

a(w, v)

kvkY
<latexit sha1_base64="sEPrWL+J4fLrJzx3sz7bsw9aU9E="></latexit>
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Noncoercive Problems

If    is continuous, then for a given            , 

•   
• there exists a unique element 

• furthermore 

In matrix form,                            or                            .

a
<latexit sha1_base64="CnSZxB6B9ZvYt1F4bfD6IAF9lcQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUpINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2a+V6LY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AwHWM2w==</latexit>

w 2 Y
<latexit sha1_base64="x0od8n6YG/EFGEgX+8892VGN6oc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiS1oMuCG5cV7EOaUCbTSTt0Mgkzk0oJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRfXzSUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wuc397pRKxWLxoGcJ9SM8EixkBGsjDWz7CXlMIC/CekwwR48Du+rUnAXQOnELUoUCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4XRe8VJFE0wmeET7hgocUeVni+RzdGGUIQpjaZ7QaKH+3shwpNQsCsxknlCtern4n9dPdXjjZ0wkqaaCLA+FKUc6RnkNaMgkJZrPDMFEMpMVkTGWmGhTVsWU4K5+eZ106jX3qla/b1SbjaKOMpzBOVyCC9fQhDtoQRsITOEZXuHNyqwX6936WI6WrGLnFP7A+vwBdfmS2g==</latexit>

a(w, ·) 2 Y 0
<latexit sha1_base64="NwDxwDCwYW8+4JlsloTuwS7QN1w=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotYQUpSC7osuHFZwT6kCWUymbRDJ5MwM1FK6MKNv+LGhSJu/Qh3/o2TNgttPXDhcM693HuPFzMqlWV9G4WV1bX1jeJmaWt7Z3fP3D/oyCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNcbX2V+954ISSN+qyYxcUM05DSgGCktDcwyqj6cQQf7kTqFDuXQCZEaYcTg3cnArFg1awa4TOycVECO1sD8cvwIJyHhCjMkZd+2YuWmSCiKGZmWnESSGOExGpK+phyFRLrp7IkpPNaKD4NI6OIKztTfEykKpZyEnu7MTpSLXib+5/UTFVy6KeVxogjH80VBwqCKYJYI9KkgWLGJJggLqm+FeIQEwkrnVtIh2IsvL5NOvWaf1+o3jUqzkcdRBGVwBKrABhegCa5BC7QBBo/gGbyCN+PJeDHejY95a8HIZw7BHxifPyL0lnM=</latexit>

Tw 2 Y s.t.
<latexit sha1_base64="/ts75XTN6iH+pV13GX1ZoccwbGI=">AAACFnicbVDLSsNAFJ34rPUVdelmsAhuDEktKLgpuHFZoS9pQphMJ+3QySTMTJQS+hVu/BU3LhRxK+78GydtEG09zMDhnHu5954gYVQq2/4ylpZXVtfWSxvlza3tnV1zb78t41Rg0sIxi0U3QJIwyklLUcVINxEERQEjnWB0lfudOyIkjXlTjRPiRWjAaUgxUlryzVM3QmqIEYNN6N9Dl3L4o9xC9zJ/mSsiKC1lTXyzYlv2FHCROAWpgAIN3/x0+zFOI8IVZkjKnmMnysuQUBQzMim7qSQJwiM0ID1NOYqI9LLpWRN4rJU+DGOhP1dwqv7uyFAk5TgKdGW+spz3cvE/r5eq8MLLKE9SRTieDQpTBlUM84xgnwqCFRtrgrCgeleIh0ggrHSSZR2CM3/yImlXLefMqt7UKvVaEUcJHIIjcAIccA7q4Bo0QAtg8ACewAt4NR6NZ+PNeJ+VLhlFzwH4A+PjG+6NnUk=</latexit>

(Tw, v)Y = a(w, v), 8v 2 Y
<latexit sha1_base64="KYRfvQfdiCpm8NhVkkakhLXPjB8="></latexit>

Tw = arg sup
v2Y

a(w, v)

kvkY
<latexit sha1_base64="sEPrWL+J4fLrJzx3sz7bsw9aU9E="></latexit>

YT w = Aw
<latexit sha1_base64="4PPRGZBj8LzUS/kEGNdxCnzCDgM=">AAACTHicbVDLSgMxFM1UrbW+Rl26CRbBVZmpBQURKm5cVuhLOsOQyaRtaOZBkrGUYT7QjQt3foUbF4oIZtpZ2MeF5B7OPYfcHDdiVEjDeNcKG5tbxe3STnl3b//gUD867ogw5pi0cchC3nORIIwGpC2pZKQXcYJ8l5GuO77P5t1nwgUNg5acRsT20TCgA4qRVJSjY8sNmSemvmqJ5SM5wojBpxSu45NWmjoTaN3A2+xaK7lLF72TFDp6xagas4KrwMxBBeTVdPQ3ywtx7JNAYoaE6JtGJO0EcUkxI2nZigWJEB6jIekrGCCfCDuZhZHCc8V4cBBydQIJZ+x/R4J8ke2mlNnOYnmWketm/VgOru2EBlEsSYDnDw1iBmUIs2ShRznBkk0VQJhTtSvEI8QRlir/sgrBXP7yKujUquZltfZYrzTqeRwlcArOwAUwwRVogAfQBG2AwQv4AF/gW3vVPrUf7XcuLWi55wQsVKH4B4VhteQ=</latexit>

T w = Y�1Aw
<latexit sha1_base64="q4ksWBA/A6Xsf3ZS4kNVU4BEA0Q=">AAACUXicbVHLSgMxFL0dX7X1MerSTbAIbiwztaAgQsWNywp9SaeWTJq2oZkHScZShvlFF7ryP9y4UMy0XdjHhSSHc84lNyduyJlUlvWZMTY2t7Z3sru5/N7+waF5dNyQQSQIrZOAB6LlYkk582ldMcVpKxQUey6nTXf0kOrNVyokC/yamoS04+GBz/qMYKWprjl03ID35MTTR+x4WA0J5nEtSbpj5Nyiu3RbZ0HPyUt8aSdrxfg+WRTGCeqaBatoTQutAnsOCjCvatd8d3oBiTzqK8KxlG3bClUnxkIxwmmScyJJQ0xGeEDbGvrYo7ITTxNJ0LlmeqgfCL18habs/44YezKdTTvTmeWylpLrtHak+jedmPlhpKhPZhf1I45UgNJ4UY8JShSfaICJYHpWRIZYYKL0J+R0CPbyk1dBo1S0r4qlp3KhUp7HkYVTOIMLsOEaKvAIVagDgTf4gh/4zXxkvg0wjJnVyMx7TmChjPwfNxy1zA==</latexit>
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Noncoercive Problems

Recall that 

�(µ) = inf
w2Y

sup
v2Y

a(w, v;w)

kwkYkvkY
= inf

w2Y

1

kwkY

✓
sup
v2Y

a(w, v;µ)

kvkY

◆

<latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit>

= inf
w2Y

a(w, Tw;µ)

kwkYkTwkY
=

kTwkY
kwkY

<latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit>
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Noncoercive Problems

Recall that 

In matrix form, 

�(µ) = inf
w2Y

sup
v2Y

a(w, v;w)

kwkYkvkY
= inf

w2Y

1

kwkY

✓
sup
v2Y

a(w, v;µ)

kvkY

◆

<latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit>

= inf
w2Y

a(w, Tw;µ)

kwkYkTwkY
=

kTwkY
kwkY

<latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit>

�2(µ) = min
w2RN

wTA(µ)TY�1A(µ)w

wTYw
<latexit sha1_base64="p9BQSE9rcvvjYJWKtyJB0KqvAA0="></latexit>
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Noncoercive Problems

Recall that 

In matrix form, 

In other words,            is the minimum eigenvalue of 

�(µ) = inf
w2Y

sup
v2Y

a(w, v;w)

kwkYkvkY
= inf

w2Y

1

kwkY

✓
sup
v2Y

a(w, v;µ)

kvkY

◆

<latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit>

= inf
w2Y

a(w, Tw;µ)

kwkYkTwkY
=

kTwkY
kwkY

<latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit>

�2(µ)
<latexit sha1_base64="5dCXuvI6nIHWcGxKNq5ojW371U0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVUliqpKsFYiYWxSPQhNaFyHKe1ajuR7SBVUQYWfoWFAYRY+Qg2/ga3zQAtR7J8dM69uveeIGFUacf5tkobm1vbO+Xdyt7+weGRfXzSU3EqMenimMVyECBFGBWkq6lmZJBIgnjASD+YXs/9/gORisbiTs8S4nM0FjSiGGkjjeyqF8QsVDNuvswLiEb5fdbM6x5PL0Z2zWk4C8B14hakBgp0RvaXF8Y45URozJBSQ9dJtJ8hqSlmJK94qSIJwlM0JkNDBeJE+dniiByeGyWEUSzNExou1N8dGeJqvqep5EhP1Ko3F//zhqmOrvyMiiTVRODloChlUMdwnggMqSRYs5khCEtqdoV4giTC2uRWMSG4qyevk16z4ToN97ZVa7eKOMqgCs5AHbjgErTBDeiALsDgETyDV/BmPVkv1rv1sSwtWUXPKfgD6/MHCUeYRQ==</latexit><latexit sha1_base64="5dCXuvI6nIHWcGxKNq5ojW371U0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVUliqpKsFYiYWxSPQhNaFyHKe1ajuR7SBVUQYWfoWFAYRY+Qg2/ga3zQAtR7J8dM69uveeIGFUacf5tkobm1vbO+Xdyt7+weGRfXzSU3EqMenimMVyECBFGBWkq6lmZJBIgnjASD+YXs/9/gORisbiTs8S4nM0FjSiGGkjjeyqF8QsVDNuvswLiEb5fdbM6x5PL0Z2zWk4C8B14hakBgp0RvaXF8Y45URozJBSQ9dJtJ8hqSlmJK94qSIJwlM0JkNDBeJE+dniiByeGyWEUSzNExou1N8dGeJqvqep5EhP1Ko3F//zhqmOrvyMiiTVRODloChlUMdwnggMqSRYs5khCEtqdoV4giTC2uRWMSG4qyevk16z4ToN97ZVa7eKOMqgCs5AHbjgErTBDeiALsDgETyDV/BmPVkv1rv1sSwtWUXPKfgD6/MHCUeYRQ==</latexit><latexit sha1_base64="5dCXuvI6nIHWcGxKNq5ojW371U0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVUliqpKsFYiYWxSPQhNaFyHKe1ajuR7SBVUQYWfoWFAYRY+Qg2/ga3zQAtR7J8dM69uveeIGFUacf5tkobm1vbO+Xdyt7+weGRfXzSU3EqMenimMVyECBFGBWkq6lmZJBIgnjASD+YXs/9/gORisbiTs8S4nM0FjSiGGkjjeyqF8QsVDNuvswLiEb5fdbM6x5PL0Z2zWk4C8B14hakBgp0RvaXF8Y45URozJBSQ9dJtJ8hqSlmJK94qSIJwlM0JkNDBeJE+dniiByeGyWEUSzNExou1N8dGeJqvqep5EhP1Ko3F//zhqmOrvyMiiTVRODloChlUMdwnggMqSRYs5khCEtqdoV4giTC2uRWMSG4qyevk16z4ToN97ZVa7eKOMqgCs5AHbjgErTBDeiALsDgETyDV/BmPVkv1rv1sSwtWUXPKfgD6/MHCUeYRQ==</latexit><latexit sha1_base64="5dCXuvI6nIHWcGxKNq5ojW371U0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVUliqpKsFYiYWxSPQhNaFyHKe1ajuR7SBVUQYWfoWFAYRY+Qg2/ga3zQAtR7J8dM69uveeIGFUacf5tkobm1vbO+Xdyt7+weGRfXzSU3EqMenimMVyECBFGBWkq6lmZJBIgnjASD+YXs/9/gORisbiTs8S4nM0FjSiGGkjjeyqF8QsVDNuvswLiEb5fdbM6x5PL0Z2zWk4C8B14hakBgp0RvaXF8Y45URozJBSQ9dJtJ8hqSlmJK94qSIJwlM0JkNDBeJE+dniiByeGyWEUSzNExou1N8dGeJqvqep5EhP1Ko3F//zhqmOrvyMiiTVRODloChlUMdwnggMqSRYs5khCEtqdoV4giTC2uRWMSG4qyevk16z4ToN97ZVa7eKOMqgCs5AHbjgErTBDeiALsDgETyDV/BmPVkv1rv1sSwtWUXPKfgD6/MHCUeYRQ==</latexit>

�2(µ) = min
w2RN

wTA(µ)TY�1A(µ)w

wTYw
<latexit sha1_base64="p9BQSE9rcvvjYJWKtyJB0KqvAA0="></latexit>

A(µ)TY�1A(µ)' = �Y'
<latexit sha1_base64="xnT0zx9Lkf8nksn7nV2MLJOP00g="></latexit>
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Noncoercive Problems

Problem: Find                  such that 

Assume that 

RB Approximation: Find                        such that 

Is the RB Problem well-posed? 

y(µ) 2 Y
<latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y
<latexit sha1_base64="nrdeaAAkmjhq/C2iIvPfSK18zNQ="></latexit><latexit sha1_base64="nrdeaAAkmjhq/C2iIvPfSK18zNQ="></latexit><latexit sha1_base64="nrdeaAAkmjhq/C2iIvPfSK18zNQ="></latexit><latexit sha1_base64="nrdeaAAkmjhq/C2iIvPfSK18zNQ="></latexit>

�(µ) = inf
w2Y

sup
v2Y

a(w, v;µ)

kwkYkvkY
� �0 > 0

<latexit sha1_base64="UV5JrQfcDTrrSfWosRDXIPlOM0I="></latexit><latexit sha1_base64="UV5JrQfcDTrrSfWosRDXIPlOM0I="></latexit><latexit sha1_base64="UV5JrQfcDTrrSfWosRDXIPlOM0I="></latexit><latexit sha1_base64="UV5JrQfcDTrrSfWosRDXIPlOM0I="></latexit>

yN (µ) 2 YN
<latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit>

a(yN (µ), v;µ) = f(v;µ), 8 v 2 YN
<latexit sha1_base64="CVhC9OFqAo/9CyT+eKGpxO3Mb/0="></latexit><latexit sha1_base64="CVhC9OFqAo/9CyT+eKGpxO3Mb/0="></latexit><latexit sha1_base64="CVhC9OFqAo/9CyT+eKGpxO3Mb/0="></latexit><latexit sha1_base64="CVhC9OFqAo/9CyT+eKGpxO3Mb/0="></latexit>
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Noncoercive Problems

One can show that for 

where  

then the following reduced basis problem: 

is well-posed with                           . 

YN := span{ y(µ1), . . . , y(µN ) },
<latexit sha1_base64="yWToDhqt4P6MptFmXT0D+YjIDXo="></latexit>

(Tµy(µn), v )Y = a(y(µn), v; , µ), 8v 2 Y
<latexit sha1_base64="BS6F2ucgBfwaCd/zg3Fbx6i87/w="></latexit>

Find                        such that 

a(yN (µ), v;µ) = f(v;µ), 8 v 2 Vµ
N

<latexit sha1_base64="UOdiLAPVwYUQr17AAFLa6OYywLQ="></latexit>

yN (µ) 2 YN
<latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit>

�N (µ) � �(µ)
<latexit sha1_base64="2BnjoXmVhjMwdacpwW+mnutjoYM=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbkpSC7osuHElFewDmhAm09t26OThzEQooRs3/oobF4q49R/c+TdO0yy09cCFM+fcy9x7/JgzqSzr2yisrK6tbxQ3S1vbO7t75v5BW0aJoNCiEY9E1ycSOAuhpZji0I0FkMDn0PHHVzO/8wBCsii8U5MY3IAMQzZglCgteeax44Mi3k3FCZIz7AzhHmdK9vbMslW1MuBlYuekjHI0PfPL6Uc0CSBUlBMpe7YVKzclQjHKYVpyEgkxoWMyhJ6mIQlAuml2xRSfaqWPB5HQFSqcqb8nUhJIOQl83RkQNZKL3kz8z+slanDppiyMEwUhnX80SDhWEZ5FgvtMAFV8ogmhguldMR0RQajSwZV0CPbiycukXava59Xabb3cqOdxFNEROkEVZKML1EDXqIlaiKJH9Ixe0ZvxZLwY78bHvLVg5DOH6A+Mzx+WOJdN</latexit>

Vµ
N := span{ Tµy(µn), n = 1, . . . , N },

<latexit sha1_base64="YKH0sGYPm5OxHlIqwq9lV1B2ia4="></latexit>
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A.-L. Gerner

with 
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Saddle Point Problems

Problem Structure 

Ay = f vs.


A BT

B

� 
y
�

�
=


f
g

�

| {z }
A U= F

<latexit sha1_base64="FTT+mT4m56BxF1lxipsn43etZnk="></latexit>
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Saddle Point Problems

Applications 
• Mixed finite element methods 

• Optimization and optimal control 

Example: Stokes flow

�̃0(µ)

�̃out�̃in

µ2

µ1

x2

x1

(A = 4, 1)

(0, 0)
⌦̃(µ)

�̃0(µ)

[GERNER & VEROY, 2012]
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Saddle Point Problems

RB Approximation 

Find                                      such that 

Issues: 
• Well-posedness of the approximate problem 

• Efficiently computable bounds for the errors

(µ)
<latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="P6CZTiC4I1x3Shn4wWfQTIYveng="></latexit><latexit sha1_base64="kvOwQ4X5wMeMF4Ucs57/h11OUiA="></latexit><latexit sha1_base64="kvOwQ4X5wMeMF4Ucs57/h11OUiA="></latexit><latexit sha1_base64="oCUgwNnUb5iDpnHz7K9GM1Ua/tM="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit>

and

(yN ,�N ) 2 YN ⇥ ZN
<latexit sha1_base64="yI8oQiOzc8oCt3zkrIR4wh/O8fk="></latexit><latexit sha1_base64="yI8oQiOzc8oCt3zkrIR4wh/O8fk="></latexit><latexit sha1_base64="yI8oQiOzc8oCt3zkrIR4wh/O8fk="></latexit><latexit sha1_base64="yI8oQiOzc8oCt3zkrIR4wh/O8fk="></latexit>

hAyN , vi + hBv,�N i = hf, vi 8 v 2 YN

hByN , qi = hg, qi 8 q 2 ZN
<latexit sha1_base64="mk1kEsPtq/kCQyBHXRRGMzQNmyA="></latexit><latexit sha1_base64="mk1kEsPtq/kCQyBHXRRGMzQNmyA="></latexit><latexit sha1_base64="mk1kEsPtq/kCQyBHXRRGMzQNmyA="></latexit><latexit sha1_base64="mk1kEsPtq/kCQyBHXRRGMzQNmyA="></latexit>

ky � yNkY
<latexit sha1_base64="jJFWEtj8caiXD6NDcTGh/7Qigec="></latexit><latexit sha1_base64="jJFWEtj8caiXD6NDcTGh/7Qigec="></latexit><latexit sha1_base64="jJFWEtj8caiXD6NDcTGh/7Qigec="></latexit><latexit sha1_base64="jJFWEtj8caiXD6NDcTGh/7Qigec="></latexit>

k�� �NkZ
<latexit sha1_base64="7Lmt3MUssl5tKRYBf8RQmO5TrWg="></latexit><latexit sha1_base64="7Lmt3MUssl5tKRYBf8RQmO5TrWg="></latexit><latexit sha1_base64="7Lmt3MUssl5tKRYBf8RQmO5TrWg="></latexit><latexit sha1_base64="7Lmt3MUssl5tKRYBf8RQmO5TrWg="></latexit>
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Saddle Point Problems
Status: 

• Approximation 

— methods for construction of provably stable spaces  
but often requires many velocity basis functions 

[BREZZI, 1974] 

[ROVAS, 2003], [ROZZA & VEROY, 2007] 

• Error Estimation 

— error bounds, but for the combined variable  
and with high offline cost 

[VEROY, PRUD’HOMME, ROVAS & PATERA, 2003] 

[ROZZA, HUYNH & MANZONI, 2013] 

Motivation: 

• Construct stable and efficient approximation spaces 

• Develop separate and offline-inexpensive error bounds

Y = (y,�)
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Saddle Point: Approximation
Status: 
The spaces               constitute a stable pair if for all  

For any                      must contain “supremizing" functions. 

µ 2 D
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�N (µ) := inf
q2ZN

sup
v2YN

hB(µ)v, qi
kvkYkqkZ

> 0
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Saddle Point: Approximation
Status: 
The spaces               constitute a stable pair if for all  

For any                      must contain “supremizing" functions. 

Pressure Space: 
For                                       and 

µ 2 D
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Saddle Point: Approximation
Status: 
The spaces               constitute a stable pair if for all  

For any                      must contain “supremizing" functions. 

Pressure Space: 
For                                       and 

Velocity Space: 

Option 0: The Naive Choice

µ 2 D
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Saddle Point: Approximation
Status: 
The spaces               constitute a stable pair if for all  

For any                      must contain “supremizing" functions. 

Pressure Space: 
For                                       and 

Velocity Space: 

Option 0: The Naive Choice

µ 2 D
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Velocity Space 
For                       and 

• Option 1*                 provably stable 
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Saddle Point: Approximation

q = 1, . . . , Qb
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For                       and 

• Option 1*                 provably stable 
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Saddle Point: Approximation

q = 1, . . . , Qb
<latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit>

)
<latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit>

______ 
*[ROVAS, 2003], [ROZZA & VEROY, 2007]     [GERNER & VEROY, 2012]†

<latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit>

B(µ) =
QbP
q=1

✓qb (µ)B
q

<latexit sha1_base64="dMXKM7In+DjUtt79H6X3HvJJuNA="></latexit><latexit sha1_base64="dMXKM7In+DjUtt79H6X3HvJJuNA="></latexit><latexit sha1_base64="dMXKM7In+DjUtt79H6X3HvJJuNA="></latexit><latexit sha1_base64="dMXKM7In+DjUtt79H6X3HvJJuNA="></latexit>

i = 1, . . . , N
<latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit>

Y1
N := span{ y(µi) , T q�(µi)}

<latexit sha1_base64="31pBNjzO1B9m24nXmQqw6EI4iGA="></latexit><latexit sha1_base64="31pBNjzO1B9m24nXmQqw6EI4iGA="></latexit><latexit sha1_base64="31pBNjzO1B9m24nXmQqw6EI4iGA="></latexit><latexit sha1_base64="31pBNjzO1B9m24nXmQqw6EI4iGA="></latexit>

T qp = arg sup
v2YN

hBqv, pi
kvkY

<latexit sha1_base64="pLQowMhoT7sFzkFGhUwEf4/Ly5c="></latexit><latexit sha1_base64="pLQowMhoT7sFzkFGhUwEf4/Ly5c="></latexit><latexit sha1_base64="pLQowMhoT7sFzkFGhUwEf4/Ly5c="></latexit><latexit sha1_base64="pLQowMhoT7sFzkFGhUwEf4/Ly5c="></latexit>



Introduction to Reduced Basis Methods: Theory and Applications  |   
Karen Veroy-Grepl  |  “Sparsity for Physics, Signal and Learning” Summer School |  
INRIA - Paris | 24-27June 2019

0 50 100 150 200 250 300 350 400 450 500
10−5

10−4

10−3

10−2

10−1

100

Option 1
Option 2
Option 3

0 50 100 150 200 250 300 350 400 450 500
10−5

10−4

10−3

10−2

10−1

100

Option 1
Option 2
Option 3

Velocity Space 
For                       and 

• Option 1*                 provably stable 

!90

Saddle Point: Approximation

q = 1, . . . , Qb
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Saddle Point: Approximation
Velocity Space 
For                       and 

• Option 1*                 provably stable 

• Option 2                   justifiably stable 

q = 1, . . . , Qb
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)
<latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit>

)
<latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit>

†
<latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit>

______ 
*[ROVAS, 2003], [ROZZA & VEROY, 2007]     [GERNER & VEROY, 2012]†

<latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit>

Velocity error vs

Pressure error vs

i = 1, . . . , N
<latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit>

Y1
N := span{ y(µi) , T q�(µi)| {z }

Qb

}

<latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit>

SUPREMIZERS

Ntotal
<latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit>

Ntotal
<latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit>

Y2
N := span{ y(µi) , Tµi�(µi)| {z }

}
<latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit><latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit><latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit><latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit>

SUPREMIZER SNAPSHOTS
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Saddle Point: Approximation
Velocity Space 
For                       and 

• Option 1*                 provably stable 

• Option 2                   justifiably stable 

• Option 3                  empirically stable

q = 1, . . . , Qb
<latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit>

)
<latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit>

)
<latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit>

)
<latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit>

†
<latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit>

†
<latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit>

______ 
*[ROVAS, 2003], [ROZZA & VEROY, 2007]     [GERNER & VEROY, 2012]†

<latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit>
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Velocity error vs

Pressure error vs

i = 1, . . . , N
<latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit>

Ntotal
<latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit>

Ntotal
<latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit>

Y1
N := span{ y(µi) , T q�(µi)| {z }

Qb

}

<latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit>

SUPREMIZERS

Y2
N := span{ y(µi) , Tµi�(µi)| {z }

}
<latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit><latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit><latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit><latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit>

SUPREMIZER SNAPSHOTS

Y3
N := span{y(µi), y(µ0

i)| {z } }
<latexit sha1_base64="OM2bmS00z5Jt/u+U+Q1zB+QBHoo="></latexit><latexit sha1_base64="OM2bmS00z5Jt/u+U+Q1zB+QBHoo="></latexit><latexit sha1_base64="OM2bmS00z5Jt/u+U+Q1zB+QBHoo="></latexit><latexit sha1_base64="OM2bmS00z5Jt/u+U+Q1zB+QBHoo="></latexit>

VELOCITY SNAPSHOTS
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1. Treat entire system as a general noncoercive problem 

Let                be the residual, 

2. Treat the system as a saddle point problem

!93

Saddle Point: Error Estimation

R(V ;µ)
<latexit sha1_base64="CbkQbul18uPQg60uEtwpwTaIN14="></latexit><latexit sha1_base64="CbkQbul18uPQg60uEtwpwTaIN14="></latexit><latexit sha1_base64="CbkQbul18uPQg60uEtwpwTaIN14="></latexit><latexit sha1_base64="CbkQbul18uPQg60uEtwpwTaIN14="></latexit>

[BANACH-NECAS-BABUSKA]

[VEROY, PRUD’HOMME, ROVAS & PATERA, 2003] 
and, e.g., [ROZZA, HUYNH & MANZONI, 2013]

[BREZZI]

[GERNER & VEROY, 2012]

ky � yNkX 
kr1NkX 0

↵LB
+

⇣
1 + �UB

↵LB

⌘ kr2NkX 0

�b
LB

=: �y
N

k�� �NkX 
kr1NkX 0

�b
LB

+ �UB

�b
LB

�y
N =: ��

N
<latexit sha1_base64="F8JmTnSj2o4hG4MM/pE/oDjeJAg="></latexit><latexit sha1_base64="F8JmTnSj2o4hG4MM/pE/oDjeJAg="></latexit><latexit sha1_base64="F8JmTnSj2o4hG4MM/pE/oDjeJAg="></latexit><latexit sha1_base64="F8JmTnSj2o4hG4MM/pE/oDjeJAg="></latexit>

A(U(µ), V ;µ) = F(V ;µ), 8 V 2 X
<latexit sha1_base64="u3ykQyoZ0S/uJ8IrX1Rxe6o2QQU="></latexit>

kU(µ)� UN (µ)kX  kR( · ;µ)kX 0

�A
LB(µ)

=: �U
N (µ)

<latexit sha1_base64="pxUzz7/VTxkh+umfA/rkp9unWs4="></latexit>
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Saddle Point: Error Estimation

Pressure Error Bound Velocity Error Bound
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Saddle Point: Error Estimation

Pressure Error Bound Velocity Error Bound
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ke�k / k�k
<latexit sha1_base64="BdLbQ4kPt26R7ZlHlbhsdZbmJrA=">AAACE3icbZC7TsMwFIadcivlFmBksahAiKEkBQkklkosjEWiF6kJleM4rVXHiWwHqQp9BxZehYUBhFhZ2HgbnDQDtBzJ1qf/nF/2+b2YUaks69soLSwuLa+UVytr6xubW+b2TltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq63fuiZA04rdqHBM3RANOA4qR0lLfPHYeIIF3MHWYNvloArXgXMKT7Mp5qmvsm1WrZuUF58EuoAqKavbNL8ePcBISrjBDUvZsK1ZuioSimJFJxUkkiREeoQHpaeQoJNJN850m8EArPgwioQ9XMFd/O1IUSjkOPT0ZIjWUs71M/K/XS1Rw4aaUx4kiHE8fChIGVQSzgKBPBcGKjTUgLKj+K8RDJBBWOsaKDsGeXXke2vWafVqr35xVG4dFHGWwB/bBEbDBOWiAa9AELYDBI3gGr+DNeDJejHfjYzpaMgrPLvhTxucP1nubiQ==</latexit>

�� / k�k
<latexit sha1_base64="u9D37ZZckwxBMhWLg5Sp57NMkQs=">AAACEnicbVC7TsMwFHXKq5RXgJHFogLBUpKCBBJLJRgYi0QfUhMqx3Fbq85D9g1SFfoNLPwKCwMIsTKx8Tc4bQYoHMnW0Tn3yL7HiwVXYFlfRmFufmFxqbhcWlldW98wN7eaKkokZQ0aiUi2PaKY4CFrAAfB2rFkJPAEa3nDi8xv3TGpeBTewChmbkD6Ie9xSkBLXfPQuWQCCL5NHaFTPhlj5xwfZRd27nEuZrRrlq2KNQH+S+yclFGOetf8dPyIJgELgQqiVMe2YnBTIoFTwcYlJ1EsJnRI+qyjaUgCptx0stIY72nFx71I6hMCnqg/EykJlBoFnp4MCAzUrJeJ/3mdBHpnbsrDOAEW0ulDvURgiHDWD/a5ZBTESBNCJdd/xXRAJKGgWyzpEuzZlf+SZrViH1eq1yfl2n5eRxHtoF10gGx0imroCtVRA1H0gJ7QC3o1Ho1n4814n44WjDyzjX7B+PgGm92bcA==</latexit>

�Ba / k�k
<latexit sha1_base64="k+TFBUtABERABv+lKbQ/peL+n+g=">AAACD3icbVC7TsMwFHXKq5RXgZHFoqJiKklBAomlAgbGItGH1JTqxnFaq44T2Q5SFfoHLPwKCwMIsbKy8Te4jwFajmTr6Jx7r32PF3OmtG1/W5mFxaXllexqbm19Y3Mrv71TV1EiCa2RiEey6YGinAla00xz2owlhdDjtOH1L0d+455KxSJxqwcxbYfQFSxgBLSROvmie0W5BnyXujLEFzDE7jk+Gl3uA3a5GeSDoZ18wS7ZY+B54kxJAU1R7eS/XD8iSUiFJhyUajl2rNspSM0Ip8OcmygaA+lDl7YMFRBS1U7H+wzxgVF8HETSHKHxWP3dkUKo1CD0TGUIuqdmvZH4n9dKdHDWTpmIE00FmTwUJBzrCI/CwT6TlGg+MASIZOavmPRAAtEmwpwJwZldeZ7UyyXnuFS+OSlUitM4smgP7aND5KBTVEHXqIpqiKBH9Ixe0Zv1ZL1Y79bHpDRjTXt20R9Ynz96+5pT</latexit>

keyk / kyk
<latexit sha1_base64="BhW9KxrV/ATr0rDOLWGHFHc0flU=">AAACBnicbZBNS8MwGMfT+TbnW9WjCMGheJrtFBS8DLx4nOBeYK0jzdItLE1Lkgql7uTFr+LFgyJe/Qze/DamXQ+6+UDCj///eUievxcxKpVlfRulhcWl5ZXyamVtfWNzy9zeacswFpi0cMhC0fWQJIxy0lJUMdKNBEGBx0jHG19lfueeCElDfquSiLgBGnLqU4yUlvrmvvMACbyDCdTgXMKT7Mo4F/pm1apZecF5sAuogqKaffPLGYQ4DghXmCEpe7YVKTdFQlHMyKTixJJECI/RkPQ0chQQ6ab5GhN4qJUB9EOhD1cwV39PpCiQMgk83RkgNZKzXib+5/Vi5V+4KeVRrAjH04f8mEEVwiwTOKCCYMUSDQgLqv8K8QgJhJVOrqJDsGdXnod2vWaf1uo3Z9XGURFHGeyBA3AMbHAOGuAaNEELYPAInsEreDOejBfj3fiYtpaMYmYX/Cnj8wcrl5Wn</latexit>

�y / kyk
<latexit sha1_base64="Ai2tTnG+batpbSLFuFTCJwjY3dE=">AAACA3icbVC7TsMwFHXKq5RXgA0WiwrEVJKCBBJLJRgYi0QfUhMqx3Vaq44T2Q5SlFZi4VdYGECIlZ9g429w2gzQciRbx+fcq+t7vIhRqSzr2ygsLC4trxRXS2vrG5tb5vZOU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CrzWw9ESBryO5VExA1Qn1OfYqS01DX3nGvCFIL3CXQu4Ul2QWcE9WvUNctWxZoAzhM7J2WQo941v5xeiOOAcIUZkrJjW5FyUyQUxYyMS04sSYTwEPVJR1OOAiLddLLDGB5qpQf9UOjDFZyovztSFEiZBJ6uDJAayFkvE//zOrHyL9yU8ihWhOPpID9mUIUwCwT2qCBYsUQThAXVf4V4gATCSsdW0iHYsyvPk2a1Yp9Wqrdn5dpRHkcR7IMDcAxscA5q4AbUQQNg8AiewSt4M56MF+Pd+JiWFoy8Zxf8gfH5AzUplTo=</latexit>

�Ba / kyk
<latexit sha1_base64="EUlKj4fsQBH1w9IOMinyEabD6lM=">AAACCXicbVC7TsMwFHV4lvIKMLJYVCCmkhQkkFgqYGAsEn1ITagc122t2k5kO0hR6MrCr7AwgBArf8DG3+C0GaDlSL46OudeXd8TRIwq7Tjf1tz8wuLScmGluLq2vrFpb203VBhLTOo4ZKFsBUgRRgWpa6oZaUWSIB4w0gyGl5nfvCdS0VDc6iQiPkd9QXsUI22kjg29K8I0gnepJzm8QCPoncOjrHgPMDGlY5ecsjMGnCVuTkogR61jf3ndEMecCI0ZUqrtOpH2UyQ1xYyMil6sSITwEPVJ21CBOFF+Or5kBPeN0oW9UJonNByrvydSxJVKeGA6OdIDNe1l4n9eO9a9Mz+lIoo1EXiyqBczqEOYxQK7VBKsWWIIwpKav0I8QBJhbcIrmhDc6ZNnSaNSdo/LlZuTUvUgj6MAdsEeOAQuOAVVcA1qoA4weATP4BW8WU/Wi/VufUxa56x8Zgf8gfX5A+mfl9M=</latexit>
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Saddle Point: Error Estimation

Pressure Error Bound Velocity Error Bound
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ke�k / k�k
<latexit sha1_base64="BdLbQ4kPt26R7ZlHlbhsdZbmJrA=">AAACE3icbZC7TsMwFIadcivlFmBksahAiKEkBQkklkosjEWiF6kJleM4rVXHiWwHqQp9BxZehYUBhFhZ2HgbnDQDtBzJ1qf/nF/2+b2YUaks69soLSwuLa+UVytr6xubW+b2TltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq63fuiZA04rdqHBM3RANOA4qR0lLfPHYeIIF3MHWYNvloArXgXMKT7Mp5qmvsm1WrZuUF58EuoAqKavbNL8ePcBISrjBDUvZsK1ZuioSimJFJxUkkiREeoQHpaeQoJNJN850m8EArPgwioQ9XMFd/O1IUSjkOPT0ZIjWUs71M/K/XS1Rw4aaUx4kiHE8fChIGVQSzgKBPBcGKjTUgLKj+K8RDJBBWOsaKDsGeXXke2vWafVqr35xVG4dFHGWwB/bBEbDBOWiAa9AELYDBI3gGr+DNeDJejHfjYzpaMgrPLvhTxucP1nubiQ==</latexit>

�� / k�k
<latexit sha1_base64="u9D37ZZckwxBMhWLg5Sp57NMkQs=">AAACEnicbVC7TsMwFHXKq5RXgJHFogLBUpKCBBJLJRgYi0QfUhMqx3Fbq85D9g1SFfoNLPwKCwMIsTKx8Tc4bQYoHMnW0Tn3yL7HiwVXYFlfRmFufmFxqbhcWlldW98wN7eaKkokZQ0aiUi2PaKY4CFrAAfB2rFkJPAEa3nDi8xv3TGpeBTewChmbkD6Ie9xSkBLXfPQuWQCCL5NHaFTPhlj5xwfZRd27nEuZrRrlq2KNQH+S+yclFGOetf8dPyIJgELgQqiVMe2YnBTIoFTwcYlJ1EsJnRI+qyjaUgCptx0stIY72nFx71I6hMCnqg/EykJlBoFnp4MCAzUrJeJ/3mdBHpnbsrDOAEW0ulDvURgiHDWD/a5ZBTESBNCJdd/xXRAJKGgWyzpEuzZlf+SZrViH1eq1yfl2n5eRxHtoF10gGx0imroCtVRA1H0gJ7QC3o1Ho1n4814n44WjDyzjX7B+PgGm92bcA==</latexit>
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�� / k�k
<latexit sha1_base64="u9D37ZZckwxBMhWLg5Sp57NMkQs=">AAACEnicbVC7TsMwFHXKq5RXgJHFogLBUpKCBBJLJRgYi0QfUhMqx3Fbq85D9g1SFfoNLPwKCwMIsTKx8Tc4bQYoHMnW0Tn3yL7HiwVXYFlfRmFufmFxqbhcWlldW98wN7eaKkokZQ0aiUi2PaKY4CFrAAfB2rFkJPAEa3nDi8xv3TGpeBTewChmbkD6Ie9xSkBLXfPQuWQCCL5NHaFTPhlj5xwfZRd27nEuZrRrlq2KNQH+S+yclFGOetf8dPyIJgELgQqiVMe2YnBTIoFTwcYlJ1EsJnRI+qyjaUgCptx0stIY72nFx71I6hMCnqg/EykJlBoFnp4MCAzUrJeJ/3mdBHpnbsrDOAEW0ulDvURgiHDWD/a5ZBTESBNCJdd/xXRAJKGgWyzpEuzZlf+SZrViH1eq1yfl2n5eRxHtoF10gGx0imroCtVRA1H0gJ7QC3o1Ho1n4814n44WjDyzjX7B+PgGm92bcA==</latexit>

�Ba / k�k
<latexit sha1_base64="k+TFBUtABERABv+lKbQ/peL+n+g=">AAACD3icbVC7TsMwFHXKq5RXgZHFoqJiKklBAomlAgbGItGH1JTqxnFaq44T2Q5SFfoHLPwKCwMIsbKy8Te4jwFajmTr6Jx7r32PF3OmtG1/W5mFxaXllexqbm19Y3Mrv71TV1EiCa2RiEey6YGinAla00xz2owlhdDjtOH1L0d+455KxSJxqwcxbYfQFSxgBLSROvmie0W5BnyXujLEFzDE7jk+Gl3uA3a5GeSDoZ18wS7ZY+B54kxJAU1R7eS/XD8iSUiFJhyUajl2rNspSM0Ip8OcmygaA+lDl7YMFRBS1U7H+wzxgVF8HETSHKHxWP3dkUKo1CD0TGUIuqdmvZH4n9dKdHDWTpmIE00FmTwUJBzrCI/CwT6TlGg+MASIZOavmPRAAtEmwpwJwZldeZ7UyyXnuFS+OSlUitM4smgP7aND5KBTVEHXqIpqiKBH9Ixe0Zv1ZL1Y79bHpDRjTXt20R9Ynz96+5pT</latexit>

keyk / kyk
<latexit sha1_base64="BhW9KxrV/ATr0rDOLWGHFHc0flU=">AAACBnicbZBNS8MwGMfT+TbnW9WjCMGheJrtFBS8DLx4nOBeYK0jzdItLE1Lkgql7uTFr+LFgyJe/Qze/DamXQ+6+UDCj///eUievxcxKpVlfRulhcWl5ZXyamVtfWNzy9zeacswFpi0cMhC0fWQJIxy0lJUMdKNBEGBx0jHG19lfueeCElDfquSiLgBGnLqU4yUlvrmvvMACbyDCdTgXMKT7Mo4F/pm1apZecF5sAuogqKaffPLGYQ4DghXmCEpe7YVKTdFQlHMyKTixJJECI/RkPQ0chQQ6ab5GhN4qJUB9EOhD1cwV39PpCiQMgk83RkgNZKzXib+5/Vi5V+4KeVRrAjH04f8mEEVwiwTOKCCYMUSDQgLqv8K8QgJhJVOrqJDsGdXnod2vWaf1uo3Z9XGURFHGeyBA3AMbHAOGuAaNEELYPAInsEreDOejBfj3fiYtpaMYmYX/Cnj8wcrl5Wn</latexit>

�y / kyk
<latexit sha1_base64="Ai2tTnG+batpbSLFuFTCJwjY3dE=">AAACA3icbVC7TsMwFHXKq5RXgA0WiwrEVJKCBBJLJRgYi0QfUhMqx3Vaq44T2Q5SlFZi4VdYGECIlZ9g429w2gzQciRbx+fcq+t7vIhRqSzr2ygsLC4trxRXS2vrG5tb5vZOU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CrzWw9ESBryO5VExA1Qn1OfYqS01DX3nGvCFIL3CXQu4Ul2QWcE9WvUNctWxZoAzhM7J2WQo941v5xeiOOAcIUZkrJjW5FyUyQUxYyMS04sSYTwEPVJR1OOAiLddLLDGB5qpQf9UOjDFZyovztSFEiZBJ6uDJAayFkvE//zOrHyL9yU8ihWhOPpID9mUIUwCwT2qCBYsUQThAXVf4V4gATCSsdW0iHYsyvPk2a1Yp9Wqrdn5dpRHkcR7IMDcAxscA5q4AbUQQNg8AiewSt4M56MF+Pd+JiWFoy8Zxf8gfH5AzUplTo=</latexit>

�Ba / kyk
<latexit sha1_base64="EUlKj4fsQBH1w9IOMinyEabD6lM=">AAACCXicbVC7TsMwFHV4lvIKMLJYVCCmkhQkkFgqYGAsEn1ITagc122t2k5kO0hR6MrCr7AwgBArf8DG3+C0GaDlSL46OudeXd8TRIwq7Tjf1tz8wuLScmGluLq2vrFpb203VBhLTOo4ZKFsBUgRRgWpa6oZaUWSIB4w0gyGl5nfvCdS0VDc6iQiPkd9QXsUI22kjg29K8I0gnepJzm8QCPoncOjrHgPMDGlY5ecsjMGnCVuTkogR61jf3ndEMecCI0ZUqrtOpH2UyQ1xYyMil6sSITwEPVJ21CBOFF+Or5kBPeN0oW9UJonNByrvydSxJVKeGA6OdIDNe1l4n9eO9a9Mz+lIoo1EXiyqBczqEOYxQK7VBKsWWIIwpKav0I8QBJhbcIrmhDc6ZNnSaNSdo/LlZuTUvUgj6MAdsEeOAQuOAVVcA1qoA4weATP4BW8WU/Wi/VufUxa56x8Zgf8gfX5A+mfl9M=</latexit>
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Saddle Point: Error Estimation
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ke�k / k�k
<latexit sha1_base64="BdLbQ4kPt26R7ZlHlbhsdZbmJrA=">AAACE3icbZC7TsMwFIadcivlFmBksahAiKEkBQkklkosjEWiF6kJleM4rVXHiWwHqQp9BxZehYUBhFhZ2HgbnDQDtBzJ1qf/nF/2+b2YUaks69soLSwuLa+UVytr6xubW+b2TltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq63fuiZA04rdqHBM3RANOA4qR0lLfPHYeIIF3MHWYNvloArXgXMKT7Mp5qmvsm1WrZuUF58EuoAqKavbNL8ePcBISrjBDUvZsK1ZuioSimJFJxUkkiREeoQHpaeQoJNJN850m8EArPgwioQ9XMFd/O1IUSjkOPT0ZIjWUs71M/K/XS1Rw4aaUx4kiHE8fChIGVQSzgKBPBcGKjTUgLKj+K8RDJBBWOsaKDsGeXXke2vWafVqr35xVG4dFHGWwB/bBEbDBOWiAa9AELYDBI3gGr+DNeDJejHfjYzpaMgrPLvhTxucP1nubiQ==</latexit>

�� / k�k
<latexit sha1_base64="u9D37ZZckwxBMhWLg5Sp57NMkQs=">AAACEnicbVC7TsMwFHXKq5RXgJHFogLBUpKCBBJLJRgYi0QfUhMqx3Fbq85D9g1SFfoNLPwKCwMIsTKx8Tc4bQYoHMnW0Tn3yL7HiwVXYFlfRmFufmFxqbhcWlldW98wN7eaKkokZQ0aiUi2PaKY4CFrAAfB2rFkJPAEa3nDi8xv3TGpeBTewChmbkD6Ie9xSkBLXfPQuWQCCL5NHaFTPhlj5xwfZRd27nEuZrRrlq2KNQH+S+yclFGOetf8dPyIJgELgQqiVMe2YnBTIoFTwcYlJ1EsJnRI+qyjaUgCptx0stIY72nFx71I6hMCnqg/EykJlBoFnp4MCAzUrJeJ/3mdBHpnbsrDOAEW0ulDvURgiHDWD/a5ZBTESBNCJdd/xXRAJKGgWyzpEuzZlf+SZrViH1eq1yfl2n5eRxHtoF10gGx0imroCtVRA1H0gJ7QC3o1Ho1n4814n44WjDyzjX7B+PgGm92bcA==</latexit>

�Ba / k�k
<latexit sha1_base64="k+TFBUtABERABv+lKbQ/peL+n+g=">AAACD3icbVC7TsMwFHXKq5RXgZHFoqJiKklBAomlAgbGItGH1JTqxnFaq44T2Q5SFfoHLPwKCwMIsbKy8Te4jwFajmTr6Jx7r32PF3OmtG1/W5mFxaXllexqbm19Y3Mrv71TV1EiCa2RiEey6YGinAla00xz2owlhdDjtOH1L0d+455KxSJxqwcxbYfQFSxgBLSROvmie0W5BnyXujLEFzDE7jk+Gl3uA3a5GeSDoZ18wS7ZY+B54kxJAU1R7eS/XD8iSUiFJhyUajl2rNspSM0Ip8OcmygaA+lDl7YMFRBS1U7H+wzxgVF8HETSHKHxWP3dkUKo1CD0TGUIuqdmvZH4n9dKdHDWTpmIE00FmTwUJBzrCI/CwT6TlGg+MASIZOavmPRAAtEmwpwJwZldeZ7UyyXnuFS+OSlUitM4smgP7aND5KBTVEHXqIpqiKBH9Ixe0Zv1ZL1Y79bHpDRjTXt20R9Ynz96+5pT</latexit>

keyk / kyk
<latexit sha1_base64="BhW9KxrV/ATr0rDOLWGHFHc0flU=">AAACBnicbZBNS8MwGMfT+TbnW9WjCMGheJrtFBS8DLx4nOBeYK0jzdItLE1Lkgql7uTFr+LFgyJe/Qze/DamXQ+6+UDCj///eUievxcxKpVlfRulhcWl5ZXyamVtfWNzy9zeacswFpi0cMhC0fWQJIxy0lJUMdKNBEGBx0jHG19lfueeCElDfquSiLgBGnLqU4yUlvrmvvMACbyDCdTgXMKT7Mo4F/pm1apZecF5sAuogqKaffPLGYQ4DghXmCEpe7YVKTdFQlHMyKTixJJECI/RkPQ0chQQ6ab5GhN4qJUB9EOhD1cwV39PpCiQMgk83RkgNZKzXib+5/Vi5V+4KeVRrAjH04f8mEEVwiwTOKCCYMUSDQgLqv8K8QgJhJVOrqJDsGdXnod2vWaf1uo3Z9XGURFHGeyBA3AMbHAOGuAaNEELYPAInsEreDOejBfj3fiYtpaMYmYX/Cnj8wcrl5Wn</latexit>

�y / kyk
<latexit sha1_base64="Ai2tTnG+batpbSLFuFTCJwjY3dE=">AAACA3icbVC7TsMwFHXKq5RXgA0WiwrEVJKCBBJLJRgYi0QfUhMqx3Vaq44T2Q5SlFZi4VdYGECIlZ9g429w2gzQciRbx+fcq+t7vIhRqSzr2ygsLC4trxRXS2vrG5tb5vZOU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CrzWw9ESBryO5VExA1Qn1OfYqS01DX3nGvCFIL3CXQu4Ul2QWcE9WvUNctWxZoAzhM7J2WQo941v5xeiOOAcIUZkrJjW5FyUyQUxYyMS04sSYTwEPVJR1OOAiLddLLDGB5qpQf9UOjDFZyovztSFEiZBJ6uDJAayFkvE//zOrHyL9yU8ihWhOPpID9mUIUwCwT2qCBYsUQThAXVf4V4gATCSsdW0iHYsyvPk2a1Yp9Wqrdn5dpRHkcR7IMDcAxscA5q4AbUQQNg8AiewSt4M56MF+Pd+JiWFoy8Zxf8gfH5AzUplTo=</latexit>

�Ba / kyk
<latexit sha1_base64="EUlKj4fsQBH1w9IOMinyEabD6lM=">AAACCXicbVC7TsMwFHV4lvIKMLJYVCCmkhQkkFgqYGAsEn1ITagc122t2k5kO0hR6MrCr7AwgBArf8DG3+C0GaDlSL46OudeXd8TRIwq7Tjf1tz8wuLScmGluLq2vrFpb203VBhLTOo4ZKFsBUgRRgWpa6oZaUWSIB4w0gyGl5nfvCdS0VDc6iQiPkd9QXsUI22kjg29K8I0gnepJzm8QCPoncOjrHgPMDGlY5ecsjMGnCVuTkogR61jf3ndEMecCI0ZUqrtOpH2UyQ1xYyMil6sSITwEPVJ21CBOFF+Or5kBPeN0oW9UJonNByrvydSxJVKeGA6OdIDNe1l4n9eO9a9Mz+lIoo1EXiyqBczqEOYxQK7VBKsWWIIwpKav0I8QBJhbcIrmhDc6ZNnSaNSdo/LlZuTUvUgj6MAdsEeOAQuOAVVcA1qoA4weATP4BW8WU/Wi/VufUxa56x8Zgf8gfX5A+mfl9M=</latexit>
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Non-Affine Problems
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Contaminant Transport [Gre05]

Concentration              of pollutant in     governed by scalar  

convection-diffusion equation 

with source term modeled by 

Goal: Identify source location        parameter                       

⌦
<latexit sha1_base64="13ItfE6/ZxMZyHGwBCtnpE0QkX8="></latexit><latexit sha1_base64="13ItfE6/ZxMZyHGwBCtnpE0QkX8="></latexit><latexit sha1_base64="13ItfE6/ZxMZyHGwBCtnpE0QkX8="></latexit><latexit sha1_base64="13ItfE6/ZxMZyHGwBCtnpE0QkX8="></latexit>

gPS(x;µ) =
50

⇡
e�50((x1�xs

1)
2+(x2�xs

2)
2).

<latexit sha1_base64="nE4MuejPmJFbKVKjqquUYlbKCWE="></latexit><latexit sha1_base64="nE4MuejPmJFbKVKjqquUYlbKCWE="></latexit><latexit sha1_base64="nE4MuejPmJFbKVKjqquUYlbKCWE="></latexit><latexit sha1_base64="nE4MuejPmJFbKVKjqquUYlbKCWE="></latexit>

)
<latexit sha1_base64="MS3cunI/KKZHAmOOS72eimvYJms="></latexit><latexit sha1_base64="MS3cunI/KKZHAmOOS72eimvYJms="></latexit><latexit sha1_base64="MS3cunI/KKZHAmOOS72eimvYJms="></latexit><latexit sha1_base64="MS3cunI/KKZHAmOOS72eimvYJms="></latexit>

µ ⌘ (, xs
1, x

s
2).

<latexit sha1_base64="ShXrAztbXCYFednKxh0mhDtYEXs="></latexit><latexit sha1_base64="ShXrAztbXCYFednKxh0mhDtYEXs="></latexit><latexit sha1_base64="ShXrAztbXCYFednKxh0mhDtYEXs="></latexit><latexit sha1_base64="ShXrAztbXCYFednKxh0mhDtYEXs="></latexit>

x2

x1

�M
8 �M

2
(xs

1, xs
2)

�M
1�

y(t;µ)
<latexit sha1_base64="D38mgP1eTDVqsm/7/22PRNYjITE="></latexit><latexit sha1_base64="D38mgP1eTDVqsm/7/22PRNYjITE="></latexit><latexit sha1_base64="D38mgP1eTDVqsm/7/22PRNYjITE="></latexit><latexit sha1_base64="D38mgP1eTDVqsm/7/22PRNYjITE="></latexit>

y(x, t = 0;µ) = 0
<latexit sha1_base64="TvD9OJNn5Es0+Zkvd3vEDB98UjU="></latexit><latexit sha1_base64="TvD9OJNn5Es0+Zkvd3vEDB98UjU="></latexit><latexit sha1_base64="TvD9OJNn5Es0+Zkvd3vEDB98UjU="></latexit><latexit sha1_base64="TvD9OJNn5Es0+Zkvd3vEDB98UjU="></latexit>

@

@t
y(t;µ) +U ·ry(t;µ) = r2y(t;µ) + gPS(x;µ) g(t),

<latexit sha1_base64="SIVOv7zYomLDRnjrpZQlcm3xXm4="></latexit><latexit sha1_base64="SIVOv7zYomLDRnjrpZQlcm3xXm4="></latexit><latexit sha1_base64="SIVOv7zYomLDRnjrpZQlcm3xXm4="></latexit><latexit sha1_base64="SIVOv7zYomLDRnjrpZQlcm3xXm4="></latexit>
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Contaminant Transport — Sample Solutions

Empirical Interpolation Method

Nonaffine Problems

Nonlinear Problems

Nonlinear Reaction Diffusion Problems

Motivation

Coefficient-function Approximation

Error Analysis

Contaminant Transport – Sample Solutions

Field variable: µ = (0.05, 2.9, 0.3) (N = 3720)

10 / 66

Field variable: µ = (0.05, 2.9, 0.3)
<latexit sha1_base64="UauOj7lAg8rE1bCOrj0OdqD6pdY="></latexit><latexit sha1_base64="UauOj7lAg8rE1bCOrj0OdqD6pdY="></latexit><latexit sha1_base64="UauOj7lAg8rE1bCOrj0OdqD6pdY="></latexit><latexit sha1_base64="UauOj7lAg8rE1bCOrj0OdqD6pdY="></latexit>

(N = 3720)
<latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="DUgqcbb4fYdCoFtincFZyWQjZuE="></latexit><latexit sha1_base64="ungn3JQLXSomBuSrfdZemk8gFBw="></latexit><latexit sha1_base64="ungn3JQLXSomBuSrfdZemk8gFBw="></latexit><latexit sha1_base64="h/RDMaqjtTkZ76P9QJ1t1G1jdfE="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit>
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Contaminant Transport — Sample Solutions

Field variable: (N = 3720)
<latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="DUgqcbb4fYdCoFtincFZyWQjZuE="></latexit><latexit sha1_base64="ungn3JQLXSomBuSrfdZemk8gFBw="></latexit><latexit sha1_base64="ungn3JQLXSomBuSrfdZemk8gFBw="></latexit><latexit sha1_base64="h/RDMaqjtTkZ76P9QJ1t1G1jdfE="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit><latexit sha1_base64="epEXSRwXxKAOC43MxqikgzQGHXY="></latexit>

Empirical Interpolation Method

Nonaffine Problems

Nonlinear Problems

Nonlinear Reaction Diffusion Problems

Motivation

Coefficient-function Approximation

Error Analysis

Contaminant Transport – Sample Solutions

Field variable: µ = (0.05, 3.1, 0.5) (N = 3720)

11 / 66

µ = (0.05, 3.1, 0.5)
<latexit sha1_base64="WLbD3GG12f8JG1nJKSUqI5Gcib0="></latexit><latexit sha1_base64="WLbD3GG12f8JG1nJKSUqI5Gcib0="></latexit><latexit sha1_base64="WLbD3GG12f8JG1nJKSUqI5Gcib0="></latexit><latexit sha1_base64="WLbD3GG12f8JG1nJKSUqI5Gcib0="></latexit>
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Contaminant Transport — Truth Problem Statement

Given                        , evaluate 

where                        satisfies 

for                                                  with        nonaffine.

µ 2 D ⇢ IRP
<latexit sha1_base64="leRrMPj3gzA94VGPnDSiARVM1ig="></latexit><latexit sha1_base64="leRrMPj3gzA94VGPnDSiARVM1ig="></latexit><latexit sha1_base64="leRrMPj3gzA94VGPnDSiARVM1ig="></latexit><latexit sha1_base64="leRrMPj3gzA94VGPnDSiARVM1ig="></latexit>

8k 2 K
<latexit sha1_base64="8/BXUbhXRnU5LfQ5wM+jxZK+cgc="></latexit><latexit sha1_base64="8/BXUbhXRnU5LfQ5wM+jxZK+cgc="></latexit><latexit sha1_base64="8/BXUbhXRnU5LfQ5wM+jxZK+cgc="></latexit><latexit sha1_base64="8/BXUbhXRnU5LfQ5wM+jxZK+cgc="></latexit>

gPS
<latexit sha1_base64="vSiNc1jAkgNvEvo6Iqp9gLS4DL8="></latexit><latexit sha1_base64="vSiNc1jAkgNvEvo6Iqp9gLS4DL8="></latexit><latexit sha1_base64="vSiNc1jAkgNvEvo6Iqp9gLS4DL8="></latexit><latexit sha1_base64="vSiNc1jAkgNvEvo6Iqp9gLS4DL8="></latexit>

gPS(x;µ) =
50

⇡
e�50((x1�xs

1)
2+(x2�xs

2)
2).

<latexit sha1_base64="nE4MuejPmJFbKVKjqquUYlbKCWE="></latexit><latexit sha1_base64="nE4MuejPmJFbKVKjqquUYlbKCWE="></latexit><latexit sha1_base64="nE4MuejPmJFbKVKjqquUYlbKCWE="></latexit><latexit sha1_base64="nE4MuejPmJFbKVKjqquUYlbKCWE="></latexit>

s(tk;µ) = `(y(tk;µ))
<latexit sha1_base64="ZOM+HlCGi9OUW5p7MjTEHA47l8o="></latexit><latexit sha1_base64="ZOM+HlCGi9OUW5p7MjTEHA47l8o="></latexit><latexit sha1_base64="ZOM+HlCGi9OUW5p7MjTEHA47l8o="></latexit><latexit sha1_base64="ZOM+HlCGi9OUW5p7MjTEHA47l8o="></latexit>

y(tk;µ) 2 X
<latexit sha1_base64="NLJvE7/INdG3JYbGt6Isd2/sc9g="></latexit><latexit sha1_base64="NLJvE7/INdG3JYbGt6Isd2/sc9g="></latexit><latexit sha1_base64="NLJvE7/INdG3JYbGt6Isd2/sc9g="></latexit><latexit sha1_base64="NLJvE7/INdG3JYbGt6Isd2/sc9g="></latexit>

y(t0;µ) = 0
<latexit sha1_base64="IfJg9xwG/NBDOCSWv1GCcK+VYJE="></latexit><latexit sha1_base64="IfJg9xwG/NBDOCSWv1GCcK+VYJE="></latexit><latexit sha1_base64="IfJg9xwG/NBDOCSWv1GCcK+VYJE="></latexit><latexit sha1_base64="IfJg9xwG/NBDOCSWv1GCcK+VYJE="></latexit>

m

✓
y(tk;µ)� y(tk�1;µ)

�t
, v;µ

◆
+

1
2 a(y(tk;µ) + y(tk�1;µ), v;µ)

= b(v;µ) 1
2 (g(tk) + g(tk�1)), 8v 2 X,

<latexit sha1_base64="gQqV2PM7OfHZtb7ClK9iAZr6kcA="></latexit><latexit sha1_base64="gQqV2PM7OfHZtb7ClK9iAZr6kcA="></latexit><latexit sha1_base64="gQqV2PM7OfHZtb7ClK9iAZr6kcA="></latexit><latexit sha1_base64="gQqV2PM7OfHZtb7ClK9iAZr6kcA="></latexit>

b(v;µ) =

Z

⌦
gPS(x;µ) v d⌦

<latexit sha1_base64="ooONByjpbIa6EePCsYEUQ/Px8ek="></latexit><latexit sha1_base64="ooONByjpbIa6EePCsYEUQ/Px8ek="></latexit><latexit sha1_base64="ooONByjpbIa6EePCsYEUQ/Px8ek="></latexit><latexit sha1_base64="ooONByjpbIa6EePCsYEUQ/Px8ek="></latexit>
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Nonaffine Source Term

Evaluation of RB quantities                   (                                      ): 

requires even in the online stage 

operations. 

Difficulty: 

There is no (     -independent) affine representation of                 .

v = ⇣i, 1  i  Nmax
<latexit sha1_base64="HgsKr0VJCoiDxVpyidy2Vj47ldM="></latexit><latexit sha1_base64="HgsKr0VJCoiDxVpyidy2Vj47ldM="></latexit><latexit sha1_base64="HgsKr0VJCoiDxVpyidy2Vj47ldM="></latexit><latexit sha1_base64="HgsKr0VJCoiDxVpyidy2Vj47ldM="></latexit>

b(⇣i;µ) =

Z

⌦
gPS(x;µ) ⇣i

=
50

⇡

Z

⌦
e�50((x1�µ2)

2+(x2�µ3)
2) ⇣i

<latexit sha1_base64="1Wc7TkKTa/Yk7OlgdmeeQySxU2Y="></latexit><latexit sha1_base64="1Wc7TkKTa/Yk7OlgdmeeQySxU2Y="></latexit><latexit sha1_base64="1Wc7TkKTa/Yk7OlgdmeeQySxU2Y="></latexit><latexit sha1_base64="1Wc7TkKTa/Yk7OlgdmeeQySxU2Y="></latexit>

O(NN)
<latexit sha1_base64="VG6EhysYVUn8hGfGPTD6fmgeeg8="></latexit><latexit sha1_base64="VG6EhysYVUn8hGfGPTD6fmgeeg8="></latexit><latexit sha1_base64="VG6EhysYVUn8hGfGPTD6fmgeeg8="></latexit><latexit sha1_base64="VG6EhysYVUn8hGfGPTD6fmgeeg8="></latexit>

N
<latexit sha1_base64="mqOHmPix0Vbjc9HWr6/++T1wzVA="></latexit><latexit sha1_base64="mqOHmPix0Vbjc9HWr6/++T1wzVA="></latexit><latexit sha1_base64="mqOHmPix0Vbjc9HWr6/++T1wzVA="></latexit><latexit sha1_base64="mqOHmPix0Vbjc9HWr6/++T1wzVA="></latexit>

gPS(x;µ)
<latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="hhy50aM42hwKOm0qK+I8h/9aMP0="></latexit><latexit sha1_base64="CAJbbC+ra5pDn+GSBoZuyNKeEs8="></latexit><latexit sha1_base64="CAJbbC+ra5pDn+GSBoZuyNKeEs8="></latexit><latexit sha1_base64="CBE1f6qDAv89RUX0x2uBQQ5QztI="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit>
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Empirical Interpolation Method [BMNP04, GMNP07]

Main Idea 

Recall: 

If we can calculate the                 efficiently, we can again follow an offline-online 

computational procedure, but 

• how do we calculate the            and the                ? 

• what is the interpolation error introduced?

b(⇣i;µ) =

Z

⌦
gPS(x;µ) ⇣i ⇡

Z

⌦
gPS
M (x;µ) ⇣i

=
MP

m=1
'Mm(µ)

Z

⌦
qm(x) ⇣i ,

<latexit sha1_base64="QTmMu6IjP8+ETJj4DxUNZP9cFHQ="></latexit><latexit sha1_base64="QTmMu6IjP8+ETJj4DxUNZP9cFHQ="></latexit><latexit sha1_base64="QTmMu6IjP8+ETJj4DxUNZP9cFHQ="></latexit><latexit sha1_base64="QTmMu6IjP8+ETJj4DxUNZP9cFHQ="></latexit>

'Mm(µ)
<latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit><latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit><latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit><latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit>

qm(x)
<latexit sha1_base64="IIjJ287cODiyKmyggl5b6tyENas="></latexit><latexit sha1_base64="IIjJ287cODiyKmyggl5b6tyENas="></latexit><latexit sha1_base64="IIjJ287cODiyKmyggl5b6tyENas="></latexit><latexit sha1_base64="IIjJ287cODiyKmyggl5b6tyENas="></latexit>

'Mm(µ)
<latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit><latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit><latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit><latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit>

gPS(x;µ) ⇡ gPS
M (x;µ) =

MX

m=1

'Mm(µ)| {z } qm(x)| {z }
<latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="hhy50aM42hwKOm0qK+I8h/9aMP0="></latexit><latexit sha1_base64="hI01aKQyIIRyr0AOC/Arm3iFUz8="></latexit><latexit sha1_base64="hI01aKQyIIRyr0AOC/Arm3iFUz8="></latexit><latexit sha1_base64="s6g6hK2jibVfx4Y0AaodjqxyUXk="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit>

EIM Collateral RB
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Greedy Approach [MNPP07]

Empirical Interpolation: Greedy approach for constructing both 

• interpolation points                                                  ,  and 

• sample set                                                    and associated 

discrete spaces 

TM = {xT
1 2 ⌦, . . . , xT

M 2 ⌦}
<latexit sha1_base64="NaSx0Kvo47g5AjcxLPFc7CuYGss="></latexit><latexit sha1_base64="NaSx0Kvo47g5AjcxLPFc7CuYGss="></latexit><latexit sha1_base64="NaSx0Kvo47g5AjcxLPFc7CuYGss="></latexit><latexit sha1_base64="NaSx0Kvo47g5AjcxLPFc7CuYGss="></latexit>

Sg
M ⌘ {µg

1 2 D, . . . , µg
M 2 D}

<latexit sha1_base64="lKMAtrVh8aEX1/26Kcb78rf1t2o="></latexit><latexit sha1_base64="lKMAtrVh8aEX1/26Kcb78rf1t2o="></latexit><latexit sha1_base64="lKMAtrVh8aEX1/26Kcb78rf1t2o="></latexit><latexit sha1_base64="lKMAtrVh8aEX1/26Kcb78rf1t2o="></latexit>

V g
M = span{q1, . . . , qM}.

<latexit sha1_base64="qlNXuW+Ohdlzhv1ZdUj6I+Bn1a0="></latexit><latexit sha1_base64="qlNXuW+Ohdlzhv1ZdUj6I+Bn1a0="></latexit><latexit sha1_base64="qlNXuW+Ohdlzhv1ZdUj6I+Bn1a0="></latexit><latexit sha1_base64="qlNXuW+Ohdlzhv1ZdUj6I+Bn1a0="></latexit>
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Greedy Approach [MNPP07]

Empirical Interpolation: Greedy approach for constructing both 

• interpolation points                                                  ,  and 

• sample set                                                    and associated 

discrete spaces 

Greedy Procedure: 

We first choose               and compute 

The first interpolation point is 

and we set                                 and                .

Sg
M ⌘ {µg

1 2 D, . . . , µg
M 2 D}

<latexit sha1_base64="lKMAtrVh8aEX1/26Kcb78rf1t2o="></latexit><latexit sha1_base64="lKMAtrVh8aEX1/26Kcb78rf1t2o="></latexit><latexit sha1_base64="lKMAtrVh8aEX1/26Kcb78rf1t2o="></latexit><latexit sha1_base64="lKMAtrVh8aEX1/26Kcb78rf1t2o="></latexit>

µg
1 2 D

<latexit sha1_base64="idNU6u4j65gtr2IBptAtsgSa/Ak="></latexit><latexit sha1_base64="idNU6u4j65gtr2IBptAtsgSa/Ak="></latexit><latexit sha1_base64="idNU6u4j65gtr2IBptAtsgSa/Ak="></latexit><latexit sha1_base64="idNU6u4j65gtr2IBptAtsgSa/Ak="></latexit>

B1
11 = 1

<latexit sha1_base64="U8Dy8rwLclH+/O6tc8tV00ROf0o="></latexit><latexit sha1_base64="U8Dy8rwLclH+/O6tc8tV00ROf0o="></latexit><latexit sha1_base64="U8Dy8rwLclH+/O6tc8tV00ROf0o="></latexit><latexit sha1_base64="U8Dy8rwLclH+/O6tc8tV00ROf0o="></latexit>

V g
M = span{q1, . . . , qM}.

<latexit sha1_base64="qlNXuW+Ohdlzhv1ZdUj6I+Bn1a0="></latexit><latexit sha1_base64="qlNXuW+Ohdlzhv1ZdUj6I+Bn1a0="></latexit><latexit sha1_base64="qlNXuW+Ohdlzhv1ZdUj6I+Bn1a0="></latexit><latexit sha1_base64="qlNXuW+Ohdlzhv1ZdUj6I+Bn1a0="></latexit>

TM = {xT
1 2 ⌦, . . . ,xT

M 2 ⌦}
<latexit sha1_base64="3To+9Vzl4S4S20RoN1MUHr5pJoE="></latexit><latexit sha1_base64="3To+9Vzl4S4S20RoN1MUHr5pJoE="></latexit><latexit sha1_base64="3To+9Vzl4S4S20RoN1MUHr5pJoE="></latexit><latexit sha1_base64="3To+9Vzl4S4S20RoN1MUHr5pJoE="></latexit>

⇠1 ⌘ g(x;µg
1).

<latexit sha1_base64="2Jp+rFqTSg8S/e88cSlMWvtuTgs="></latexit><latexit sha1_base64="2Jp+rFqTSg8S/e88cSlMWvtuTgs="></latexit><latexit sha1_base64="2Jp+rFqTSg8S/e88cSlMWvtuTgs="></latexit><latexit sha1_base64="2Jp+rFqTSg8S/e88cSlMWvtuTgs="></latexit>

x1 = arg max
x2⌦

|⇠1(x)|
<latexit sha1_base64="8NqRXu7M+YId7JzfwjN6FnGwyqk="></latexit><latexit sha1_base64="8NqRXu7M+YId7JzfwjN6FnGwyqk="></latexit><latexit sha1_base64="8NqRXu7M+YId7JzfwjN6FnGwyqk="></latexit><latexit sha1_base64="8NqRXu7M+YId7JzfwjN6FnGwyqk="></latexit>

q1 = ⇠1(x)/⇠1(x1)
<latexit sha1_base64="xJ4Rc0t6XRor/lrRTuu1M49C0VU="></latexit><latexit sha1_base64="xJ4Rc0t6XRor/lrRTuu1M49C0VU="></latexit><latexit sha1_base64="xJ4Rc0t6XRor/lrRTuu1M49C0VU="></latexit><latexit sha1_base64="xJ4Rc0t6XRor/lrRTuu1M49C0VU="></latexit>
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Example / Demo

We consider the nonaffine function 

for                           and                                .

g(x;µ) ⌘ 10p
2⇡

e�
1
2 (

x�µ
0.1 )

2

<latexit sha1_base64="N1JPEgiGEm4X17HAa83b42yaQLA="></latexit><latexit sha1_base64="N1JPEgiGEm4X17HAa83b42yaQLA="></latexit><latexit sha1_base64="N1JPEgiGEm4X17HAa83b42yaQLA="></latexit><latexit sha1_base64="N1JPEgiGEm4X17HAa83b42yaQLA="></latexit>

x 2 ⌦ ⌘ [0, 1]
<latexit sha1_base64="HW+zpzMcoCiuzKt6sOPiD2zkq4U="></latexit><latexit sha1_base64="HW+zpzMcoCiuzKt6sOPiD2zkq4U="></latexit><latexit sha1_base64="HW+zpzMcoCiuzKt6sOPiD2zkq4U="></latexit><latexit sha1_base64="HW+zpzMcoCiuzKt6sOPiD2zkq4U="></latexit>

µ 2 D ⌘ [0.4, 0.6]
<latexit sha1_base64="IZSnJiCnJq2lK8iCeMR86x6yfiI="></latexit><latexit sha1_base64="IZSnJiCnJq2lK8iCeMR86x6yfiI="></latexit><latexit sha1_base64="IZSnJiCnJq2lK8iCeMR86x6yfiI="></latexit><latexit sha1_base64="IZSnJiCnJq2lK8iCeMR86x6yfiI="></latexit>

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

x

g
(x

;µ
)

 

 

µ = 0.4

µ = 0.6
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Greedy Approach

We then proceed by induction to generate                   and       : 

For                             , we first solve the interpolation problem 

where                                               , then compute  

and evaluate the interpolation error 

for all                   .

Sg
M ,

<latexit sha1_base64="bVnyM0AyBWDmb8UjNzgV3YyYgfQ="></latexit><latexit sha1_base64="bVnyM0AyBWDmb8UjNzgV3YyYgfQ="></latexit><latexit sha1_base64="bVnyM0AyBWDmb8UjNzgV3YyYgfQ="></latexit><latexit sha1_base64="bVnyM0AyBWDmb8UjNzgV3YyYgfQ="></latexit>

W g
M ,

<latexit sha1_base64="/z1Pp2I3NYVUK77cF+XKw0Ys2t8="></latexit><latexit sha1_base64="/z1Pp2I3NYVUK77cF+XKw0Ys2t8="></latexit><latexit sha1_base64="/z1Pp2I3NYVUK77cF+XKw0Ys2t8="></latexit><latexit sha1_base64="/z1Pp2I3NYVUK77cF+XKw0Ys2t8="></latexit>

TM
<latexit sha1_base64="3LZuhGeH2xiHDAVkWgB3hRUF4Fg="></latexit><latexit sha1_base64="3LZuhGeH2xiHDAVkWgB3hRUF4Fg="></latexit><latexit sha1_base64="3LZuhGeH2xiHDAVkWgB3hRUF4Fg="></latexit><latexit sha1_base64="3LZuhGeH2xiHDAVkWgB3hRUF4Fg="></latexit>

1  M  Mmax
<latexit sha1_base64="tQDEXkJBEtiOKSbXqrLoDNsiZS8="></latexit><latexit sha1_base64="tQDEXkJBEtiOKSbXqrLoDNsiZS8="></latexit><latexit sha1_base64="tQDEXkJBEtiOKSbXqrLoDNsiZS8="></latexit><latexit sha1_base64="tQDEXkJBEtiOKSbXqrLoDNsiZS8="></latexit>

"M (µ) = kg(·;µ)� gM (·;µ)kL1(⌦)
<latexit sha1_base64="SVot55nZ8wxlnOJ+WqsQLQAhyHs="></latexit><latexit sha1_base64="SVot55nZ8wxlnOJ+WqsQLQAhyHs="></latexit><latexit sha1_base64="SVot55nZ8wxlnOJ+WqsQLQAhyHs="></latexit><latexit sha1_base64="SVot55nZ8wxlnOJ+WqsQLQAhyHs="></latexit>

µ 2 ⌅g
train

<latexit sha1_base64="pHRWqvEv2olAb7PC+SWyNDYoK+I="></latexit><latexit sha1_base64="pHRWqvEv2olAb7PC+SWyNDYoK+I="></latexit><latexit sha1_base64="pHRWqvEv2olAb7PC+SWyNDYoK+I="></latexit><latexit sha1_base64="pHRWqvEv2olAb7PC+SWyNDYoK+I="></latexit>

gM (xi;µ) =
MX

j=1

BM
ij 'M j(µ) = g(xi;µ), 1  i  M,

<latexit sha1_base64="r2UVfB3uJpIOkXwWejpkkd+fDD0="></latexit><latexit sha1_base64="r2UVfB3uJpIOkXwWejpkkd+fDD0="></latexit><latexit sha1_base64="r2UVfB3uJpIOkXwWejpkkd+fDD0="></latexit><latexit sha1_base64="r2UVfB3uJpIOkXwWejpkkd+fDD0="></latexit>

BM
ij = qj(xi), 1  i, j  M

<latexit sha1_base64="AV9xBAaZ/mwzcbhzgqjEGV+OOaA="></latexit><latexit sha1_base64="AV9xBAaZ/mwzcbhzgqjEGV+OOaA="></latexit><latexit sha1_base64="AV9xBAaZ/mwzcbhzgqjEGV+OOaA="></latexit><latexit sha1_base64="AV9xBAaZ/mwzcbhzgqjEGV+OOaA="></latexit>

gM (x;µ) ⌘
MX

m=1

'M m(µ)qm(x),
<latexit sha1_base64="gnlM0YtSF/nzuE5NQgdJ9l3pcgI="></latexit><latexit sha1_base64="gnlM0YtSF/nzuE5NQgdJ9l3pcgI="></latexit><latexit sha1_base64="gnlM0YtSF/nzuE5NQgdJ9l3pcgI="></latexit><latexit sha1_base64="gnlM0YtSF/nzuE5NQgdJ9l3pcgI="></latexit>
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Greedy Approach

We then determine 

and compute                                    . 

µg
M+1 ⌘ arg max

µ2⌅g
train

"M (µ)
<latexit sha1_base64="7GvPO8A9f+O/GoHkcXCPGcORuWA="></latexit><latexit sha1_base64="7GvPO8A9f+O/GoHkcXCPGcORuWA="></latexit><latexit sha1_base64="7GvPO8A9f+O/GoHkcXCPGcORuWA="></latexit><latexit sha1_base64="7GvPO8A9f+O/GoHkcXCPGcORuWA="></latexit>

⇠M+1 ⌘ g(x;µg
M+1)

<latexit sha1_base64="d7ePNxE/LwLz4GQ5hWb4zNcVeVw="></latexit><latexit sha1_base64="d7ePNxE/LwLz4GQ5hWb4zNcVeVw="></latexit><latexit sha1_base64="d7ePNxE/LwLz4GQ5hWb4zNcVeVw="></latexit><latexit sha1_base64="d7ePNxE/LwLz4GQ5hWb4zNcVeVw="></latexit>
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Greedy Approach

We then determine 

and compute                                    . 

To generate the interpolation points we solve the linear system 

and we set                                                                 . 

The next interpolation point is 

and                                                            .

µg
M+1 ⌘ arg max

µ2⌅g
train

"M (µ)
<latexit sha1_base64="7GvPO8A9f+O/GoHkcXCPGcORuWA="></latexit><latexit sha1_base64="7GvPO8A9f+O/GoHkcXCPGcORuWA="></latexit><latexit sha1_base64="7GvPO8A9f+O/GoHkcXCPGcORuWA="></latexit><latexit sha1_base64="7GvPO8A9f+O/GoHkcXCPGcORuWA="></latexit>

⇠M+1 ⌘ g(x;µg
M+1)

<latexit sha1_base64="d7ePNxE/LwLz4GQ5hWb4zNcVeVw="></latexit><latexit sha1_base64="d7ePNxE/LwLz4GQ5hWb4zNcVeVw="></latexit><latexit sha1_base64="d7ePNxE/LwLz4GQ5hWb4zNcVeVw="></latexit><latexit sha1_base64="d7ePNxE/LwLz4GQ5hWb4zNcVeVw="></latexit>

MX

j=1

�M
j qj(xi) = ⇠M+1(xi), 1  i  M

<latexit sha1_base64="/VTUlCLHKuQJ7DiN61ZQ1MBpb6w="></latexit><latexit sha1_base64="/VTUlCLHKuQJ7DiN61ZQ1MBpb6w="></latexit><latexit sha1_base64="/VTUlCLHKuQJ7DiN61ZQ1MBpb6w="></latexit><latexit sha1_base64="hhy50aM42hwKOm0qK+I8h/9aMP0="></latexit><latexit sha1_base64="s2aAWZTVOsvjxPfuqRTWUbiTbcs="></latexit><latexit sha1_base64="s2aAWZTVOsvjxPfuqRTWUbiTbcs="></latexit><latexit sha1_base64="IY3gi69GS5wcuhCYC2Xs+OtuJtM="></latexit><latexit sha1_base64="/VTUlCLHKuQJ7DiN61ZQ1MBpb6w="></latexit><latexit sha1_base64="/VTUlCLHKuQJ7DiN61ZQ1MBpb6w="></latexit><latexit sha1_base64="/VTUlCLHKuQJ7DiN61ZQ1MBpb6w="></latexit><latexit sha1_base64="/VTUlCLHKuQJ7DiN61ZQ1MBpb6w="></latexit><latexit sha1_base64="/VTUlCLHKuQJ7DiN61ZQ1MBpb6w="></latexit><latexit sha1_base64="/VTUlCLHKuQJ7DiN61ZQ1MBpb6w="></latexit>

rM+1(x) = ⇠M+1(x)�
MX

j=1

�M
j qj(x)

<latexit sha1_base64="EHw4OcDnlL0XVrcAe7tQBsHPBZI="></latexit><latexit sha1_base64="EHw4OcDnlL0XVrcAe7tQBsHPBZI="></latexit><latexit sha1_base64="EHw4OcDnlL0XVrcAe7tQBsHPBZI="></latexit><latexit sha1_base64="EHw4OcDnlL0XVrcAe7tQBsHPBZI="></latexit>

xM+1 = arg max
x2⌦

|rM+1(x)|
<latexit sha1_base64="OfwX92X9zLmom3dZy8ZplBHv6BE="></latexit><latexit sha1_base64="OfwX92X9zLmom3dZy8ZplBHv6BE="></latexit><latexit sha1_base64="OfwX92X9zLmom3dZy8ZplBHv6BE="></latexit><latexit sha1_base64="OfwX92X9zLmom3dZy8ZplBHv6BE="></latexit>

qM+1(x) = rM+1(x)/rM+1(xM+1)
<latexit sha1_base64="Erk6hOBUooSlQKEZgtdOzC/Ma74="></latexit><latexit sha1_base64="Erk6hOBUooSlQKEZgtdOzC/Ma74="></latexit><latexit sha1_base64="Erk6hOBUooSlQKEZgtdOzC/Ma74="></latexit><latexit sha1_base64="Erk6hOBUooSlQKEZgtdOzC/Ma74="></latexit>
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We have two options: 

• Method 1: “Next Point” Estimator [BMNP04, GMNP07] 

• Very inexpensive to evaluate  

  one additional evaluation of              at a single point in 

• In general not a rigorous upper bound for the error 

  requires the saturation hypothesis. 

• Method 2: Rigorous Estimator [EGP10] 

• Higher offline cost, since we require  

  analytical upper bounds for parametric derivatives  

  EIM approximation error at finite set of points in 

• Provides rigorous upper bound for the error

⌦.
<latexit sha1_base64="GkLPRJ2JW4KuH8H+068lwyHv4x4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgKSS1oMeCF29WsB/QhrLZTtulu5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzooQzbXz/2ylsbG5t7xR3S3v7B4dH5eOTlo5TRbFJYx6rTkQ0ciaxaZjh2EkUEhFxbEeT27nffkKlWSwfzTTBUJCRZENGibFSu3cvcES8frnie/4C7joJclKBHI1++as3iGkqUBrKidbdwE9MmBFlGOU4K/VSjQmhEzLCrqWSCNRhtjh35l5YZeAOY2VLGneh/p7IiNB6KiLbKYgZ61VvLv7ndVMzvAkzJpPUoKTLRcOUuyZ257+7A6aQGj61hFDF7K0uHRNFqLEJlWwIwerL66RV9YIrr/pQq9RreRxFOINzuIQArqEOd9CAJlCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPJNI8p</latexit>

D.
<latexit sha1_base64="2W4xBJGF3yQVSXbx+SUcZ4qXUN8=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgapipBV0WdOGygn3AdCiZNNOGZpIhyQil9DPcuFDErV/jzr8x085CWw8EDufcS849UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8tMEdomkkvVi7CmnAnaNsxw2ksVxUnEaTea3OZ+94kqzaR4NNOUhgkeCRYzgo2Vgn6CzZhgju7cQbXmud4CaJ34BalBgdag+tUfSpIlVBjCsdaB76UmnGFlGOF0XulnmqaYTPCIBpYKnFAdzhaR5+jCKkMUS2WfMGih/t6Y4UTraRLZyTyiXvVy8T8vyEx8E86YSDNDBVl+FGccGYny+9GQKUoMn1qCiWI2KyJjrDAxtqWKLcFfPXmddOquf+XWHxq1ZqOoowxncA6X4MM1NOEeWtAGAhKe4RXeHOO8OO/Ox3K05BQ7p/AHzucPb4iQpg==</latexit>

A Posteriori Error Estimation

)
<latexit sha1_base64="jo3MVpuguAUJslz6mX0AAyyqpDo=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWMV+wFNKJvttl262YTdiVJC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJlIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuhNRwKRRvokDJO4nmNAolb4fjm5nffuTaiFg94CThQUSHSgwEo2gl378XwxFSreMn0iuV3Yo7B1klXk7KkKPRK335/ZilEVfIJDWm67kJBhnVKJjk06KfGp5QNqZD3rVU0YibIJvfPCXnVumTQaxtKSRz9fdERiNjJlFoOyOKI7PszcT/vG6Kg+sgEypJkSu2WDRIJcGYzAIgfaE5QzmxhDIt7K2EjaimDG1MRRuCt/zyKmlVK95lpXpXK9dreRwFOIUzuAAPrqAOt9CAJjBI4Ble4c1JnRfn3flYtK45+cwJ/IHz+QPoMJGN</latexit>

)
<latexit sha1_base64="jo3MVpuguAUJslz6mX0AAyyqpDo=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWMV+wFNKJvttl262YTdiVJC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJlIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuhNRwKRRvokDJO4nmNAolb4fjm5nffuTaiFg94CThQUSHSgwEo2gl378XwxFSreMn0iuV3Yo7B1klXk7KkKPRK335/ZilEVfIJDWm67kJBhnVKJjk06KfGp5QNqZD3rVU0YibIJvfPCXnVumTQaxtKSRz9fdERiNjJlFoOyOKI7PszcT/vG6Kg+sgEypJkSu2WDRIJcGYzAIgfaE5QzmxhDIt7K2EjaimDG1MRRuCt/zyKmlVK95lpXpXK9dreRwFOIUzuAAPrqAOt9CAJjBI4Ble4c1JnRfn3flYtK45+cwJ/IHz+QPoMJGN</latexit>

g(x;µ)
<latexit sha1_base64="5IQyRajGH2VD+sbLkvhvROg98XE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuLSh4KXjxWMF+SLuUbJptQ5PskmTFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHwz89uPVGkWyXsziakv8FCykBFsrPQwLD9do55IzvvFkltx50CrxMtICTI0+sWv3iAiiaDSEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcSCaj+dHzxFZ1YZoDBStqRBc/X3RIqF1hMR2E6BzUgvezPxP6+bmPDKT5mME0MlWSwKE45MhGbfowFTlBg+sQQTxeytiIywwsTYjAo2BG/55VXSqla8i0r1rlaq17I48nACp1AGDy6hDrfQgCYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8AmOKPkw==</latexit>

)
<latexit sha1_base64="jo3MVpuguAUJslz6mX0AAyyqpDo=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWMV+wFNKJvttl262YTdiVJC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJlIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuhNRwKRRvokDJO4nmNAolb4fjm5nffuTaiFg94CThQUSHSgwEo2gl378XwxFSreMn0iuV3Yo7B1klXk7KkKPRK335/ZilEVfIJDWm67kJBhnVKJjk06KfGp5QNqZD3rVU0YibIJvfPCXnVumTQaxtKSRz9fdERiNjJlFoOyOKI7PszcT/vG6Kg+sgEypJkSu2WDRIJcGYzAIgfaE5QzmxhDIt7K2EjaimDG1MRRuCt/zyKmlVK95lpXpXK9dreRwFOIUzuAAPrqAOt9CAJjBI4Ble4c1JnRfn3flYtK45+cwJ/IHz+QPoMJGN</latexit>

)
<latexit sha1_base64="jo3MVpuguAUJslz6mX0AAyyqpDo=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWMV+wFNKJvttl262YTdiVJC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJlIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuhNRwKRRvokDJO4nmNAolb4fjm5nffuTaiFg94CThQUSHSgwEo2gl378XwxFSreMn0iuV3Yo7B1klXk7KkKPRK335/ZilEVfIJDWm67kJBhnVKJjk06KfGp5QNqZD3rVU0YibIJvfPCXnVumTQaxtKSRz9fdERiNjJlFoOyOKI7PszcT/vG6Kg+sgEypJkSu2WDRIJcGYzAIgfaE5QzmxhDIt7K2EjaimDG1MRRuCt/zyKmlVK95lpXpXK9dreRwFOIUzuAAPrqAOt9CAJjBI4Ble4c1JnRfn3flYtK45+cwJ/IHz+QPoMJGN</latexit>
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Given                         evaluate 

where                        satisfies  

We consider the particular form 

where                               is nonaffine. g(x;µ) 2 L1(⌦)
<latexit sha1_base64="waDQ0PI0dUKYFaUqtHCeeEuryyo=">AAACCXicbVDLSgMxFM34rPVVdekmWIR2U2ZqQcFNwY0LwQr2AZ2xZNJMG5pkhiQjDkO3bvwVNy4UcesfuPNvTNtZaOuByz2ccy/JPX7EqNK2/W0tLa+srq3nNvKbW9s7u4W9/ZYKY4lJE4cslB0fKcKoIE1NNSOdSBLEfUba/uhi4rfviVQ0FLc6iYjH0UDQgGKkjdQrwEHp4dzlcRm6VMCru9S0QCfjknvNyQCV871C0a7YU8BF4mSkCDI0eoUvtx/imBOhMUNKdR070l6KpKaYkXHejRWJEB6hAekaKhAnykunl4zhsVH6MAilKaHhVP29kSKuVMJ9M8mRHqp5byL+53VjHZx5KRVRrInAs4eCmEEdwkkssE8lwZolhiAsqfkrxEMkEdYmvEkIzvzJi6RVrTgnlepNrVivZXHkwCE4AiXggFNQB5egAZoAg0fwDF7Bm/VkvVjv1sdsdMnKdg7AH1ifP08+mMU=</latexit>

µ 2 D ⇢ RP ,
<latexit sha1_base64="8oxsC/6QRKQZWyGgtEpG+4qSPzg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQkJLUgi4LunBZxT6giWVmOmmHzkzCzEQood/gxl9x40IRt67c+TcmbRbaeuDC4Zx7ufceHHGmjeN8W4Wl5ZXVteJ6aWNza3vH3t1r6TBWhDZJyEPVwUhTziRtGmY47USKIoE5bePRZea3H6jSLJR3ZhxRX6CBZAEjyKRSzz7xRAw9JqEnkBkSxJOrCfR0jDU1Mw1jeHvfOC317LJTcaaAi8TNSRnkaPTsL68fklhQaQhHWnddJzJ+gpRhhNNJyYs1jRAZoQHtplQiQbWfTF+awKNU6cMgVGlJA6fq74kECa3HAqed2ZF63svE/7xubIILP2Eyig2VZLYoiDk0IczygX2mKDF8nBJEFEtvhWSIFCImTTELwZ1/eZG0qhX3rFK9qZXrtTyOIjgAh+AYuOAc1ME1aIAmIOARPINX8GY9WS/Wu/Uxay1Y+cw++APr8weK5pyw</latexit>

(·) = (·)N
<latexit sha1_base64="iwQf3vBSfThni3qe/AMRFagStQw=">AAACG3icbVDLSsNAFJ34rPUVdelmsAh1U5Ja0I1QcONKKlgVmlomk5s6OHkwcyOWkP9w46+4caGIK8GFf2MSs/B1Vodz7p175rixFBot68OYmp6ZnZuvLdQXl5ZXVs219TMdJYpDn0cyUhcu0yBFCH0UKOEiVsACV8K5e31Y+Oc3oLSIwlOcxDAM2DgUvuAMc2lkth2EWyzfoakCL6Np0+FehDv0gFbsMnUChlecSXqcZfWR2bBaVgn6l9gVaZAKvZH55ngRTwIIkUum9cC2YhymTKHgErK6k2iIGb9mYxjkNGQB6GFaZsrodq541M/j+VGItFS/b6Qs0HoSuPlkEVL/9grxP2+QoL8/TEUYJwgh/zrkJ5JiRIuiqCcUcJSTnDCuRJ6V8iumGMe8zqIE+/eX/5KzdsvebbVPOo1up6qjRjbJFmkSm+yRLjkiPdInnNyRB/JEno1749F4MV6/RqeMameD/IDx/gmW+6Bv</latexit>

s(µ) = `(y(µ);µ)
<latexit sha1_base64="p1OfZU66zyFA3k2YTgzwesW7Nak=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahbsqMFBREKLhxWcE+oDOUTJq2oUlmSDLCMHTjxl9x40IRt/6DO//GzHQW2nog4eSce7m5J4gYVdpxvq3Syura+kZ5s7K1vbO7Z+8fdFQYS0zaOGSh7AVIEUYFaWuqGelFkiAeMNINpjeZ330gUtFQ3OskIj5HY0FHFCNtpIF9rGoej8/gNfQIY7CWwPx9lV2VgV116k4OuEzcglRBgdbA/vKGIY45ERozpFTfdSLtp0hqihmZVbxYkQjhKRqTvqECcaL8NN9iBk+NMoSjUJojNMzV3x0p4kolPDCVHOmJWvQy8T+vH+vRpZ9SEcWaCDwfNIoZ1CHMIoFDKgnWLDEEYUnNXyGeIImwNsFlIbiLKy+TznndderuXaPabBRxlMEROAE14IIL0AS3oAXaAINH8AxewZv1ZL1Y79bHvLRkFT2H4A+szx9tmZXp</latexit><latexit sha1_base64="p1OfZU66zyFA3k2YTgzwesW7Nak=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahbsqMFBREKLhxWcE+oDOUTJq2oUlmSDLCMHTjxl9x40IRt/6DO//GzHQW2nog4eSce7m5J4gYVdpxvq3Syura+kZ5s7K1vbO7Z+8fdFQYS0zaOGSh7AVIEUYFaWuqGelFkiAeMNINpjeZ330gUtFQ3OskIj5HY0FHFCNtpIF9rGoej8/gNfQIY7CWwPx9lV2VgV116k4OuEzcglRBgdbA/vKGIY45ERozpFTfdSLtp0hqihmZVbxYkQjhKRqTvqECcaL8NN9iBk+NMoSjUJojNMzV3x0p4kolPDCVHOmJWvQy8T+vH+vRpZ9SEcWaCDwfNIoZ1CHMIoFDKgnWLDEEYUnNXyGeIImwNsFlIbiLKy+TznndderuXaPabBRxlMEROAE14IIL0AS3oAXaAINH8AxewZv1ZL1Y79bHvLRkFT2H4A+szx9tmZXp</latexit><latexit sha1_base64="p1OfZU66zyFA3k2YTgzwesW7Nak=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahbsqMFBREKLhxWcE+oDOUTJq2oUlmSDLCMHTjxl9x40IRt/6DO//GzHQW2nog4eSce7m5J4gYVdpxvq3Syura+kZ5s7K1vbO7Z+8fdFQYS0zaOGSh7AVIEUYFaWuqGelFkiAeMNINpjeZ330gUtFQ3OskIj5HY0FHFCNtpIF9rGoej8/gNfQIY7CWwPx9lV2VgV116k4OuEzcglRBgdbA/vKGIY45ERozpFTfdSLtp0hqihmZVbxYkQjhKRqTvqECcaL8NN9iBk+NMoSjUJojNMzV3x0p4kolPDCVHOmJWvQy8T+vH+vRpZ9SEcWaCDwfNIoZ1CHMIoFDKgnWLDEEYUnNXyGeIImwNsFlIbiLKy+TznndderuXaPabBRxlMEROAE14IIL0AS3oAXaAINH8AxewZv1ZL1Y79bHvLRkFT2H4A+szx9tmZXp</latexit><latexit sha1_base64="p1OfZU66zyFA3k2YTgzwesW7Nak=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahbsqMFBREKLhxWcE+oDOUTJq2oUlmSDLCMHTjxl9x40IRt/6DO//GzHQW2nog4eSce7m5J4gYVdpxvq3Syura+kZ5s7K1vbO7Z+8fdFQYS0zaOGSh7AVIEUYFaWuqGelFkiAeMNINpjeZ330gUtFQ3OskIj5HY0FHFCNtpIF9rGoej8/gNfQIY7CWwPx9lV2VgV116k4OuEzcglRBgdbA/vKGIY45ERozpFTfdSLtp0hqihmZVbxYkQjhKRqTvqECcaL8NN9iBk+NMoSjUJojNMzV3x0p4kolPDCVHOmJWvQy8T+vH+vRpZ9SEcWaCDwfNIoZ1CHMIoFDKgnWLDEEYUnNXyGeIImwNsFlIbiLKy+TznndderuXaPabBRxlMEROAE14IIL0AS3oAXaAINH8AxewZv1ZL1Y79bHvLRkFT2H4A+szx9tmZXp</latexit>

y(x;µ) 2 Y
<latexit sha1_base64="bGlnkZ4dfQTTTJYj4hfIX7dHcps=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmkoOCm4MZlBfuQJpTJdNIOnZmEmYkYQsGNv+LGhSJu/Ql3/o2TNgttPXDhcM693HtPEDOqtON8W0vLK6tr66WN8ubW9s6uvbffVlEiMWnhiEWyGyBFGBWkpalmpBtLgnjASCcYX+V+555IRSNxq9OY+BwNBQ0pRtpIffswhdWHS48np9CjAnoc6RFGLLublPt2xak5U8BF4hakAgo0+/aXN4hwwonQmCGleq4Taz9DUlPMyKTsJYrECI/RkPQMFYgT5WfTHybwxCgDGEbSlNBwqv6eyBBXKuWB6cxvVPNeLv7n9RIdXvgZFXGiicCzRWHCoI5gHggcUEmwZqkhCEtqboV4hCTC2sSWh+DOv7xI2mc116m5N/VKo17EUQJH4BhUgQvOQQNcgyZoAQwewTN4BW/Wk/VivVsfs9Ylq5g5AH9gff4AH3OWgA==</latexit><latexit sha1_base64="bGlnkZ4dfQTTTJYj4hfIX7dHcps=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmkoOCm4MZlBfuQJpTJdNIOnZmEmYkYQsGNv+LGhSJu/Ql3/o2TNgttPXDhcM693HtPEDOqtON8W0vLK6tr66WN8ubW9s6uvbffVlEiMWnhiEWyGyBFGBWkpalmpBtLgnjASCcYX+V+555IRSNxq9OY+BwNBQ0pRtpIffswhdWHS48np9CjAnoc6RFGLLublPt2xak5U8BF4hakAgo0+/aXN4hwwonQmCGleq4Taz9DUlPMyKTsJYrECI/RkPQMFYgT5WfTHybwxCgDGEbSlNBwqv6eyBBXKuWB6cxvVPNeLv7n9RIdXvgZFXGiicCzRWHCoI5gHggcUEmwZqkhCEtqboV4hCTC2sSWh+DOv7xI2mc116m5N/VKo17EUQJH4BhUgQvOQQNcgyZoAQwewTN4BW/Wk/VivVsfs9Ylq5g5AH9gff4AH3OWgA==</latexit><latexit sha1_base64="bGlnkZ4dfQTTTJYj4hfIX7dHcps=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmkoOCm4MZlBfuQJpTJdNIOnZmEmYkYQsGNv+LGhSJu/Ql3/o2TNgttPXDhcM693HtPEDOqtON8W0vLK6tr66WN8ubW9s6uvbffVlEiMWnhiEWyGyBFGBWkpalmpBtLgnjASCcYX+V+555IRSNxq9OY+BwNBQ0pRtpIffswhdWHS48np9CjAnoc6RFGLLublPt2xak5U8BF4hakAgo0+/aXN4hwwonQmCGleq4Taz9DUlPMyKTsJYrECI/RkPQMFYgT5WfTHybwxCgDGEbSlNBwqv6eyBBXKuWB6cxvVPNeLv7n9RIdXvgZFXGiicCzRWHCoI5gHggcUEmwZqkhCEtqboV4hCTC2sSWh+DOv7xI2mc116m5N/VKo17EUQJH4BhUgQvOQQNcgyZoAQwewTN4BW/Wk/VivVsfs9Ylq5g5AH9gff4AH3OWgA==</latexit><latexit sha1_base64="bGlnkZ4dfQTTTJYj4hfIX7dHcps=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmkoOCm4MZlBfuQJpTJdNIOnZmEmYkYQsGNv+LGhSJu/Ql3/o2TNgttPXDhcM693HtPEDOqtON8W0vLK6tr66WN8ubW9s6uvbffVlEiMWnhiEWyGyBFGBWkpalmpBtLgnjASCcYX+V+555IRSNxq9OY+BwNBQ0pRtpIffswhdWHS48np9CjAnoc6RFGLLublPt2xak5U8BF4hakAgo0+/aXN4hwwonQmCGleq4Taz9DUlPMyKTsJYrECI/RkPQMFYgT5WfTHybwxCgDGEbSlNBwqv6eyBBXKuWB6cxvVPNeLv7n9RIdXvgZFXGiicCzRWHCoI5gHggcUEmwZqkhCEtqboV4hCTC2sSWh+DOv7xI2mc116m5N/VKo17EUQJH4BhUgQvOQQNcgyZoAQwewTN4BW/Wk/VivVsfs9Ylq5g5AH9gff4AH3OWgA==</latexit>

a(y(µ), v;µ) = f(v; g(x;µ)), 8 v 2 Y.
<latexit sha1_base64="76Ta5URyJK9BT4LnaFLU3BEqi68="></latexit><latexit sha1_base64="76Ta5URyJK9BT4LnaFLU3BEqi68="></latexit><latexit sha1_base64="76Ta5URyJK9BT4LnaFLU3BEqi68="></latexit><latexit sha1_base64="76Ta5URyJK9BT4LnaFLU3BEqi68="></latexit>

a(w, v;µ) = a0(w, v) + a1(w, v; g(x;µ)), 8w, v 2 Y.
<latexit sha1_base64="bG9S+yiv185FHSMU0D2WTgY+GqI="></latexit><latexit sha1_base64="bG9S+yiv185FHSMU0D2WTgY+GqI="></latexit><latexit sha1_base64="bG9S+yiv185FHSMU0D2WTgY+GqI="></latexit><latexit sha1_base64="bG9S+yiv185FHSMU0D2WTgY+GqI="></latexit>
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We assume 

•                                   is bilinear and parameter independent  

•                                                    is trilinear 

• and                                                is a linear form.f(v; g(x;µ)) =

Z

⌦

v g(x;µ)

<latexit sha1_base64="EzZXBho5njQUUmlaLuY+y50no74=">AAACHHicbVBNSwMxFMz6WetX1aOXYBFakLLbCgoiFLx4U8G2QndZsmm2DU2yS/K2WJb+EC/+FS8eFPHiQfDfuK0V1DoQGGbm8fImiAU3YNsf1tz8wuLScm4lv7q2vrFZ2NpumijRlDVoJCJ9ExDDBFesARwEu4k1IzIQrBX0z8Z+a8C04ZG6hmHMPEm6ioecEsgkv1ALS4OTbun2xJVJuYxPscsVuIJLDsZP3QvJumSEB9g9wN+pvF8o2hV7AjxLnCkpoiku/cKb24loIpkCKogxbceOwUuJBk4FG+XdxLCY0D7psnZGFZHMeOnkuBHez5QODiOdPQV4ov6cSIk0ZiiDLCkJ9Mxfbyz+57UTCI+9lKs4Aabo16IwERgiPG4Kd7hmFMQwI4Rqnv0V0x7RhELW57gE5+/Js6RZrTi1SvXqsFg/nNaRQ7toD5WQg45QHZ2jS9RAFN2hB/SEnq1769F6sV6/onPWdGYH/YL1/gkO7p9v</latexit>

a0 : Y ⇥ Y ! IR
<latexit sha1_base64="gNbGkqECorgnHsCfcncqIIhTVZQ=">AAACInicbVDLSgMxFM3UV62vUZduokVwIWVGCj5WBTe6q2If0hmGTJq2oUlmSDJCGfotbvwVNy4UdSX4MWbaWWjrhYTDOfdy7zlhzKjSjvNlFRYWl5ZXiqultfWNzS17e6epokRi0sARi2Q7RIowKkhDU81IO5YE8ZCRVji8zPTWA5GKRuJOj2Lic9QXtEcx0oYK7HMUONA7hvAi+z2O9AAjlt6PoacpJ2qGiqAnObz29m9LgV12Ks6k4Dxwc1AGedUD+8PrRjjhRGjMkFId14m1nyKpKWZkXPISRWKEh6hPOgYKZNb76cTiGB4apgt7kTRPaDhhf0+kiCs14qHpzA5Ws1pG/qd1Et0781Mq4kQTgaeLegmDxmqWF+xSSbBmIwMQltTcCvEASYS1STULwZ21PA+aJxXXqbg31XKtmsdRBHvgABwBF5yCGrgCddAAGDyCZ/AK3qwn68V6tz6nrQUrn9kFf8r6/gECs6F5</latexit><latexit sha1_base64="gNbGkqECorgnHsCfcncqIIhTVZQ=">AAACInicbVDLSgMxFM3UV62vUZduokVwIWVGCj5WBTe6q2If0hmGTJq2oUlmSDJCGfotbvwVNy4UdSX4MWbaWWjrhYTDOfdy7zlhzKjSjvNlFRYWl5ZXiqultfWNzS17e6epokRi0sARi2Q7RIowKkhDU81IO5YE8ZCRVji8zPTWA5GKRuJOj2Lic9QXtEcx0oYK7HMUONA7hvAi+z2O9AAjlt6PoacpJ2qGiqAnObz29m9LgV12Ks6k4Dxwc1AGedUD+8PrRjjhRGjMkFId14m1nyKpKWZkXPISRWKEh6hPOgYKZNb76cTiGB4apgt7kTRPaDhhf0+kiCs14qHpzA5Ws1pG/qd1Et0781Mq4kQTgaeLegmDxmqWF+xSSbBmIwMQltTcCvEASYS1STULwZ21PA+aJxXXqbg31XKtmsdRBHvgABwBF5yCGrgCddAAGDyCZ/AK3qwn68V6tz6nrQUrn9kFf8r6/gECs6F5</latexit><latexit sha1_base64="gNbGkqECorgnHsCfcncqIIhTVZQ=">AAACInicbVDLSgMxFM3UV62vUZduokVwIWVGCj5WBTe6q2If0hmGTJq2oUlmSDJCGfotbvwVNy4UdSX4MWbaWWjrhYTDOfdy7zlhzKjSjvNlFRYWl5ZXiqultfWNzS17e6epokRi0sARi2Q7RIowKkhDU81IO5YE8ZCRVji8zPTWA5GKRuJOj2Lic9QXtEcx0oYK7HMUONA7hvAi+z2O9AAjlt6PoacpJ2qGiqAnObz29m9LgV12Ks6k4Dxwc1AGedUD+8PrRjjhRGjMkFId14m1nyKpKWZkXPISRWKEh6hPOgYKZNb76cTiGB4apgt7kTRPaDhhf0+kiCs14qHpzA5Ws1pG/qd1Et0781Mq4kQTgaeLegmDxmqWF+xSSbBmIwMQltTcCvEASYS1STULwZ21PA+aJxXXqbg31XKtmsdRBHvgABwBF5yCGrgCddAAGDyCZ/AK3qwn68V6tz6nrQUrn9kFf8r6/gECs6F5</latexit><latexit sha1_base64="gNbGkqECorgnHsCfcncqIIhTVZQ=">AAACInicbVDLSgMxFM3UV62vUZduokVwIWVGCj5WBTe6q2If0hmGTJq2oUlmSDJCGfotbvwVNy4UdSX4MWbaWWjrhYTDOfdy7zlhzKjSjvNlFRYWl5ZXiqultfWNzS17e6epokRi0sARi2Q7RIowKkhDU81IO5YE8ZCRVji8zPTWA5GKRuJOj2Lic9QXtEcx0oYK7HMUONA7hvAi+z2O9AAjlt6PoacpJ2qGiqAnObz29m9LgV12Ks6k4Dxwc1AGedUD+8PrRjjhRGjMkFId14m1nyKpKWZkXPISRWKEh6hPOgYKZNb76cTiGB4apgt7kTRPaDhhf0+kiCs14qHpzA5Ws1pG/qd1Et0781Mq4kQTgaeLegmDxmqWF+xSSbBmIwMQltTcCvEASYS1STULwZ21PA+aJxXXqbg31XKtmsdRBHvgABwBF5yCGrgCddAAGDyCZ/AK3qwn68V6tz6nrQUrn9kFf8r6/gECs6F5</latexit>

a0(w, v) =

Z

⌦

rwrv, 8w, v 2 Y
<latexit sha1_base64="8oH9ZxxRZVIzC3NSBk8DtXw2qVU="></latexit><latexit sha1_base64="8oH9ZxxRZVIzC3NSBk8DtXw2qVU="></latexit><latexit sha1_base64="8oH9ZxxRZVIzC3NSBk8DtXw2qVU="></latexit><latexit sha1_base64="8oH9ZxxRZVIzC3NSBk8DtXw2qVU="></latexit>

a1 : Y ⇥ Y ⇥ L1(⌦) ! IR
<latexit sha1_base64="JG//RbJ0AtIj8hh9vjFtZFlmTZE="></latexit><latexit sha1_base64="JG//RbJ0AtIj8hh9vjFtZFlmTZE="></latexit><latexit sha1_base64="JG//RbJ0AtIj8hh9vjFtZFlmTZE="></latexit><latexit sha1_base64="JG//RbJ0AtIj8hh9vjFtZFlmTZE="></latexit>

a1(w, v, z) =

Z

⌦

w v z, 8w, v 2 Y, z 2 L1(⌦)

<latexit sha1_base64="n/RLlztf6gGZOThRXCfRfKb8UcY="></latexit><latexit sha1_base64="n/RLlztf6gGZOThRXCfRfKb8UcY="></latexit><latexit sha1_base64="n/RLlztf6gGZOThRXCfRfKb8UcY="></latexit><latexit sha1_base64="n/RLlztf6gGZOThRXCfRfKb8UcY="></latexit>
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We also assume that                                       is 

• coercive 

•  and continuous  

and that      satisfiesa1
<latexit sha1_base64="eOw/QWLPbGlIDMOFL+VoQ/OI3pI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3TgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP+WvjX8=</latexit>

a : Y ⇥ Y ⇥D ! R
<latexit sha1_base64="RTmqiPeGhi6wU2lumJ2HfZ6Aijc=">AAACMnicfVDLSgNBEJyNrxhfUY9eBoPgKexKQPEU0IPeopiHZEPonUySIbMPZnqVsOSbvPglggc9KOLVj3A2yUETsWCgqOpmqsuLpNBo2y9WZmFxaXklu5pbW9/Y3Mpv79R0GCvGqyyUoWp4oLkUAa+iQMkbkeLge5LXvcFZ6tfvuNIiDG5wGPGWD71AdAUDNFI7fwmnrg/YZyCT2xF1Ufhc038kek5dJXp9BKXC+4nsefQ6184X7KI9Bp0nzpQUyBSVdv7J7YQs9nmATILWTceOsJWAQsEkH+XcWPMI2AB6vGloACZGKxmfPKIHRunQbqjMC5CO1Z8bCfhaD33PTKYJ9ayXin95zRi7J61EBFGMPGCTj7qxpBjStD/aEYozlENDgClhslLWBwUMTctpCc7syfOkdlR07KJzVSqUS9M6smSP7JND4pBjUiYXpEKqhJEH8kzeyLv1aL1aH9bnZDRjTXd2yS9YX9/NIqph</latexit><latexit sha1_base64="RTmqiPeGhi6wU2lumJ2HfZ6Aijc=">AAACMnicfVDLSgNBEJyNrxhfUY9eBoPgKexKQPEU0IPeopiHZEPonUySIbMPZnqVsOSbvPglggc9KOLVj3A2yUETsWCgqOpmqsuLpNBo2y9WZmFxaXklu5pbW9/Y3Mpv79R0GCvGqyyUoWp4oLkUAa+iQMkbkeLge5LXvcFZ6tfvuNIiDG5wGPGWD71AdAUDNFI7fwmnrg/YZyCT2xF1Ufhc038kek5dJXp9BKXC+4nsefQ6184X7KI9Bp0nzpQUyBSVdv7J7YQs9nmATILWTceOsJWAQsEkH+XcWPMI2AB6vGloACZGKxmfPKIHRunQbqjMC5CO1Z8bCfhaD33PTKYJ9ayXin95zRi7J61EBFGMPGCTj7qxpBjStD/aEYozlENDgClhslLWBwUMTctpCc7syfOkdlR07KJzVSqUS9M6smSP7JND4pBjUiYXpEKqhJEH8kzeyLv1aL1aH9bnZDRjTXd2yS9YX9/NIqph</latexit><latexit sha1_base64="RTmqiPeGhi6wU2lumJ2HfZ6Aijc=">AAACMnicfVDLSgNBEJyNrxhfUY9eBoPgKexKQPEU0IPeopiHZEPonUySIbMPZnqVsOSbvPglggc9KOLVj3A2yUETsWCgqOpmqsuLpNBo2y9WZmFxaXklu5pbW9/Y3Mpv79R0GCvGqyyUoWp4oLkUAa+iQMkbkeLge5LXvcFZ6tfvuNIiDG5wGPGWD71AdAUDNFI7fwmnrg/YZyCT2xF1Ufhc038kek5dJXp9BKXC+4nsefQ6184X7KI9Bp0nzpQUyBSVdv7J7YQs9nmATILWTceOsJWAQsEkH+XcWPMI2AB6vGloACZGKxmfPKIHRunQbqjMC5CO1Z8bCfhaD33PTKYJ9ayXin95zRi7J61EBFGMPGCTj7qxpBjStD/aEYozlENDgClhslLWBwUMTctpCc7syfOkdlR07KJzVSqUS9M6smSP7JND4pBjUiYXpEKqhJEH8kzeyLv1aL1aH9bnZDRjTXd2yS9YX9/NIqph</latexit><latexit sha1_base64="RTmqiPeGhi6wU2lumJ2HfZ6Aijc=">AAACMnicfVDLSgNBEJyNrxhfUY9eBoPgKexKQPEU0IPeopiHZEPonUySIbMPZnqVsOSbvPglggc9KOLVj3A2yUETsWCgqOpmqsuLpNBo2y9WZmFxaXklu5pbW9/Y3Mpv79R0GCvGqyyUoWp4oLkUAa+iQMkbkeLge5LXvcFZ6tfvuNIiDG5wGPGWD71AdAUDNFI7fwmnrg/YZyCT2xF1Ufhc038kek5dJXp9BKXC+4nsefQ6184X7KI9Bp0nzpQUyBSVdv7J7YQs9nmATILWTceOsJWAQsEkH+XcWPMI2AB6vGloACZGKxmfPKIHRunQbqjMC5CO1Z8bCfhaD33PTKYJ9ayXin95zRi7J61EBFGMPGCTj7qxpBjStD/aEYozlENDgClhslLWBwUMTctpCc7syfOkdlR07KJzVSqUS9M6smSP7JND4pBjUiYXpEKqhJEH8kzeyLv1aL1aH9bnZDRjTXd2yS9YX9/NIqph</latexit>

(0 <) ↵(µ) ⌘ inf
w2Y

a(w,w;µ)

kwk2Y
;

<latexit sha1_base64="HKhac+Q+a5TOWkPKw+ShEwnjVVI="></latexit><latexit sha1_base64="HKhac+Q+a5TOWkPKw+ShEwnjVVI="></latexit><latexit sha1_base64="HKhac+Q+a5TOWkPKw+ShEwnjVVI="></latexit><latexit sha1_base64="HKhac+Q+a5TOWkPKw+ShEwnjVVI="></latexit>

�(µ) ⌘ sup
w2Y

sup
v2Y

a(w, v;µ)

kwkYkvkY
(< 1),

<latexit sha1_base64="s8QOGEi6t4hL4cgsp9MZNUQKvKA="></latexit><latexit sha1_base64="s8QOGEi6t4hL4cgsp9MZNUQKvKA="></latexit><latexit sha1_base64="s8QOGEi6t4hL4cgsp9MZNUQKvKA="></latexit><latexit sha1_base64="s8QOGEi6t4hL4cgsp9MZNUQKvKA="></latexit>

a1(w, v, z)  �a1kwkY kvkY kzkL1(⌦),

8w, v 2 Y, z 2 L1(⌦).
<latexit sha1_base64="m6NY+pmJsJ6uC1Vp1AvOFeB8YqU="></latexit><latexit sha1_base64="m6NY+pmJsJ6uC1Vp1AvOFeB8YqU="></latexit><latexit sha1_base64="m6NY+pmJsJ6uC1Vp1AvOFeB8YqU="></latexit><latexit sha1_base64="m6NY+pmJsJ6uC1Vp1AvOFeB8YqU="></latexit>
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Parameter samples: 

with 

Lagrangian reduced basis spaces: 

with

SN = {µ1 2 D, . . . , µN 2 D}, 1  N  Nmax,
<latexit sha1_base64="5R2WWHKxgqdrgg8CXCgt0clYYdo="></latexit>

S1 ⇢ S2 ⇢ . . . ⇢ SNmax�1 ⇢ SNmax ⇢ D.
<latexit sha1_base64="OggpuIWGPmnMBnmza0kbnA9gIIg="></latexit>

Y1 ⇢ Y2 ⇢ . . . ⇢ YNmax�1 ⇢ YNmax(⇢ Y).
<latexit sha1_base64="SnA3C+LhPpVYOoL7U7Fx8VIXM6E="></latexit><latexit sha1_base64="SnA3C+LhPpVYOoL7U7Fx8VIXM6E="></latexit><latexit sha1_base64="SnA3C+LhPpVYOoL7U7Fx8VIXM6E="></latexit><latexit sha1_base64="SnA3C+LhPpVYOoL7U7Fx8VIXM6E="></latexit>

YN = span{ y(µn)| {z }
“snapshots00

, 1  n  N}, 1  N  Nmax,

<latexit sha1_base64="cNbV+jlW5Ypbvt7aOcIJWl0A4vI="></latexit><latexit sha1_base64="cNbV+jlW5Ypbvt7aOcIJWl0A4vI="></latexit><latexit sha1_base64="cNbV+jlW5Ypbvt7aOcIJWl0A4vI="></latexit><latexit sha1_base64="cNbV+jlW5Ypbvt7aOcIJWl0A4vI="></latexit>
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Given                         evaluate 

where                                           satisfies 

where 

and 

Admits offline-online treatment: online cost

µ 2 D ⇢ RP ,
<latexit sha1_base64="8oxsC/6QRKQZWyGgtEpG+4qSPzg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQkJLUgi4LunBZxT6giWVmOmmHzkzCzEQood/gxl9x40IRt67c+TcmbRbaeuDC4Zx7ufceHHGmjeN8W4Wl5ZXVteJ6aWNza3vH3t1r6TBWhDZJyEPVwUhTziRtGmY47USKIoE5bePRZea3H6jSLJR3ZhxRX6CBZAEjyKRSzz7xRAw9JqEnkBkSxJOrCfR0jDU1Mw1jeHvfOC317LJTcaaAi8TNSRnkaPTsL68fklhQaQhHWnddJzJ+gpRhhNNJyYs1jRAZoQHtplQiQbWfTF+awKNU6cMgVGlJA6fq74kECa3HAqed2ZF63svE/7xubIILP2Eyig2VZLYoiDk0IczygX2mKDF8nBJEFEtvhWSIFCImTTELwZ1/eZG0qhX3rFK9qZXrtTyOIjgAh+AYuOAc1ME1aIAmIOARPINX8GY9WS/Wu/Uxay1Y+cw++APr8weK5pyw</latexit>

gM (x;µ) ⌘
MX

m=1

'M m(µ)qm(x),
<latexit sha1_base64="GWcW4R/M3otmoCYeBjVQUNp+N+c="></latexit>

MX

j=1

BM
ij 'M j(µ) = g(xi;µ), 1  i  M.

<latexit sha1_base64="oeLU/cyFbuWnp0yPicRgOVQNNUQ="></latexit>

O(M2 +MN2 +N3)
<latexit sha1_base64="LkQoqA2OQPYnWvaEWNysZ7D/Vxk=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQEcpMW9BlwY2b1gr2Ae20ZNK0Dc1khiQjlKE7N/6KGxeKuPUX3Pk3Zqaz0OqBkMM593LvPW7AqFSW9WVkVlbX1jeym7mt7Z3dPXP/oCX9UGDSxD7zRcdFkjDKSVNRxUgnEAR5LiNtd3oV++17IiT1+Z2aBcTx0JjTEcVIaWlgHvc8pCYYMXhTqPVL8BzWYD356/3yWW5g5q2ilQD+JXZK8iBFY2B+9oY+Dj3CFWZIyq5tBcqJkFAUMzLP9UJJAoSnaEy6mnLkEelEyR1zeKqVIRz5Qj+uYKL+7IiQJ+XMc3VlvLVc9mLxP68bqtGlE1EehIpwvBg0ChlUPoxDgUMqCFZspgnCgupdIZ4ggbDS0cUh2Msn/yWtUtEuF0u3lXy1ksaRBUfgBBSADS5AFVyDBmgCDB7AE3gBr8aj8Wy8Ge+L0oyR9hyCXzA+vgFIY5Wq</latexit>

sN,M (µ) = `(yN,M (µ);µ)
<latexit sha1_base64="WT9wxsrWEzZ+wVlyeuezbMr+3ZQ=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICWRgoIIBTdulAr2AU0Ik+mkHTqZhJmJEEI/wY2/4saFIm5duvNvnLRd1NYD93I4515m7vFjRqWyrB+jsLS8srpWXC9tbG5t75i7ey0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+8Pr3G8/EiFpxB9UGhM3RH1OA4qR0pJnHksvuzu9HVWcMDmBV9AhjMFKOiNe5q3kmWWrao0BF4k9JWUwRcMzv51ehJOQcIUZkrJrW7FyMyQUxYyMSk4iSYzwEPVJV1OOQiLdbHzQCB5ppQeDSOjiCo7V2Y0MhVKmoa8nQ6QGct7Lxf+8bqKCCzejPE4U4XjyUJAwqCKYpwN7VBCsWKoJwoLqv0I8QAJhpTPMQ7DnT14krbOqbVXt+1q5XpvGUQQH4BBUgA3OQR3cgAZoAgyewAt4A+/Gs/FqfBifk9GCMd3ZB39gfP0Cwaeacw==</latexit><latexit sha1_base64="WT9wxsrWEzZ+wVlyeuezbMr+3ZQ=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICWRgoIIBTdulAr2AU0Ik+mkHTqZhJmJEEI/wY2/4saFIm5duvNvnLRd1NYD93I4515m7vFjRqWyrB+jsLS8srpWXC9tbG5t75i7ey0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+8Pr3G8/EiFpxB9UGhM3RH1OA4qR0pJnHksvuzu9HVWcMDmBV9AhjMFKOiNe5q3kmWWrao0BF4k9JWUwRcMzv51ehJOQcIUZkrJrW7FyMyQUxYyMSk4iSYzwEPVJV1OOQiLdbHzQCB5ppQeDSOjiCo7V2Y0MhVKmoa8nQ6QGct7Lxf+8bqKCCzejPE4U4XjyUJAwqCKYpwN7VBCsWKoJwoLqv0I8QAJhpTPMQ7DnT14krbOqbVXt+1q5XpvGUQQH4BBUgA3OQR3cgAZoAgyewAt4A+/Gs/FqfBifk9GCMd3ZB39gfP0Cwaeacw==</latexit><latexit sha1_base64="WT9wxsrWEzZ+wVlyeuezbMr+3ZQ=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICWRgoIIBTdulAr2AU0Ik+mkHTqZhJmJEEI/wY2/4saFIm5duvNvnLRd1NYD93I4515m7vFjRqWyrB+jsLS8srpWXC9tbG5t75i7ey0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+8Pr3G8/EiFpxB9UGhM3RH1OA4qR0pJnHksvuzu9HVWcMDmBV9AhjMFKOiNe5q3kmWWrao0BF4k9JWUwRcMzv51ehJOQcIUZkrJrW7FyMyQUxYyMSk4iSYzwEPVJV1OOQiLdbHzQCB5ppQeDSOjiCo7V2Y0MhVKmoa8nQ6QGct7Lxf+8bqKCCzejPE4U4XjyUJAwqCKYpwN7VBCsWKoJwoLqv0I8QAJhpTPMQ7DnT14krbOqbVXt+1q5XpvGUQQH4BBUgA3OQR3cgAZoAgyewAt4A+/Gs/FqfBifk9GCMd3ZB39gfP0Cwaeacw==</latexit><latexit sha1_base64="WT9wxsrWEzZ+wVlyeuezbMr+3ZQ=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICWRgoIIBTdulAr2AU0Ik+mkHTqZhJmJEEI/wY2/4saFIm5duvNvnLRd1NYD93I4515m7vFjRqWyrB+jsLS8srpWXC9tbG5t75i7ey0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+8Pr3G8/EiFpxB9UGhM3RH1OA4qR0pJnHksvuzu9HVWcMDmBV9AhjMFKOiNe5q3kmWWrao0BF4k9JWUwRcMzv51ehJOQcIUZkrJrW7FyMyQUxYyMSk4iSYzwEPVJV1OOQiLdbHzQCB5ppQeDSOjiCo7V2Y0MhVKmoa8nQ6QGct7Lxf+8bqKCCzejPE4U4XjyUJAwqCKYpwN7VBCsWKoJwoLqv0I8QAJhpTPMQ7DnT14krbOqbVXt+1q5XpvGUQQH4BBUgA3OQR3cgAZoAgyewAt4A+/Gs/FqfBifk9GCMd3ZB39gfP0Cwaeacw==</latexit>

yN,M (x;µ) 2 YN ⇢ Y
<latexit sha1_base64="4ixTv9ZQjLDfn6JlB4oyqUkgiVA=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoICWRooKbghs3lgr2IU0Ik+mkHTqZhJmJGEL+xI2/4saFIuKuf2PSdlFbD1w4nHMv997jhoxKZRhjrbCyura+UdwsbW3v7O7p+wdtGUQCkxYOWCC6LpKEUU5aiipGuqEgyHcZ6bijm9zvPBEhacAfVBwS20cDTj2KkcokR7+InaRxdpfCyvO15Uen0KIcWj5SQ4xY8pg6DWjJyJVEzaslRy8bVWMCuEzMGSmDGZqO/mP1Axz5hCvMkJQ90wiVnSChKGYkLVmRJCHCIzQgvYxy5BNpJ5P/UniSKX3oBSIrruBEnZ9IkC9l7LtZZ36jXPRy8T+vFynvyk4oDyNFOJ4u8iIGVQDzsGCfCoIVizOCsKDZrRAPkUBYZZHmIZiLLy+T9nnVNKrmfa1cr83iKIIjcAwqwASXoA5uQRO0AAYv4A18gE/tVXvXvrTvaWtBm80cgj/Qxr+vnqIc</latexit><latexit sha1_base64="4ixTv9ZQjLDfn6JlB4oyqUkgiVA=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoICWRooKbghs3lgr2IU0Ik+mkHTqZhJmJGEL+xI2/4saFIuKuf2PSdlFbD1w4nHMv997jhoxKZRhjrbCyura+UdwsbW3v7O7p+wdtGUQCkxYOWCC6LpKEUU5aiipGuqEgyHcZ6bijm9zvPBEhacAfVBwS20cDTj2KkcokR7+InaRxdpfCyvO15Uen0KIcWj5SQ4xY8pg6DWjJyJVEzaslRy8bVWMCuEzMGSmDGZqO/mP1Axz5hCvMkJQ90wiVnSChKGYkLVmRJCHCIzQgvYxy5BNpJ5P/UniSKX3oBSIrruBEnZ9IkC9l7LtZZ36jXPRy8T+vFynvyk4oDyNFOJ4u8iIGVQDzsGCfCoIVizOCsKDZrRAPkUBYZZHmIZiLLy+T9nnVNKrmfa1cr83iKIIjcAwqwASXoA5uQRO0AAYv4A18gE/tVXvXvrTvaWtBm80cgj/Qxr+vnqIc</latexit><latexit sha1_base64="4ixTv9ZQjLDfn6JlB4oyqUkgiVA=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoICWRooKbghs3lgr2IU0Ik+mkHTqZhJmJGEL+xI2/4saFIuKuf2PSdlFbD1w4nHMv997jhoxKZRhjrbCyura+UdwsbW3v7O7p+wdtGUQCkxYOWCC6LpKEUU5aiipGuqEgyHcZ6bijm9zvPBEhacAfVBwS20cDTj2KkcokR7+InaRxdpfCyvO15Uen0KIcWj5SQ4xY8pg6DWjJyJVEzaslRy8bVWMCuEzMGSmDGZqO/mP1Axz5hCvMkJQ90wiVnSChKGYkLVmRJCHCIzQgvYxy5BNpJ5P/UniSKX3oBSIrruBEnZ9IkC9l7LtZZ36jXPRy8T+vFynvyk4oDyNFOJ4u8iIGVQDzsGCfCoIVizOCsKDZrRAPkUBYZZHmIZiLLy+T9nnVNKrmfa1cr83iKIIjcAwqwASXoA5uQRO0AAYv4A18gE/tVXvXvrTvaWtBm80cgj/Qxr+vnqIc</latexit><latexit sha1_base64="4ixTv9ZQjLDfn6JlB4oyqUkgiVA=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoICWRooKbghs3lgr2IU0Ik+mkHTqZhJmJGEL+xI2/4saFIuKuf2PSdlFbD1w4nHMv997jhoxKZRhjrbCyura+UdwsbW3v7O7p+wdtGUQCkxYOWCC6LpKEUU5aiipGuqEgyHcZ6bijm9zvPBEhacAfVBwS20cDTj2KkcokR7+InaRxdpfCyvO15Uen0KIcWj5SQ4xY8pg6DWjJyJVEzaslRy8bVWMCuEzMGSmDGZqO/mP1Axz5hCvMkJQ90wiVnSChKGYkLVmRJCHCIzQgvYxy5BNpJ5P/UniSKX3oBSIrruBEnZ9IkC9l7LtZZ36jXPRy8T+vFynvyk4oDyNFOJ4u8iIGVQDzsGCfCoIVizOCsKDZrRAPkUBYZZHmIZiLLy+T9nnVNKrmfa1cr83iKIIjcAwqwASXoA5uQRO0AAYv4A18gE/tVXvXvrTvaWtBm80cgj/Qxr+vnqIc</latexit>

a0(yN,M (µ), v) + a1(yN,M (µ), v; gM (x;µ)) =

f(v; gM (x;µ)), 8 v 2 YN .
<latexit sha1_base64="rCDyfrKUZb/6NU1m8urHZ/146vw="></latexit><latexit sha1_base64="rCDyfrKUZb/6NU1m8urHZ/146vw="></latexit><latexit sha1_base64="rCDyfrKUZb/6NU1m8urHZ/146vw="></latexit><latexit sha1_base64="rCDyfrKUZb/6NU1m8urHZ/146vw="></latexit>



Error Residual Equation
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The error,                                                satisfies  

where the residual is defined as

a0(e(µ), v) + a1(e(µ), v; g(x;µ)) =
<latexit sha1_base64="FxBQF2e5HW6X0OkiqE9Ln57A8Pw=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VIUUpSCwpFKLhxWcE+oA1hMp22Q2eSMDMpltDfcOOvuHGhiEtd+TcmbRa19cCFM+fcy9x7vJBRqSzrR8utrW9sbuW39Z3dvf0D4/CoKYNIYNLAAQtE20OSMOqThqKKkXYoCOIeIy1vdJv6rTERkgb+g5qExOFo4NM+xUglkmtYOnItaBKzy6PiBRwX4TlErr2gVOHAfKymjyK80XXXKFglawa4SuyMFECGumt8dXsBjjjxFWZIyo5thcqJkVAUMzLVu5EkIcIjNCCdhPqIE+nEs8um8CxRerAfiKR8BWfq4kSMuJQT7iWdHKmhXPZS8T+vE6n+tRNTP4wU8fH8o37EoApgGhPsUUGwYpOEICxosivEQyQQVkmYaQj28smrpFku2Zel8n2lUKtkceTBCTgFJrDBFaiBO1AHDYDBE3gBb+Bde9ZetQ/tc96a07KZY/AH2vcv7wCamg==</latexit>

r(v;µ) + f(v; g(x;µ)� gM (x;µ))
<latexit sha1_base64="VpV3pRmIPeauCRp6pG4Ti6yjF1k=">AAACE3icbVDLSsNAFJ3UV42vqEs3g0VoFUtSCwpuCm7cCBXsA9oQJtNJHDp5MDMpltB/cOOvuHGhiFs37vwbJ20W2npg4Nxz7uXOPW7MqJCm+a0VlpZXVteK6/rG5tb2jrG71xZRwjFp4YhFvOsiQRgNSUtSyUg35gQFLiMdd3iV+Z0R4YJG4Z0cx8QOkB9Sj2IkleQYx5DD8uiyHyQVeAI9Rf3yw6w81X3nJi8qUNcdo2RWzSngIrFyUgI5mo7x1R9EOAlIKDFDQvQsM5Z2irikmJGJ3k8EiREeIp/0FA1RQISdTm+awCOlDKAXcfVCCafq74kUBUKMA1d1Bkjei3kvE//zeon0LuyUhnEiSYhni7yEQRnBLCA4oJxgycaKIMyp+ivE94gjLFWMWQjW/MmLpF2rWmfV2m291KjncRTBATgEZWCBc9AA16AJWgCDR/AMXsGb9qS9aO/ax6y1oOUz++APtM8frC+Zkw==</latexit>

r(v;µ) ⌘ f(v; gM (x;µ))
<latexit sha1_base64="CRmKq8NimbkTKNIhQ8kXWOrINLU=">AAACCXicbVDLSsNAFJ34rPUVdelmsAjtpiS1oOCm4MaNUME+oAlhMp20Q2eSODMpltCtG3/FjQtF3PoH7vwbJ20W2nrgwplz7mXuPX7MqFSW9W2srK6tb2wWtorbO7t7++bBYVtGicCkhSMWia6PJGE0JC1FFSPdWBDEfUY6/ugq8ztjIiSNwjs1iYnL0SCkAcVIackzoSiPLx2eVKBD7hM6hoF+D7yb8sNMrRQ9s2RVrRngMrFzUgI5mp755fQjnHASKsyQlD3bipWbIqEoZmRadBJJYoRHaEB6moaIE+mms0um8FQrfRhEQleo4Ez9PZEiLuWE+7qTIzWUi14m/uf1EhVcuCkN40SREM8/ChIGVQSzWGCfCoIVm2iCsKB6V4iHSCCsdHhZCPbiycukXavaZ9Xabb3UqOdxFMAxOAFlYINz0ADXoAlaAINH8AxewZvxZLwY78bHvHXFyGeOwB8Ynz9SWZgg</latexit>

e(µ) ⌘ y(µ)� yN (µ) 2 Y,
<latexit sha1_base64="X99YXlvYEbG3vBCv3RlBZwi/1uk=">AAACGnicbVDLSsNAFJ3UV62vqks3g0WooCWRgi4LblxJBfuQpoTJ9KYdOpnEmUkhhH6HG3/FjQtF3Ikb/8akzUKrBwbOnHMv997jhpwpbZpfRmFpeWV1rbhe2tjc2t4p7+61VRBJCi0a8EB2XaKAMwEtzTSHbiiB+C6Hjju+zPzOBKRigbjVcQh9nwwF8xglOpWcsgVV24+OsQ33EZvgeP47xbFznRtMYNsnekQJT+6mJyWnXDFr5gz4L7FyUkE5mk75wx4ENPJBaMqJUj3LDHU/IVIzymFasiMFIaFjMoReSgXxQfWT2WlTfJQqA+wFMn1C45n6syMhvlKx76aV2ZJq0cvE/7xepL2LfsJEGGkQdD7IizjWAc5ywgMmgWoep4RQydJdMR0RSahO08xCsBZP/kvaZzXLrFk39UqjnsdRRAfoEFWRhc5RA12hJmohih7QE3pBr8aj8Wy8Ge/z0oKR9+yjXzA+vwF6yp6b</latexit><latexit sha1_base64="X99YXlvYEbG3vBCv3RlBZwi/1uk=">AAACGnicbVDLSsNAFJ3UV62vqks3g0WooCWRgi4LblxJBfuQpoTJ9KYdOpnEmUkhhH6HG3/FjQtF3Ikb/8akzUKrBwbOnHMv997jhpwpbZpfRmFpeWV1rbhe2tjc2t4p7+61VRBJCi0a8EB2XaKAMwEtzTSHbiiB+C6Hjju+zPzOBKRigbjVcQh9nwwF8xglOpWcsgVV24+OsQ33EZvgeP47xbFznRtMYNsnekQJT+6mJyWnXDFr5gz4L7FyUkE5mk75wx4ENPJBaMqJUj3LDHU/IVIzymFasiMFIaFjMoReSgXxQfWT2WlTfJQqA+wFMn1C45n6syMhvlKx76aV2ZJq0cvE/7xepL2LfsJEGGkQdD7IizjWAc5ywgMmgWoep4RQydJdMR0RSahO08xCsBZP/kvaZzXLrFk39UqjnsdRRAfoEFWRhc5RA12hJmohih7QE3pBr8aj8Wy8Ge/z0oKR9+yjXzA+vwF6yp6b</latexit><latexit sha1_base64="X99YXlvYEbG3vBCv3RlBZwi/1uk=">AAACGnicbVDLSsNAFJ3UV62vqks3g0WooCWRgi4LblxJBfuQpoTJ9KYdOpnEmUkhhH6HG3/FjQtF3Ikb/8akzUKrBwbOnHMv997jhpwpbZpfRmFpeWV1rbhe2tjc2t4p7+61VRBJCi0a8EB2XaKAMwEtzTSHbiiB+C6Hjju+zPzOBKRigbjVcQh9nwwF8xglOpWcsgVV24+OsQ33EZvgeP47xbFznRtMYNsnekQJT+6mJyWnXDFr5gz4L7FyUkE5mk75wx4ENPJBaMqJUj3LDHU/IVIzymFasiMFIaFjMoReSgXxQfWT2WlTfJQqA+wFMn1C45n6syMhvlKx76aV2ZJq0cvE/7xepL2LfsJEGGkQdD7IizjWAc5ywgMmgWoep4RQydJdMR0RSahO08xCsBZP/kvaZzXLrFk39UqjnsdRRAfoEFWRhc5RA12hJmohih7QE3pBr8aj8Wy8Ge/z0oKR9+yjXzA+vwF6yp6b</latexit><latexit sha1_base64="X99YXlvYEbG3vBCv3RlBZwi/1uk=">AAACGnicbVDLSsNAFJ3UV62vqks3g0WooCWRgi4LblxJBfuQpoTJ9KYdOpnEmUkhhH6HG3/FjQtF3Ikb/8akzUKrBwbOnHMv997jhpwpbZpfRmFpeWV1rbhe2tjc2t4p7+61VRBJCi0a8EB2XaKAMwEtzTSHbiiB+C6Hjju+zPzOBKRigbjVcQh9nwwF8xglOpWcsgVV24+OsQ33EZvgeP47xbFznRtMYNsnekQJT+6mJyWnXDFr5gz4L7FyUkE5mk75wx4ENPJBaMqJUj3LDHU/IVIzymFasiMFIaFjMoReSgXxQfWT2WlTfJQqA+wFMn1C45n6syMhvlKx76aV2ZJq0cvE/7xepL2LfsJEGGkQdD7IizjWAc5ywgMmgWoep4RQydJdMR0RSahO08xCsBZP/kvaZzXLrFk39UqjnsdRRAfoEFWRhc5RA12hJmohih7QE3pBr8aj8Wy8Ge/z0oKR9+yjXzA+vwF6yp6b</latexit>

�a1(yN,M (µ), v; g(x;µ)� gM (x;µ)),
<latexit sha1_base64="CIF6PhvqZLGa6MkZ4Ts83smncLE="></latexit><latexit sha1_base64="CIF6PhvqZLGa6MkZ4Ts83smncLE="></latexit><latexit sha1_base64="CIF6PhvqZLGa6MkZ4Ts83smncLE="></latexit><latexit sha1_base64="CIF6PhvqZLGa6MkZ4Ts83smncLE="></latexit>

8 v 2 Y,
<latexit sha1_base64="ONoljOJyjWNNg8ZWTiHEfvXap/o=">AAACCnicbVDLSsNAFL2pr1pfUZduRovgQkoiBcVVwY3LCvYhTSiT6bQdOpmEmUmhhK7d+CtuXCji1i9w5984abPQ1gMDh3PuZc49QcyZ0o7zbRVWVtfWN4qbpa3tnd09e/+gqaJEEtogEY9kO8CKciZoQzPNaTuWFIcBp61gdJP5rTGVikXiXk9i6od4IFifEayN1LWPkdePJOYceddojDwmkBdiPSSYpw/Tc1Qqde2yU3FmQMvEzUkZctS79pfXi0gSUqEJx0p1XCfWfoqlZoTTaclLFI0xGeEB7RgqcEiVn85OmaJTo/SQiWSe0Gim/t5IcajUJAzMZBZTLXqZ+J/XSXT/yk+ZiBNNBZl/1E840hHKekE9JinRfGIIJpKZrIgMscREm/ayEtzFk5dJ86LiOhX3rlquVfM6inAEJ3AGLlxCDW6hDg0g8AjP8Apv1pP1Yr1bH/PRgpXvHMIfWJ8/FsSYiQ==</latexit><latexit sha1_base64="ONoljOJyjWNNg8ZWTiHEfvXap/o=">AAACCnicbVDLSsNAFL2pr1pfUZduRovgQkoiBcVVwY3LCvYhTSiT6bQdOpmEmUmhhK7d+CtuXCji1i9w5984abPQ1gMDh3PuZc49QcyZ0o7zbRVWVtfWN4qbpa3tnd09e/+gqaJEEtogEY9kO8CKciZoQzPNaTuWFIcBp61gdJP5rTGVikXiXk9i6od4IFifEayN1LWPkdePJOYceddojDwmkBdiPSSYpw/Tc1Qqde2yU3FmQMvEzUkZctS79pfXi0gSUqEJx0p1XCfWfoqlZoTTaclLFI0xGeEB7RgqcEiVn85OmaJTo/SQiWSe0Gim/t5IcajUJAzMZBZTLXqZ+J/XSXT/yk+ZiBNNBZl/1E840hHKekE9JinRfGIIJpKZrIgMscREm/ayEtzFk5dJ86LiOhX3rlquVfM6inAEJ3AGLlxCDW6hDg0g8AjP8Apv1pP1Yr1bH/PRgpXvHMIfWJ8/FsSYiQ==</latexit><latexit sha1_base64="ONoljOJyjWNNg8ZWTiHEfvXap/o=">AAACCnicbVDLSsNAFL2pr1pfUZduRovgQkoiBcVVwY3LCvYhTSiT6bQdOpmEmUmhhK7d+CtuXCji1i9w5984abPQ1gMDh3PuZc49QcyZ0o7zbRVWVtfWN4qbpa3tnd09e/+gqaJEEtogEY9kO8CKciZoQzPNaTuWFIcBp61gdJP5rTGVikXiXk9i6od4IFifEayN1LWPkdePJOYceddojDwmkBdiPSSYpw/Tc1Qqde2yU3FmQMvEzUkZctS79pfXi0gSUqEJx0p1XCfWfoqlZoTTaclLFI0xGeEB7RgqcEiVn85OmaJTo/SQiWSe0Gim/t5IcajUJAzMZBZTLXqZ+J/XSXT/yk+ZiBNNBZl/1E840hHKekE9JinRfGIIJpKZrIgMscREm/ayEtzFk5dJ86LiOhX3rlquVfM6inAEJ3AGLlxCDW6hDg0g8AjP8Apv1pP1Yr1bH/PRgpXvHMIfWJ8/FsSYiQ==</latexit><latexit sha1_base64="ONoljOJyjWNNg8ZWTiHEfvXap/o=">AAACCnicbVDLSsNAFL2pr1pfUZduRovgQkoiBcVVwY3LCvYhTSiT6bQdOpmEmUmhhK7d+CtuXCji1i9w5984abPQ1gMDh3PuZc49QcyZ0o7zbRVWVtfWN4qbpa3tnd09e/+gqaJEEtogEY9kO8CKciZoQzPNaTuWFIcBp61gdJP5rTGVikXiXk9i6od4IFifEayN1LWPkdePJOYceddojDwmkBdiPSSYpw/Tc1Qqde2yU3FmQMvEzUkZctS79pfXi0gSUqEJx0p1XCfWfoqlZoTTaclLFI0xGeEB7RgqcEiVn85OmaJTo/SQiWSe0Gim/t5IcajUJAzMZBZTLXqZ+J/XSXT/yk+ZiBNNBZl/1E840hHKekE9JinRfGIIJpKZrIgMscREm/ayEtzFk5dJ86LiOhX3rlquVfM6inAEJ3AGLlxCDW6hDg0g8AjP8Apv1pP1Yr1bH/PRgpXvHMIfWJ8/FsSYiQ==</latexit>

�a0(yN (µ), v)� a1(yN (µ), v; gM (x;µ)),
<latexit sha1_base64="v6lbLfhdsxAqV6PCCKhGZ+NjHV8=">AAACGnicbVDLSsNAFJ34rPEVdelmsAgptCWRgkI3BTdulAr2AW0Ik+mkHTp5MDMphtDvcOOvuHGhiDtx49+YtFnU1gMXzpxzL3PvcUJGhTSMH2VtfWNza7uwo+7u7R8cakfHbRFEHJMWDljAuw4ShFGftCSVjHRDTpDnMNJxxteZ35kQLmjgP8g4JJaHhj51KUYylWzNhBWIbEOP7Tu970Wl8qRUUZFtLgj1oX2rP9azR6kMVVsrGlVjBrhKzJwUQY6mrX31BwGOPOJLzJAQPdMIpZUgLilmZKr2I0FChMdoSHop9ZFHhJXMTpvC81QZQDfgafkSztTFiQR5QsSek3Z6SI7EspeJ/3m9SLpXVkL9MJLEx/OP3IhBGcAsJzignGDJ4pQgzGm6K8QjxBGWaZpZCObyyaukfVE1jap5Xys2ankcBXAKzoAOTHAJGuAGNEELYPAEXsAbeFeelVflQ/mct64p+cwJ+APl+xe2npxC</latexit><latexit sha1_base64="v6lbLfhdsxAqV6PCCKhGZ+NjHV8=">AAACGnicbVDLSsNAFJ34rPEVdelmsAgptCWRgkI3BTdulAr2AW0Ik+mkHTp5MDMphtDvcOOvuHGhiDtx49+YtFnU1gMXzpxzL3PvcUJGhTSMH2VtfWNza7uwo+7u7R8cakfHbRFEHJMWDljAuw4ShFGftCSVjHRDTpDnMNJxxteZ35kQLmjgP8g4JJaHhj51KUYylWzNhBWIbEOP7Tu970Wl8qRUUZFtLgj1oX2rP9azR6kMVVsrGlVjBrhKzJwUQY6mrX31BwGOPOJLzJAQPdMIpZUgLilmZKr2I0FChMdoSHop9ZFHhJXMTpvC81QZQDfgafkSztTFiQR5QsSek3Z6SI7EspeJ/3m9SLpXVkL9MJLEx/OP3IhBGcAsJzignGDJ4pQgzGm6K8QjxBGWaZpZCObyyaukfVE1jap5Xys2ankcBXAKzoAOTHAJGuAGNEELYPAEXsAbeFeelVflQ/mct64p+cwJ+APl+xe2npxC</latexit><latexit sha1_base64="v6lbLfhdsxAqV6PCCKhGZ+NjHV8=">AAACGnicbVDLSsNAFJ34rPEVdelmsAgptCWRgkI3BTdulAr2AW0Ik+mkHTp5MDMphtDvcOOvuHGhiDtx49+YtFnU1gMXzpxzL3PvcUJGhTSMH2VtfWNza7uwo+7u7R8cakfHbRFEHJMWDljAuw4ShFGftCSVjHRDTpDnMNJxxteZ35kQLmjgP8g4JJaHhj51KUYylWzNhBWIbEOP7Tu970Wl8qRUUZFtLgj1oX2rP9azR6kMVVsrGlVjBrhKzJwUQY6mrX31BwGOPOJLzJAQPdMIpZUgLilmZKr2I0FChMdoSHop9ZFHhJXMTpvC81QZQDfgafkSztTFiQR5QsSek3Z6SI7EspeJ/3m9SLpXVkL9MJLEx/OP3IhBGcAsJzignGDJ4pQgzGm6K8QjxBGWaZpZCObyyaukfVE1jap5Xys2ankcBXAKzoAOTHAJGuAGNEELYPAEXsAbeFeelVflQ/mct64p+cwJ+APl+xe2npxC</latexit><latexit sha1_base64="v6lbLfhdsxAqV6PCCKhGZ+NjHV8=">AAACGnicbVDLSsNAFJ34rPEVdelmsAgptCWRgkI3BTdulAr2AW0Ik+mkHTp5MDMphtDvcOOvuHGhiDtx49+YtFnU1gMXzpxzL3PvcUJGhTSMH2VtfWNza7uwo+7u7R8cakfHbRFEHJMWDljAuw4ShFGftCSVjHRDTpDnMNJxxteZ35kQLmjgP8g4JJaHhj51KUYylWzNhBWIbEOP7Tu970Wl8qRUUZFtLgj1oX2rP9azR6kMVVsrGlVjBrhKzJwUQY6mrX31BwGOPOJLzJAQPdMIpZUgLilmZKr2I0FChMdoSHop9ZFHhJXMTpvC81QZQDfgafkSztTFiQR5QsSek3Z6SI7EspeJ/3m9SLpXVkL9MJLEx/OP3IhBGcAsJzignGDJ4pQgzGm6K8QjxBGWaZpZCObyyaukfVE1jap5Xys2ankcBXAKzoAOTHAJGuAGNEELYPAEXsAbeFeelVflQ/mct64p+cwJ+APl+xe2npxC</latexit>

8 v 2 Y.
<latexit sha1_base64="LcffUVWAeFd4r9AQUkM0G0s1u9c=">AAACB3icbVBNS8NAFHypX7V+RT0KslgETyGRguKp4MVjBdsqTSib7bZdutmE3U2hhN68+Fe8eFDEq3/Bm//GTZuDtg4sDDPvsfMmTDhT2nW/rdLK6tr6RnmzsrW9s7tn7x+0VJxKQpsk5rG8D7GinAna1Exzep9IiqOQ03Y4us799phKxWJxpycJDSI8EKzPCNZG6trHfj+WmHPkX6Ex8plAfoT1kGCePUydSteuuo47A1omXkGqUKDRtb/8XkzSiApNOFaq47mJDjIsNSOcTit+qmiCyQgPaMdQgSOqgmx2xxSdGqWHTCDzhEYz9fdGhiOlJlFoJvOQatHLxf+8Tqr7l0HGRJJqKsj8o37KkY5RXgrqMUmJ5hNDMJHMZEVkiCUm2lSXl+AtnrxMWueO5zreba1arxV1lOEITuAMPLiAOtxAA5pA4BGe4RXerCfrxXq3PuajJavYOYQ/sD5/ACD0mCM=</latexit><latexit sha1_base64="LcffUVWAeFd4r9AQUkM0G0s1u9c=">AAACB3icbVBNS8NAFHypX7V+RT0KslgETyGRguKp4MVjBdsqTSib7bZdutmE3U2hhN68+Fe8eFDEq3/Bm//GTZuDtg4sDDPvsfMmTDhT2nW/rdLK6tr6RnmzsrW9s7tn7x+0VJxKQpsk5rG8D7GinAna1Exzep9IiqOQ03Y4us799phKxWJxpycJDSI8EKzPCNZG6trHfj+WmHPkX6Ex8plAfoT1kGCePUydSteuuo47A1omXkGqUKDRtb/8XkzSiApNOFaq47mJDjIsNSOcTit+qmiCyQgPaMdQgSOqgmx2xxSdGqWHTCDzhEYz9fdGhiOlJlFoJvOQatHLxf+8Tqr7l0HGRJJqKsj8o37KkY5RXgrqMUmJ5hNDMJHMZEVkiCUm2lSXl+AtnrxMWueO5zreba1arxV1lOEITuAMPLiAOtxAA5pA4BGe4RXerCfrxXq3PuajJavYOYQ/sD5/ACD0mCM=</latexit><latexit sha1_base64="LcffUVWAeFd4r9AQUkM0G0s1u9c=">AAACB3icbVBNS8NAFHypX7V+RT0KslgETyGRguKp4MVjBdsqTSib7bZdutmE3U2hhN68+Fe8eFDEq3/Bm//GTZuDtg4sDDPvsfMmTDhT2nW/rdLK6tr6RnmzsrW9s7tn7x+0VJxKQpsk5rG8D7GinAna1Exzep9IiqOQ03Y4us799phKxWJxpycJDSI8EKzPCNZG6trHfj+WmHPkX6Ex8plAfoT1kGCePUydSteuuo47A1omXkGqUKDRtb/8XkzSiApNOFaq47mJDjIsNSOcTit+qmiCyQgPaMdQgSOqgmx2xxSdGqWHTCDzhEYz9fdGhiOlJlFoJvOQatHLxf+8Tqr7l0HGRJJqKsj8o37KkY5RXgrqMUmJ5hNDMJHMZEVkiCUm2lSXl+AtnrxMWueO5zreba1arxV1lOEITuAMPLiAOtxAA5pA4BGe4RXerCfrxXq3PuajJavYOYQ/sD5/ACD0mCM=</latexit><latexit sha1_base64="LcffUVWAeFd4r9AQUkM0G0s1u9c=">AAACB3icbVBNS8NAFHypX7V+RT0KslgETyGRguKp4MVjBdsqTSib7bZdutmE3U2hhN68+Fe8eFDEq3/Bm//GTZuDtg4sDDPvsfMmTDhT2nW/rdLK6tr6RnmzsrW9s7tn7x+0VJxKQpsk5rG8D7GinAna1Exzep9IiqOQ03Y4us799phKxWJxpycJDSI8EKzPCNZG6trHfj+WmHPkX6Ex8plAfoT1kGCePUydSteuuo47A1omXkGqUKDRtb/8XkzSiApNOFaq47mJDjIsNSOcTit+qmiCyQgPaMdQgSOqgmx2xxSdGqWHTCDzhEYz9fdGhiOlJlFoJvOQatHLxf+8Tqr7l0HGRJJqKsj8o37KkY5RXgrqMUmJ5hNDMJHMZEVkiCUm2lSXl+AtnrxMWueO5zreba1arxV1lOEITuAMPLiAOtxAA5pA4BGe4RXerCfrxXq3PuajJavYOYQ/sD5/ACD0mCM=</latexit>
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Energy norm bound [Ngu07] 

        contribution to error bound

where 

and

�y
N,M (µ) =

1

↵LB(µ)

✓
kr(·;µ)kY0
| {z }

a�ne

+ "̂M (µ)�na
M (µ)| {z }

nona�ne

◆
,

<latexit sha1_base64="qV4XjG5gPpJUGjyjgR6D4XTNJIA="></latexit><latexit sha1_base64="qV4XjG5gPpJUGjyjgR6D4XTNJIA="></latexit><latexit sha1_base64="qV4XjG5gPpJUGjyjgR6D4XTNJIA="></latexit><latexit sha1_base64="qV4XjG5gPpJUGjyjgR6D4XTNJIA="></latexit>

�na
M (µ) = sup

v2Y

f(v; qM+1)� a1(yN,M , v; qM+1)

kvkY
<latexit sha1_base64="VDUBEnvD7L+RigLvIreg1tirijA="></latexit><latexit sha1_base64="VDUBEnvD7L+RigLvIreg1tirijA="></latexit><latexit sha1_base64="VDUBEnvD7L+RigLvIreg1tirijA="></latexit><latexit sha1_base64="VDUBEnvD7L+RigLvIreg1tirijA="></latexit>

↵LB(µ)
<latexit sha1_base64="lY8FLfitPLMPs+xEl63vvc9gZ/I=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZRECrosunHhooJ9QBPCzXTaDp1JwsxEqKH4K25cKOLW/3Dn3zhts9DWAxcO59zLvfeECWdKO863VVhZXVvfKG6WtrZ3dvfs/YOWilNJaJPEPJadEBTlLKJNzTSnnURSECGn7XB0PfXbD1QqFkf3epxQX8AgYn1GQBspsI884MkQgsyTAt9eTSqeSM8Cu+xUnRnwMnFzUkY5GoH95fVikgoaacJBqa7rJNrPQGpGOJ2UvFTRBMgIBrRraASCKj+bXT/Bp0bp4X4sTUUaz9TfExkIpcYiNJ0C9FAtelPxP6+b6v6ln7EoSTWNyHxRP+VYx3gaBe4xSYnmY0OASGZuxWQIEog2gZVMCO7iy8ukdV51nap7VyvXa3kcRXSMTlAFuegC1dENaqAmIugRPaNX9GY9WS/Wu/Uxby1Y+cwh+gPr8weR65SW</latexit><latexit sha1_base64="lY8FLfitPLMPs+xEl63vvc9gZ/I=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZRECrosunHhooJ9QBPCzXTaDp1JwsxEqKH4K25cKOLW/3Dn3zhts9DWAxcO59zLvfeECWdKO863VVhZXVvfKG6WtrZ3dvfs/YOWilNJaJPEPJadEBTlLKJNzTSnnURSECGn7XB0PfXbD1QqFkf3epxQX8AgYn1GQBspsI884MkQgsyTAt9eTSqeSM8Cu+xUnRnwMnFzUkY5GoH95fVikgoaacJBqa7rJNrPQGpGOJ2UvFTRBMgIBrRraASCKj+bXT/Bp0bp4X4sTUUaz9TfExkIpcYiNJ0C9FAtelPxP6+b6v6ln7EoSTWNyHxRP+VYx3gaBe4xSYnmY0OASGZuxWQIEog2gZVMCO7iy8ukdV51nap7VyvXa3kcRXSMTlAFuegC1dENaqAmIugRPaNX9GY9WS/Wu/Uxby1Y+cwh+gPr8weR65SW</latexit><latexit sha1_base64="lY8FLfitPLMPs+xEl63vvc9gZ/I=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZRECrosunHhooJ9QBPCzXTaDp1JwsxEqKH4K25cKOLW/3Dn3zhts9DWAxcO59zLvfeECWdKO863VVhZXVvfKG6WtrZ3dvfs/YOWilNJaJPEPJadEBTlLKJNzTSnnURSECGn7XB0PfXbD1QqFkf3epxQX8AgYn1GQBspsI884MkQgsyTAt9eTSqeSM8Cu+xUnRnwMnFzUkY5GoH95fVikgoaacJBqa7rJNrPQGpGOJ2UvFTRBMgIBrRraASCKj+bXT/Bp0bp4X4sTUUaz9TfExkIpcYiNJ0C9FAtelPxP6+b6v6ln7EoSTWNyHxRP+VYx3gaBe4xSYnmY0OASGZuxWQIEog2gZVMCO7iy8ukdV51nap7VyvXa3kcRXSMTlAFuegC1dENaqAmIugRPaNX9GY9WS/Wu/Uxby1Y+cwh+gPr8weR65SW</latexit><latexit sha1_base64="lY8FLfitPLMPs+xEl63vvc9gZ/I=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZRECrosunHhooJ9QBPCzXTaDp1JwsxEqKH4K25cKOLW/3Dn3zhts9DWAxcO59zLvfeECWdKO863VVhZXVvfKG6WtrZ3dvfs/YOWilNJaJPEPJadEBTlLKJNzTSnnURSECGn7XB0PfXbD1QqFkf3epxQX8AgYn1GQBspsI884MkQgsyTAt9eTSqeSM8Cu+xUnRnwMnFzUkY5GoH95fVikgoaacJBqa7rJNrPQGpGOJ2UvFTRBMgIBrRraASCKj+bXT/Bp0bp4X4sTUUaz9TfExkIpcYiNJ0C9FAtelPxP6+b6v6ln7EoSTWNyHxRP+VYx3gaBe4xSYnmY0OASGZuxWQIEog2gZVMCO7iy8ukdV51nap7VyvXa3kcRXSMTlAFuegC1dENaqAmIugRPaNX9GY9WS/Wu/Uxby1Y+cwh+gPr8weR65SW</latexit>

kr(·;µ)kY0
<latexit sha1_base64="PjHQi/3M3SZMtJIqzsZvXPMzEbM=">AAACHXicbVDLSgMxFM3UV62vqks3wSLWTZmRgoKbghuXFexDOqVk0ts2NPMguSOWcX7Ejb/ixoUiLtyIf2P6WGjrhcDJOffenBwvkkKjbX9bmaXlldW17HpuY3Nreye/u1fXYaw41HgoQ9X0mAYpAqihQAnNSAHzPQkNb3g51ht3oLQIgxscRdD2WT8QPcEZGqqTL7sI9zjZk3gyhjSh7gNVRZd3Q7xw/fjE3DuJ6zMccCaT2/Q4TTv5gl2yJ0UXgTMDBTKraif/6XZDHvsQIJdM65ZjR9hOmELBJaQ5N9YQMT5kfWgZGDAfdDuZuErpkWG6tBcqcwKkE/b3RMJ8rUe+ZzrHLvW8Nib/01ox9s7biQiiGCHg04d6saQY0nFUtCsUcJQjAxhXwnilfMAU42gCzZkQnPkvL4L6acmxS851uVApz+LIkgNySIrEIWekQq5IldQIJ4/kmbySN+vJerHerY9pa8aazeyTP2V9/QCtYqLU</latexit><latexit sha1_base64="PjHQi/3M3SZMtJIqzsZvXPMzEbM=">AAACHXicbVDLSgMxFM3UV62vqks3wSLWTZmRgoKbghuXFexDOqVk0ts2NPMguSOWcX7Ejb/ixoUiLtyIf2P6WGjrhcDJOffenBwvkkKjbX9bmaXlldW17HpuY3Nreye/u1fXYaw41HgoQ9X0mAYpAqihQAnNSAHzPQkNb3g51ht3oLQIgxscRdD2WT8QPcEZGqqTL7sI9zjZk3gyhjSh7gNVRZd3Q7xw/fjE3DuJ6zMccCaT2/Q4TTv5gl2yJ0UXgTMDBTKraif/6XZDHvsQIJdM65ZjR9hOmELBJaQ5N9YQMT5kfWgZGDAfdDuZuErpkWG6tBcqcwKkE/b3RMJ8rUe+ZzrHLvW8Nib/01ox9s7biQiiGCHg04d6saQY0nFUtCsUcJQjAxhXwnilfMAU42gCzZkQnPkvL4L6acmxS851uVApz+LIkgNySIrEIWekQq5IldQIJ4/kmbySN+vJerHerY9pa8aazeyTP2V9/QCtYqLU</latexit><latexit sha1_base64="PjHQi/3M3SZMtJIqzsZvXPMzEbM=">AAACHXicbVDLSgMxFM3UV62vqks3wSLWTZmRgoKbghuXFexDOqVk0ts2NPMguSOWcX7Ejb/ixoUiLtyIf2P6WGjrhcDJOffenBwvkkKjbX9bmaXlldW17HpuY3Nreye/u1fXYaw41HgoQ9X0mAYpAqihQAnNSAHzPQkNb3g51ht3oLQIgxscRdD2WT8QPcEZGqqTL7sI9zjZk3gyhjSh7gNVRZd3Q7xw/fjE3DuJ6zMccCaT2/Q4TTv5gl2yJ0UXgTMDBTKraif/6XZDHvsQIJdM65ZjR9hOmELBJaQ5N9YQMT5kfWgZGDAfdDuZuErpkWG6tBcqcwKkE/b3RMJ8rUe+ZzrHLvW8Nib/01ox9s7biQiiGCHg04d6saQY0nFUtCsUcJQjAxhXwnilfMAU42gCzZkQnPkvL4L6acmxS851uVApz+LIkgNySIrEIWekQq5IldQIJ4/kmbySN+vJerHerY9pa8aazeyTP2V9/QCtYqLU</latexit><latexit sha1_base64="PjHQi/3M3SZMtJIqzsZvXPMzEbM=">AAACHXicbVDLSgMxFM3UV62vqks3wSLWTZmRgoKbghuXFexDOqVk0ts2NPMguSOWcX7Ejb/ixoUiLtyIf2P6WGjrhcDJOffenBwvkkKjbX9bmaXlldW17HpuY3Nreye/u1fXYaw41HgoQ9X0mAYpAqihQAnNSAHzPQkNb3g51ht3oLQIgxscRdD2WT8QPcEZGqqTL7sI9zjZk3gyhjSh7gNVRZd3Q7xw/fjE3DuJ6zMccCaT2/Q4TTv5gl2yJ0UXgTMDBTKraif/6XZDHvsQIJdM65ZjR9hOmELBJaQ5N9YQMT5kfWgZGDAfdDuZuErpkWG6tBcqcwKkE/b3RMJ8rUe+ZzrHLvW8Nib/01ox9s7biQiiGCHg04d6saQY0nFUtCsUcJQjAxhXwnilfMAU42gCzZkQnPkvL4L6acmxS851uVApz+LIkgNySIrEIWekQq5IldQIJ4/kmbySN+vJerHerY9pa8aazeyTP2V9/QCtYqLU</latexit>

"̂M (µ)
<latexit sha1_base64="mVVIjxx3TmqXtzc4+ZshaosaBb8=">AAACFHicbVBNS8NAEN34WetX1aOXxSIoQklE0GPBixehgq2FJoTNdtou3WzC7kQsIT/Ci3/FiwdFvHrw5r9xW3tQ64OBx3szuzMvSqUw6Lqfztz8wuLScmmlvLq2vrFZ2dpumSTTHJo8kYluR8yAFAqaKFBCO9XA4kjCTTQ8H/s3t6CNSNQ1jlIIYtZXoic4QyuFlSPqI9zh5KFcQ7fI/QHD3L9lGlIjZKKK8JIe+HF2WISVqltzJ6CzxJuSKpmiEVY+/G7CsxgUcsmM6XhuikHONAouoSj7mYGU8SHrQ8dSxWIwQT7ZpaD7VunSXqJtKaQT9edEzmJjRnFkO2OGA/PXG4v/eZ0Me2dBLlSaISj+/VEvkxQTOk6IdoUGjnJkCeNa2F0pHzDNONocyzYE7+/Js6R1XPPcmnd1Uq2fTOMokV2yRw6IR05JnVyQBmkSTu7JI3kmL86D8+S8Om/frXPOdGaH/ILz/gUSWJ9h</latexit><latexit sha1_base64="mVVIjxx3TmqXtzc4+ZshaosaBb8=">AAACFHicbVBNS8NAEN34WetX1aOXxSIoQklE0GPBixehgq2FJoTNdtou3WzC7kQsIT/Ci3/FiwdFvHrw5r9xW3tQ64OBx3szuzMvSqUw6Lqfztz8wuLScmmlvLq2vrFZ2dpumSTTHJo8kYluR8yAFAqaKFBCO9XA4kjCTTQ8H/s3t6CNSNQ1jlIIYtZXoic4QyuFlSPqI9zh5KFcQ7fI/QHD3L9lGlIjZKKK8JIe+HF2WISVqltzJ6CzxJuSKpmiEVY+/G7CsxgUcsmM6XhuikHONAouoSj7mYGU8SHrQ8dSxWIwQT7ZpaD7VunSXqJtKaQT9edEzmJjRnFkO2OGA/PXG4v/eZ0Me2dBLlSaISj+/VEvkxQTOk6IdoUGjnJkCeNa2F0pHzDNONocyzYE7+/Js6R1XPPcmnd1Uq2fTOMokV2yRw6IR05JnVyQBmkSTu7JI3kmL86D8+S8Om/frXPOdGaH/ILz/gUSWJ9h</latexit><latexit sha1_base64="mVVIjxx3TmqXtzc4+ZshaosaBb8=">AAACFHicbVBNS8NAEN34WetX1aOXxSIoQklE0GPBixehgq2FJoTNdtou3WzC7kQsIT/Ci3/FiwdFvHrw5r9xW3tQ64OBx3szuzMvSqUw6Lqfztz8wuLScmmlvLq2vrFZ2dpumSTTHJo8kYluR8yAFAqaKFBCO9XA4kjCTTQ8H/s3t6CNSNQ1jlIIYtZXoic4QyuFlSPqI9zh5KFcQ7fI/QHD3L9lGlIjZKKK8JIe+HF2WISVqltzJ6CzxJuSKpmiEVY+/G7CsxgUcsmM6XhuikHONAouoSj7mYGU8SHrQ8dSxWIwQT7ZpaD7VunSXqJtKaQT9edEzmJjRnFkO2OGA/PXG4v/eZ0Me2dBLlSaISj+/VEvkxQTOk6IdoUGjnJkCeNa2F0pHzDNONocyzYE7+/Js6R1XPPcmnd1Uq2fTOMokV2yRw6IR05JnVyQBmkSTu7JI3kmL86D8+S8Om/frXPOdGaH/ILz/gUSWJ9h</latexit><latexit sha1_base64="mVVIjxx3TmqXtzc4+ZshaosaBb8=">AAACFHicbVBNS8NAEN34WetX1aOXxSIoQklE0GPBixehgq2FJoTNdtou3WzC7kQsIT/Ci3/FiwdFvHrw5r9xW3tQ64OBx3szuzMvSqUw6Lqfztz8wuLScmmlvLq2vrFZ2dpumSTTHJo8kYluR8yAFAqaKFBCO9XA4kjCTTQ8H/s3t6CNSNQ1jlIIYtZXoic4QyuFlSPqI9zh5KFcQ7fI/QHD3L9lGlIjZKKK8JIe+HF2WISVqltzJ6CzxJuSKpmiEVY+/G7CsxgUcsmM6XhuikHONAouoSj7mYGU8SHrQ8dSxWIwQT7ZpaD7VunSXqJtKaQT9edEzmJjRnFkO2OGA/PXG4v/eZ0Me2dBLlSaISj+/VEvkxQTOk6IdoUGjnJkCeNa2F0pHzDNONocyzYE7+/Js6R1XPPcmnd1Uq2fTOMokV2yRw6IR05JnVyQBmkSTu7JI3kmL86D8+S8Om/frXPOdGaH/ILz/gUSWJ9h</latexit>

…      Lower bound of coercivity constant, 

…      dual norm of residual 

…      interpolation induced error
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Note 

• the output error bound:                              

• and the output effectivity: ⌘sN (µ) ⌘ �s
N (µ)
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Note 

• the output error bound:                              

• and the output effectivity: ⌘sN (µ) ⌘ �s
N (µ)
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We consider the model problem with 

for                             and   

Maximum relative error and bounds in field variable and output [N]
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Model Problem
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4 15 1.20E� 02 1.35E� 02 1.16 5.96E� 03 1.43E� 02 11.32
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Figure 2. Convergence of the reduced-basis approximation for the nonaffine elliptic example.

Table 3. Maximum relative error in the energy norm and output for the nonaffine elliptic example.

N M ϵu
N,M,max,rel ϵs

N,M,max,rel

4 15 1.20 E– 02 5.96 E– 03
8 20 1.14 E– 03 2.42 E– 04
12 25 2.54 E– 04 1.76 E– 04
16 30 3.82 E– 05 7.92 E– 06

computational savings in the online stage relative to classical discretization and solution approaches and relative
to standard Galerkin reduced-basis approaches built upon (28).

3.2.4. Numerical results
We present here numerical results for the model problem of Section 3.1.2. We first define (w, v)X =

∫
Ω ∇w·∇v;

thanks to the Dirichlet conditions on the boundary, (w, v)X is appropriately coercive. We note that for our
particular function, g(x; µ) = G(x; µ) of (20), Sg

M , W g
M , and hence TM and BM are already constructed in

Section 2.3. The sample set Su
N and associated reduced-basis space Wu

N are developed based on the adaptive
sampling procedure described in [23, 40].

We now introduce a parameter sample ΞTest ⊂D of size 225 (in fact, a regular 15×15 grid over D), and define
ϵu
N,M,max,rel = maxµ∈ΞTest ∥u(µ) − uN,M (µ)∥X/∥umax∥X and ϵs

N,M,max,rel = maxµ∈ΞTest |s(µ) − sN,M (µ)|/|smax|;
here ∥umax∥X = maxµ∈ΞTest ∥u(µ)∥X and |smax| = maxµ∈ΞTest |s(µ)|. We present in Figure 2 ϵu

N,M,max,rel as
a function of N and M . We observe that the reduced-basis approximation converges very rapidly. We also
note, consistent with Proposition 3.1, the “plateau” in the curves for M fixed and the “drops” in the N → ∞
asymptotes as M is increased: for fixed M the error in our coefficient function approximation gM (x; µ) to
g(x; µ) will ultimately dominate for large N ; increasing M renders the coefficient function approximation more
accurate, which in turn leads to the drops in the asymptotic error. Figure 2 clearly suggests (for this particular
problem) the optimal “N − M” strategy. We tabulate in Table 3 ϵu

N,M,max,rel and ϵs
N,M,max,rel for M chosen

roughly optimally – but conservatively, to ensure that we are not on a “plateau” for each N . We observe very
rapid convergence of the reduced-basis approximation with N, M . (Note that the convergence of the output
can be further improved by the introduction of adjoint techniques [23, 24, 29].)

Finally, we present in Table 4 the online computational times to calculate sN,M(µ) as a function of (N, M);
the values are normalized with respect to the computational time for the direct calculation of the truth approx-
imation output s(µ) = ℓ(u(µ)). We achieve significant computational savings: for a relative accuracy of close
to 0.024 percent (corresponding to N = 8, M = 20 in Tab. 3) in the output, the online saving is more than a
factor of 2000.
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Contaminant Transport

Concentration              of pollutant in     governed by scalar  

convection-diffusion equation 

with source term modeled by 

Goal: Identify source location        parameter                       

⌦
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Energy Norm & Output Bound

Energy norm bound [Gre05] 

 contribution to error bound  

where  

Output bound  
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↵LB(µ)

✓ kX

k0=1

krk
0

N,M (·;µ)k2Y0

| {z }
a�ne

+ "̂2M (µ)
kX

k0=1

�na
M (tk

0
;µ)

2

| {z }
nona�ne

◆) 1
2

,

<latexit sha1_base64="Vmo4iFXeHcf9FNyYrjjrXwWcFWw="></latexit><latexit sha1_base64="Vmo4iFXeHcf9FNyYrjjrXwWcFWw="></latexit><latexit sha1_base64="Vmo4iFXeHcf9FNyYrjjrXwWcFWw="></latexit><latexit sha1_base64="Vmo4iFXeHcf9FNyYrjjrXwWcFWw="></latexit>

↵LB(µ)
<latexit sha1_base64="zcFclyicpDVOwfqXptJcsIcTyys="></latexit><latexit sha1_base64="zcFclyicpDVOwfqXptJcsIcTyys="></latexit><latexit sha1_base64="zcFclyicpDVOwfqXptJcsIcTyys="></latexit><latexit sha1_base64="zcFclyicpDVOwfqXptJcsIcTyys="></latexit>

krkN,M (·;µ)kX0
<latexit sha1_base64="OfuX88WUB4UnLKxmlWWhtym6Npw="></latexit><latexit sha1_base64="OfuX88WUB4UnLKxmlWWhtym6Npw="></latexit><latexit sha1_base64="OfuX88WUB4UnLKxmlWWhtym6Npw="></latexit><latexit sha1_base64="OfuX88WUB4UnLKxmlWWhtym6Npw="></latexit>

"̂M (µ)
<latexit sha1_base64="MB4fOMOEbRSqCeweKJFFfB/zGzw="></latexit><latexit sha1_base64="MB4fOMOEbRSqCeweKJFFfB/zGzw="></latexit><latexit sha1_base64="MB4fOMOEbRSqCeweKJFFfB/zGzw="></latexit><latexit sha1_base64="MB4fOMOEbRSqCeweKJFFfB/zGzw="></latexit>

…      lower bound of coercivity constant, 

…      dual norm of residual 

…      interpolation induced error.
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Contaminant Dispersion - Convergence: Energy Norm
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  Results for random sample  ⌅Test 2 D of size 2000.
<latexit sha1_base64="vjvC58Lbfenh9Sx+PYm6svSqdl8="></latexit>



Truth Problem Statement
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Given              evaluate 

where                                          satisfies  

                                          

Assumptions: 

µ 2 D
<latexit sha1_base64="ANXb0pkU0rZxXd0krb41oOaYPk4=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlqQZcFXbisYB/QhDKZTtqhk0mYmYgl9FfcuFDErT/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dH9nG1q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gepP7vUcqFYvFg54l1I/wWLCQEayNNLSrXpQijwnkRVhPCObodmjXnLqzAFonbkFqUKA9tL+8UUzSiApNOFZq4DqJ9jMsNSOcziteqmiCyRSP6cBQgSOq/GyRfY7OjTJCYSzNExot1N8bGY6UmkWBmcwTqlUvF//zBqkOr/2MiSTVVJDloTDlSMcoLwKNmKRE85khmEhmsiIywRITbeqqmBLc1S+vk26j7l7WG/fNWqtZ1FGGUziDC3DhClpwB23oAIEneIZXeLPm1ov1bn0sR0tWsXMCf2B9/gDa4pOg</latexit>

8 k 2 K
<latexit sha1_base64="92R/dQsuVSRaQXI9evlGL7be8/A=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBhZSkFnRZcCO4qWAf0IQymU7boZNJmJkIJXThxl9x40IRt36EO//GSZuFth4YOJxzL3PuCWLOlHacb6uwtr6xuVXcLu3s7u0f2IdHbRUlktAWiXgkuwFWlDNBW5ppTruxpDgMOO0Ek+vM7zxQqVgk7vU0pn6IR4INGcHaSH277A0jiTlH3jmaII8J5IVYj4MA3Zb6dsWpOnOgVeLmpAI5mn37yxtEJAmp0IRjpXquE2s/xVIzwums5CWKxphM8Ij2DBU4pMpP50fM0KlRBsikMU9oNFd/b6Q4VGoaBmYyS6iWvUz8z+slenjlp0zEiaaCLD4aJhzpCGWNoAGTlGg+NQQTyUxWRMZYYqJNb1kJ7vLJq6Rdq7oX1dpdvdKo53UUoQwncAYuXEIDbqAJLSDwCM/wCm/Wk/VivVsfi9GCle8cwx9Ynz8mE5Zw</latexit>

� gnl : R⇥ ⌦⇥D ! R continuous;
<latexit sha1_base64="ByUwfC3T3siczbG/WYDbQIdah6A="></latexit>

sk(µ) = `(yk(µ))
<latexit sha1_base64="yJsUW2vnWMfXfQSWwh6BoZB5F1c=">AAACA3icbVDLSgMxFM34rPU16k43wSK0mzIjBd0IBTcuK9gHdMaSSTNtaJIZkowwDAU3/oobF4q49Sfc+Tdm2llo64ELJ+fcS+49Qcyo0o7zba2srq1vbJa2yts7u3v79sFhR0WJxKSNIxbJXoAUYVSQtqaakV4sCeIBI91gcp373QciFY3EnU5j4nM0EjSkGGkjDexjdT+pejypwSvoEcaqafGulQd2xak7M8Bl4hakAgq0BvaXN4xwwonQmCGl+q4Taz9DUlPMyLTsJYrECE/QiPQNFYgT5WezG6bwzChDGEbSlNBwpv6eyBBXKuWB6eRIj9Wil4v/ef1Eh5d+RkWcaCLw/KMwYVBHMA8EDqkkWLPUEIQlNbtCPEYSYW1iy0NwF09eJp3zuuvU3dtGpdko4iiBE3AKqsAFF6AJbkALtAEGj+AZvII368l6sd6tj3nrilXMHIE/sD5/AODLla4=</latexit><latexit sha1_base64="yJsUW2vnWMfXfQSWwh6BoZB5F1c=">AAACA3icbVDLSgMxFM34rPU16k43wSK0mzIjBd0IBTcuK9gHdMaSSTNtaJIZkowwDAU3/oobF4q49Sfc+Tdm2llo64ELJ+fcS+49Qcyo0o7zba2srq1vbJa2yts7u3v79sFhR0WJxKSNIxbJXoAUYVSQtqaakV4sCeIBI91gcp373QciFY3EnU5j4nM0EjSkGGkjDexjdT+pejypwSvoEcaqafGulQd2xak7M8Bl4hakAgq0BvaXN4xwwonQmCGl+q4Taz9DUlPMyLTsJYrECE/QiPQNFYgT5WezG6bwzChDGEbSlNBwpv6eyBBXKuWB6eRIj9Wil4v/ef1Eh5d+RkWcaCLw/KMwYVBHMA8EDqkkWLPUEIQlNbtCPEYSYW1iy0NwF09eJp3zuuvU3dtGpdko4iiBE3AKqsAFF6AJbkALtAEGj+AZvII368l6sd6tj3nrilXMHIE/sD5/AODLla4=</latexit><latexit sha1_base64="yJsUW2vnWMfXfQSWwh6BoZB5F1c=">AAACA3icbVDLSgMxFM34rPU16k43wSK0mzIjBd0IBTcuK9gHdMaSSTNtaJIZkowwDAU3/oobF4q49Sfc+Tdm2llo64ELJ+fcS+49Qcyo0o7zba2srq1vbJa2yts7u3v79sFhR0WJxKSNIxbJXoAUYVSQtqaakV4sCeIBI91gcp373QciFY3EnU5j4nM0EjSkGGkjDexjdT+pejypwSvoEcaqafGulQd2xak7M8Bl4hakAgq0BvaXN4xwwonQmCGl+q4Taz9DUlPMyLTsJYrECE/QiPQNFYgT5WezG6bwzChDGEbSlNBwpv6eyBBXKuWB6eRIj9Wil4v/ef1Eh5d+RkWcaCLw/KMwYVBHMA8EDqkkWLPUEIQlNbtCPEYSYW1iy0NwF09eJp3zuuvU3dtGpdko4iiBE3AKqsAFF6AJbkALtAEGj+AZvII368l6sd6tj3nrilXMHIE/sD5/AODLla4=</latexit><latexit sha1_base64="yJsUW2vnWMfXfQSWwh6BoZB5F1c=">AAACA3icbVDLSgMxFM34rPU16k43wSK0mzIjBd0IBTcuK9gHdMaSSTNtaJIZkowwDAU3/oobF4q49Sfc+Tdm2llo64ELJ+fcS+49Qcyo0o7zba2srq1vbJa2yts7u3v79sFhR0WJxKSNIxbJXoAUYVSQtqaakV4sCeIBI91gcp373QciFY3EnU5j4nM0EjSkGGkjDexjdT+pejypwSvoEcaqafGulQd2xak7M8Bl4hakAgq0BvaXN4xwwonQmCGl+q4Taz9DUlPMyLTsJYrECE/QiPQNFYgT5WezG6bwzChDGEbSlNBwpv6eyBBXKuWB6eRIj9Wil4v/ef1Eh5d+RkWcaCLw/KMwYVBHMA8EDqkkWLPUEIQlNbtCPEYSYW1iy0NwF09eJp3zuuvU3dtGpdko4iiBE3AKqsAFF6AJbkALtAEGj+AZvII368l6sd6tj3nrilXMHIE/sD5/AODLla4=</latexit>

yk(µ) 2 Y, 1  k  K,
<latexit sha1_base64="XQLAcbJQryIkdAeas2M3SBPmlNo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoWEoiBV0W3AhuKtiHNLFMppN26MwkzkyEEPoRbvwVNy4UcevCnX9j0mahrQeGOZxzL/fe44WMKm1Z30ZhaXllda24XtrY3NreMXf32iqIJCYtHLBAdj2kCKOCtDTVjHRDSRD3GOl444vM7zwQqWggbnQcEpejoaA+xUinUt88ie/GFYdHx9ChAjoc6RFGLLmdVKENHUbu4Xj2XVVLfbNs1awp4CKxc1IGOZp988sZBDjiRGjMkFI92wq1myCpKWZkUnIiRUKEx2hIeikViBPlJtOjJvAoVQbQD2T6hIZT9XdHgrhSMffSymxrNe9l4n9eL9L+uZtQEUaaCDwb5EcM6gBmCcEBlQRrFqcEYUnTXSEeIYmwTnPMQrDnT14k7dOabdXs63q5Uc/jKIIDcAgqwAZnoAEuQRO0AAaP4Bm8gjfjyXgx3o2PWWnByHv2wR8Ynz8SnJw7</latexit><latexit sha1_base64="XQLAcbJQryIkdAeas2M3SBPmlNo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoWEoiBV0W3AhuKtiHNLFMppN26MwkzkyEEPoRbvwVNy4UcevCnX9j0mahrQeGOZxzL/fe44WMKm1Z30ZhaXllda24XtrY3NreMXf32iqIJCYtHLBAdj2kCKOCtDTVjHRDSRD3GOl444vM7zwQqWggbnQcEpejoaA+xUinUt88ie/GFYdHx9ChAjoc6RFGLLmdVKENHUbu4Xj2XVVLfbNs1awp4CKxc1IGOZp988sZBDjiRGjMkFI92wq1myCpKWZkUnIiRUKEx2hIeikViBPlJtOjJvAoVQbQD2T6hIZT9XdHgrhSMffSymxrNe9l4n9eL9L+uZtQEUaaCDwb5EcM6gBmCcEBlQRrFqcEYUnTXSEeIYmwTnPMQrDnT14k7dOabdXs63q5Uc/jKIIDcAgqwAZnoAEuQRO0AAaP4Bm8gjfjyXgx3o2PWWnByHv2wR8Ynz8SnJw7</latexit><latexit sha1_base64="XQLAcbJQryIkdAeas2M3SBPmlNo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoWEoiBV0W3AhuKtiHNLFMppN26MwkzkyEEPoRbvwVNy4UcevCnX9j0mahrQeGOZxzL/fe44WMKm1Z30ZhaXllda24XtrY3NreMXf32iqIJCYtHLBAdj2kCKOCtDTVjHRDSRD3GOl444vM7zwQqWggbnQcEpejoaA+xUinUt88ie/GFYdHx9ChAjoc6RFGLLmdVKENHUbu4Xj2XVVLfbNs1awp4CKxc1IGOZp988sZBDjiRGjMkFI92wq1myCpKWZkUnIiRUKEx2hIeikViBPlJtOjJvAoVQbQD2T6hIZT9XdHgrhSMffSymxrNe9l4n9eL9L+uZtQEUaaCDwb5EcM6gBmCcEBlQRrFqcEYUnTXSEeIYmwTnPMQrDnT14k7dOabdXs63q5Uc/jKIIDcAgqwAZnoAEuQRO0AAaP4Bm8gjfjyXgx3o2PWWnByHv2wR8Ynz8SnJw7</latexit><latexit sha1_base64="XQLAcbJQryIkdAeas2M3SBPmlNo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoWEoiBV0W3AhuKtiHNLFMppN26MwkzkyEEPoRbvwVNy4UcevCnX9j0mahrQeGOZxzL/fe44WMKm1Z30ZhaXllda24XtrY3NreMXf32iqIJCYtHLBAdj2kCKOCtDTVjHRDSRD3GOl444vM7zwQqWggbnQcEpejoaA+xUinUt88ie/GFYdHx9ChAjoc6RFGLLmdVKENHUbu4Xj2XVVLfbNs1awp4CKxc1IGOZp988sZBDjiRGjMkFI92wq1myCpKWZkUnIiRUKEx2hIeikViBPlJtOjJvAoVQbQD2T6hIZT9XdHgrhSMffSymxrNe9l4n9eL9L+uZtQEUaaCDwb5EcM6gBmCcEBlQRrFqcEYUnTXSEeIYmwTnPMQrDnT14k7dOabdXs63q5Uc/jKIIDcAgqwAZnoAEuQRO0AAaP4Bm8gjfjyXgx3o2PWWnByHv2wR8Ynz8SnJw7</latexit>

y0(µ) = 0
<latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit><latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit><latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit><latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit>

1

�t
m(yk(µ)� yk�1(µ), v) + a(yk(µ), v;µ)

<latexit sha1_base64="ZyhACBP4otEN+PLw2wJQWtLz+BQ="></latexit><latexit sha1_base64="ZyhACBP4otEN+PLw2wJQWtLz+BQ="></latexit><latexit sha1_base64="ZyhACBP4otEN+PLw2wJQWtLz+BQ="></latexit><latexit sha1_base64="ZyhACBP4otEN+PLw2wJQWtLz+BQ="></latexit>

+

Z

⌦
gnl(yk(µ);x;µ) v = b(v)y(tk), 8v 2 Y.

<latexit sha1_base64="+v8M1NGM9DWynlZM1od6FZj/qIY="></latexit><latexit sha1_base64="+v8M1NGM9DWynlZM1od6FZj/qIY="></latexit><latexit sha1_base64="+v8M1NGM9DWynlZM1od6FZj/qIY="></latexit><latexit sha1_base64="+v8M1NGM9DWynlZM1od6FZj/qIY="></latexit>

� gnl(y1;x;µ)  gnl(y2;x;µ), 8y1  y2;
<latexit sha1_base64="6Y84l0CsR6QwKbGSaQd4hZBriWc="></latexit><latexit sha1_base64="6Y84l0CsR6QwKbGSaQd4hZBriWc="></latexit><latexit sha1_base64="6Y84l0CsR6QwKbGSaQd4hZBriWc="></latexit><latexit sha1_base64="6Y84l0CsR6QwKbGSaQd4hZBriWc="></latexit>

� 8y 2 R, y gnl(y;x;µ) � 0, for any x 2 ⌦, µ 2 D.
<latexit sha1_base64="DADRt69dAo7RSsbdbDeKOjvrhok="></latexit><latexit sha1_base64="DADRt69dAo7RSsbdbDeKOjvrhok="></latexit><latexit sha1_base64="DADRt69dAo7RSsbdbDeKOjvrhok="></latexit><latexit sha1_base64="DADRt69dAo7RSsbdbDeKOjvrhok="></latexit>



Standard RB Approach
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Sample Computation:  

We expand 

and obtain  

-dependent online cost.  
Note 

• Standard RB-Galerkin recipe suffices for (at most) quadratic 

nonlinearities:              online cost ([VPP03, VP05, NVP05]...)  

• Higher order or nonpolynomial nonlinearities 

(v = ⇣i, i, j 2 N )
<latexit sha1_base64="KkkIOwJ5rzN79xw0umRKzq3tP4I=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpUEpSC7oRCm5cSQX7gCaEyXTajp1MwsykUEP/wI2/4saFIm7duvNvnLRZaPXAhcM593LvPX7EqFSW9WXklpZXVtfy64WNza3tHXN3ryXDWGDSxCELRcdHkjDKSVNRxUgnEgQFPiNtf3SZ+u0xEZKG/FZNIuIGaMBpn2KktOSZx6UxvIDOPVHIo2XoQFq+gw7lMHECpIYYMXg9PSl4ZtGqWDPAv8TOSBFkaHjmp9MLcRwQrjBDUnZtK1JugoSimJFpwYkliRAeoQHpaspRQKSbzP6ZwiOt9GA/FLq4gjP150SCAiknga870yPlopeK/3ndWPXP3YTyKFaE4/mifsygCmEaDuxRQbBiE00QFlTfCvEQCYSVjjANwV58+S9pVSv2aaV6UyvWa1kceXAADkEJ2OAM1MEVaIAmwOABPIEX8Go8Gs/Gm/E+b80Z2cw++AXj4xsIXJoZ</latexit>

) N
<latexit sha1_base64="QygeeXuU/Ffu82tgtQeu0bQGzJA=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5LUgi4LblxJFfuAJpTJdNoOnUzCzI1SYhf+ihsXirj1N9z5N07aLLT1wMDhnHu5Z04QC67Bcb6tpeWV1bX1wkZxc2t7Z9fe22/qKFGUNWgkItUOiGaCS9YADoK1Y8VIGAjWCkaXmd+6Z0rzSN7BOGZ+SAaS9zklYKSufejd8sEQiFLRA/ZCAkNKBL7u2iWn7EyBF4mbkxLKUe/aX14voknIJFBBtO64Tgx+ShRwKtik6CWaxYSOyIB1DJUkZNpPp/kn+MQoPdyPlHkS8FT9vZGSUOtxGJjJLKGe9zLxP6+TQP/CT7mME2CSzg71E4EhwlkZuMcVoyDGhhCquMmK6ZAoQsFUVjQluPNfXiTNStk9K1duqqVaNa+jgI7QMTpFLjpHNXSF6qiBKHpEz+gVvVlP1ov1bn3MRpesfOcA/YH1+QOYCJXG</latexit>

O(N4)
<latexit sha1_base64="croIknrKt4OOwyIDj50f0/8/TdU=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiS1oMuCG1dawT6gjWUynbRDJ5MwMymU0D9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPOlHacb2ttfWNza7uwU9zd2z84tI+OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xzeZ355QqVgkHvU0pl6Ih4IFjGBtpL5t90KsRwRzdF++e6pdFPt2yak4c6BV4uakBDkaffurN4hIElKhCcdKdV0n1l6KpWaE01mxlygaYzLGQ9o1VOCQKi+dJ5+hc6MMUBBJ84RGc/X3RopDpaahbyaznGrZy8T/vG6ig2svZSJONBVkcShIONIRympAAyYp0XxqCCaSmayIjLDERJuyshLc5S+vkla14l5Wqg+1Ur2W11GAUziDMrhwBXW4hQY0gcAEnuEV3qzUerHerY/F6JqV75zAH1ifP17EkiE=</latexit>

) EIM
<latexit sha1_base64="ZNQznBpnmRTvhovt1LJeSWOIn8g=">AAACEHicbVDJSgNBEO2JW4xb1KOXxiB6CjMxoMeACHoQopgFMkPo6akkTXoWumvUMOQTvPgrXjwo4tWjN//GyXLQxAcFj/eququeG0mh0TS/jczC4tLySnY1t7a+sbmV396p6zBWHGo8lKFqukyDFAHUUKCEZqSA+a6Ehts/G/mNO1BahMEtDiJwfNYNREdwhqnUzh/aCA84fidR4A1pYt+Ibg+ZUuE9pbby6fnl1TDXzhfMojkGnSfWlBTIFNV2/sv2Qh77ECCXTOuWZUboJEyh4BKGOTvWEDHeZ11opTRgPmgnGS8ypAep4tFOqNIKkI7V3xMJ87Ue+G7a6TPs6VlvJP7ntWLsnDqJCKIYIeCTjzqxpBjSUTrUEwo4ykFKGFci3ZXyHlOMY5rhKARr9uR5Ui8VreNi6bpcqJSncWTJHtknR8QiJ6RCLkiV1Agnj+SZvJI348l4Md6Nj0lrxpjO7JI/MD5/AGXRnLc=</latexit>

yN (tk;µ) =
NX

j=1

yNj(t
k;µ) ⇣j ,

<latexit sha1_base64="EmZdJeS1YxCtowBWyaQkmOYFCWQ="></latexit><latexit sha1_base64="EmZdJeS1YxCtowBWyaQkmOYFCWQ="></latexit><latexit sha1_base64="EmZdJeS1YxCtowBWyaQkmOYFCWQ="></latexit><latexit sha1_base64="EmZdJeS1YxCtowBWyaQkmOYFCWQ="></latexit>

⌦g(yN (tk;µ);x;µ)⇣i =

Z

⌦
g

0

@
NX

j=1

yNj(t
k;µ) ⇣j ;x;µ

1

A ⇣i

<latexit sha1_base64="VKpOnFMIbahPFdF4fgq0NiILvwk="></latexit><latexit sha1_base64="VKpOnFMIbahPFdF4fgq0NiILvwk="></latexit><latexit sha1_base64="VKpOnFMIbahPFdF4fgq0NiILvwk="></latexit><latexit sha1_base64="VKpOnFMIbahPFdF4fgq0NiILvwk="></latexit>



Empirical Interpolation Method
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Interpolation Points and Spaces :  

are chosen by                                procedure. 

Approximation : for given  

where 

Note:                                           function of (discrete) time

⇠m PODt �Greedyµ
<latexit sha1_base64="GGqsOvAYOVD/wgQbKZdNjXorWCg="></latexit>

T g
M = {xT

1 2 ⌦, . . . , xT
M 2 ⌦} and

W g
M = span{⇠m, 1  m  M}

= span{q1, . . . , qM}, 1  M  Mmax,
<latexit sha1_base64="YRUyu2KltjV7VAEVd+loqXO6O0M="></latexit>

⇠m
<latexit sha1_base64="SZzfZUZVz+rIKh0mARtqpkw9+mU="></latexit>

wk(µ) 2 Y
<latexit sha1_base64="DIaxf1K6WmBLOeq1BH0xOq6jHO4="></latexit>

gnl(wk(µ);x;µ) ⇡ gnl,w
k

M (x;µ) =
MX

m=1

'k
Mm(µ) qm(x),

<latexit sha1_base64="WWX/3Bwkk3qquvubTW7yezS+r+c="></latexit>

MX

m=1

qm(xT
n ) '

k
Mm(µ) = gnl(w(xT

n , t
k;µ);xT

n ;µ), 1  n  M.
<latexit sha1_base64="gmFM/DVQ1qG98C2oiGjb35HmOzU="></latexit>

'k
Mm(µ) = 'Mm(tk;µ)

<latexit sha1_base64="/8q/r17aThnLPPCHHg+MP8L81Cs="></latexit>

tk.
<latexit sha1_base64="Xr0ZYAarDD6EiHDnuuCp8SQrzWI="></latexit>



Galerkin Projection
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Given              evaluate 

where                                                    satisfies 

Computational Procedure: 

• Admits an offline-online treatment  

• Online cost   is                             and thus independent of O(MN2 +N3)
<latexit sha1_base64="b+3bHTfazVmxnswcDT44/QyV8d8=">AAACAXicbVDLSgMxFL1TX7W+Rt0IboJFqAhlpi3osuDGjVrBPqAdSybNtKGZB0lGKKVu/BU3LhRx61+482/MtLPQ1gMJh3Pu5d573IgzqSzr28gsLa+srmXXcxubW9s75u5eQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4UXiNx+okCwM7tQooo6P+wHzGMFKS13zoONjNSCYo5vCFbq+L6FT/ZdPcl0zbxWtKdAisVOShxS1rvnV6YUk9mmgCMdStm0rUs4YC8UIp5NcJ5Y0wmSI+7StaYB9Kp3x9IIJOtZKD3mh0C9QaKr+7hhjX8qR7+rKZF857yXif147Vt65M2ZBFCsakNkgL+ZIhSiJA/WYoETxkSaYCKZ3RWSABSZKh5aEYM+fvEgapaJdLpZuK/lqJY0jC4dwBAWw4QyqcAk1qAOBR3iGV3gznowX4934mJVmjLRnH/7A+PwBTGKUJg==</latexit>

N .
<latexit sha1_base64="Ep7zgBbpNULZr2lW5zI8+UpkrCQ=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgtezGgJYBGyuJYB6QLGF2cpMMmX0wc1cMy5Y2/oqNhSK2foKdf+NusoUmHhg4nHPvzJnjhlJotKxvo7Cyura+UdwsbW3v7O6V9w9aOogUhyYPZKA6LtMghQ9NFCihEypgniuh7U6uMr99D0qLwL/DaQiOx0a+GArOMJX65eMewgPO7okVDBIa9zyGY84kvUmoWeqXK5ZpzUCXiZ2TCsnR6Je/eoOARx74yCXTumtbIToxUyi4hKTUizSEjE/YCLop9ZkH2olnARJ6mioDOgxUenykM/X3Rsw8raeem05mKfWil4n/ed0Ih5dOLPwwQvD5/KFhJCkGNGuFDoQCjnKaEsaVSLNSPmaKcUy7y0qwF7+8TFpV0z43q7e1Sr2W11EkR+SEnBGbXJA6uSYN0iScPJJn8krejCfjxXg3PuajBSPfOSR/YHz+ADWdmV4=</latexit>

µ 2 D, 8k 2 K

†
<latexit sha1_base64="xYhdZoZWm6rT1yOKiSosgruk0nk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48VTFtoQ9lsNu3S3U3Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YcqZNq777VQ2Nre2d6q7tb39g8Oj+vFJVyeZItQnCU9UP8Saciapb5jhtJ8qikXIaS+c3hV+74kqzRL5aGYpDQQeSxYzgo2V/GGEx7VRveE23QXQOvFK0oASnVH9axglJBNUGsKx1gPPTU2QY2UY4XReG2aapphM8ZgOLJVYUB3ki2Pn6MIqEYoTZUsatFB/T+RYaD0Toe0U2Ez0qleI/3mDzMS3Qc5kmhkqyXJRnHFkElR8jiKmKDF8ZgkmitlbEZlghYmx+RQheKsvr5Nuq+ldNVsP1422W8ZRhTM4h0vw4AbacA8d8IEAg2d4hTdHOi/Ou/OxbK045cwp/IHz+QMlE44w</latexit>

Cost per Newton iteration per timestep.†
<latexit sha1_base64="xYhdZoZWm6rT1yOKiSosgruk0nk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48VTFtoQ9lsNu3S3U3Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YcqZNq777VQ2Nre2d6q7tb39g8Oj+vFJVyeZItQnCU9UP8Saciapb5jhtJ8qikXIaS+c3hV+74kqzRL5aGYpDQQeSxYzgo2V/GGEx7VRveE23QXQOvFK0oASnVH9axglJBNUGsKx1gPPTU2QY2UY4XReG2aapphM8ZgOLJVYUB3ki2Pn6MIqEYoTZUsatFB/T+RYaD0Toe0U2Ez0qleI/3mDzMS3Qc5kmhkqyXJRnHFkElR8jiKmKDF8ZgkmitlbEZlghYmx+RQheKsvr5Nuq+ldNVsP1422W8ZRhTM4h0vw4AbacA8d8IEAg2d4hTdHOi/Ou/OxbK045cwp/IHz+QMlE44w</latexit>

skN,M (µ) = `(ykN,M (µ))
<latexit sha1_base64="A9ZUc0dhgz+Tr5i+/cqXOHbfskI=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgtSEmkoBuh4MaNUsE+oIlhMp22Q2eSMDMRQugfuPFX3LhQxK1bd/6NkzYL23rgwuGce7n3Hj9iVCrL+jGWlldW19YLG8XNre2dXXNvvyXDWGDSxCELRcdHkjAakKaiipFOJAjiPiNtf3SV+e1HIiQNg3uVRMTlaBDQPsVIackzT6SX3p7ejB9GZYfHFXgJHcJYOZlRK0XPLFlVawK4SOyclECOhmd+O70Qx5wECjMkZde2IuWmSCiKGRkXnViSCOERGpCupgHiRLrp5J8xPNZKD/ZDoStQcKL+nUgRlzLhvu7kSA3lvJeJ/3ndWPUv3JQGUaxIgKeL+jGDKoRZOLBHBcGKJZogLKi+FeIhEggrHWEWgj3/8iJpnVVtq2rf1Ur1Wh5HARyCI1AGNjgHdXANGqAJMHgCL+ANvBvPxqvxYXxOW5eMfOYAzMD4+gWOXJpi</latexit><latexit sha1_base64="A9ZUc0dhgz+Tr5i+/cqXOHbfskI=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgtSEmkoBuh4MaNUsE+oIlhMp22Q2eSMDMRQugfuPFX3LhQxK1bd/6NkzYL23rgwuGce7n3Hj9iVCrL+jGWlldW19YLG8XNre2dXXNvvyXDWGDSxCELRcdHkjAakKaiipFOJAjiPiNtf3SV+e1HIiQNg3uVRMTlaBDQPsVIackzT6SX3p7ejB9GZYfHFXgJHcJYOZlRK0XPLFlVawK4SOyclECOhmd+O70Qx5wECjMkZde2IuWmSCiKGRkXnViSCOERGpCupgHiRLrp5J8xPNZKD/ZDoStQcKL+nUgRlzLhvu7kSA3lvJeJ/3ndWPUv3JQGUaxIgKeL+jGDKoRZOLBHBcGKJZogLKi+FeIhEggrHWEWgj3/8iJpnVVtq2rf1Ur1Wh5HARyCI1AGNjgHdXANGqAJMHgCL+ANvBvPxqvxYXxOW5eMfOYAzMD4+gWOXJpi</latexit><latexit sha1_base64="A9ZUc0dhgz+Tr5i+/cqXOHbfskI=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgtSEmkoBuh4MaNUsE+oIlhMp22Q2eSMDMRQugfuPFX3LhQxK1bd/6NkzYL23rgwuGce7n3Hj9iVCrL+jGWlldW19YLG8XNre2dXXNvvyXDWGDSxCELRcdHkjAakKaiipFOJAjiPiNtf3SV+e1HIiQNg3uVRMTlaBDQPsVIackzT6SX3p7ejB9GZYfHFXgJHcJYOZlRK0XPLFlVawK4SOyclECOhmd+O70Qx5wECjMkZde2IuWmSCiKGRkXnViSCOERGpCupgHiRLrp5J8xPNZKD/ZDoStQcKL+nUgRlzLhvu7kSA3lvJeJ/3ndWPUv3JQGUaxIgKeL+jGDKoRZOLBHBcGKJZogLKi+FeIhEggrHWEWgj3/8iJpnVVtq2rf1Ur1Wh5HARyCI1AGNjgHdXANGqAJMHgCL+ANvBvPxqvxYXxOW5eMfOYAzMD4+gWOXJpi</latexit><latexit sha1_base64="A9ZUc0dhgz+Tr5i+/cqXOHbfskI=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgtSEmkoBuh4MaNUsE+oIlhMp22Q2eSMDMRQugfuPFX3LhQxK1bd/6NkzYL23rgwuGce7n3Hj9iVCrL+jGWlldW19YLG8XNre2dXXNvvyXDWGDSxCELRcdHkjAakKaiipFOJAjiPiNtf3SV+e1HIiQNg3uVRMTlaBDQPsVIackzT6SX3p7ejB9GZYfHFXgJHcJYOZlRK0XPLFlVawK4SOyclECOhmd+O70Qx5wECjMkZde2IuWmSCiKGRkXnViSCOERGpCupgHiRLrp5J8xPNZKD/ZDoStQcKL+nUgRlzLhvu7kSA3lvJeJ/3ndWPUv3JQGUaxIgKeL+jGDKoRZOLBHBcGKJZogLKi+FeIhEggrHWEWgj3/8iJpnVVtq2rf1Ur1Wh5HARyCI1AGNjgHdXANGqAJMHgCL+ANvBvPxqvxYXxOW5eMfOYAzMD4+gWOXJpi</latexit>

ykN,M (µ) 2 W y
N , 1  k  K,

<latexit sha1_base64="cRKl5M04H1cYqzwcwLyv5DiFtPA=">AAACFnicbVDLSgMxFM3UV62vqks3wSJUqGVGCgpuCm4EsVSwD+i0QybNtKGZzJhkhGHoV7jxV9y4UMStuPNvTNtZaOuByz2ccy/JPW7IqFSm+W1klpZXVtey67mNza3tnfzuXlMGkcCkgQMWiLaLJGGUk4aiipF2KAjyXUZa7uhy4rceiJA04HcqDknXRwNOPYqR0pKTP4mdpFa6GfdGRduPjqFNOWw5tV5csi+gBW1G7uFo1q5LOSdfMMvmFHCRWCkpgBR1J/9l9wMc+YQrzJCUHcsMVTdBQlHMyDhnR5KECI/QgHQ05cgnsptMzxrDI630oRcIXVzBqfp7I0G+lLHv6kkfqaGc9ybif14nUt55N6E8jBThePaQFzGoAjjJCPapIFixWBOEBdV/hXiIBMJKJzkJwZo/eZE0T8uWWbZuK4VqJY0jCw7AISgCC5yBKrgCddAAGDyCZ/AK3own48V4Nz5moxkj3dkHf2B8/gB8IJxY</latexit><latexit sha1_base64="cRKl5M04H1cYqzwcwLyv5DiFtPA=">AAACFnicbVDLSgMxFM3UV62vqks3wSJUqGVGCgpuCm4EsVSwD+i0QybNtKGZzJhkhGHoV7jxV9y4UMStuPNvTNtZaOuByz2ccy/JPW7IqFSm+W1klpZXVtey67mNza3tnfzuXlMGkcCkgQMWiLaLJGGUk4aiipF2KAjyXUZa7uhy4rceiJA04HcqDknXRwNOPYqR0pKTP4mdpFa6GfdGRduPjqFNOWw5tV5csi+gBW1G7uFo1q5LOSdfMMvmFHCRWCkpgBR1J/9l9wMc+YQrzJCUHcsMVTdBQlHMyDhnR5KECI/QgHQ05cgnsptMzxrDI630oRcIXVzBqfp7I0G+lLHv6kkfqaGc9ybif14nUt55N6E8jBThePaQFzGoAjjJCPapIFixWBOEBdV/hXiIBMJKJzkJwZo/eZE0T8uWWbZuK4VqJY0jCw7AISgCC5yBKrgCddAAGDyCZ/AK3own48V4Nz5moxkj3dkHf2B8/gB8IJxY</latexit><latexit sha1_base64="cRKl5M04H1cYqzwcwLyv5DiFtPA=">AAACFnicbVDLSgMxFM3UV62vqks3wSJUqGVGCgpuCm4EsVSwD+i0QybNtKGZzJhkhGHoV7jxV9y4UMStuPNvTNtZaOuByz2ccy/JPW7IqFSm+W1klpZXVtey67mNza3tnfzuXlMGkcCkgQMWiLaLJGGUk4aiipF2KAjyXUZa7uhy4rceiJA04HcqDknXRwNOPYqR0pKTP4mdpFa6GfdGRduPjqFNOWw5tV5csi+gBW1G7uFo1q5LOSdfMMvmFHCRWCkpgBR1J/9l9wMc+YQrzJCUHcsMVTdBQlHMyDhnR5KECI/QgHQ05cgnsptMzxrDI630oRcIXVzBqfp7I0G+lLHv6kkfqaGc9ybif14nUt55N6E8jBThePaQFzGoAjjJCPapIFixWBOEBdV/hXiIBMJKJzkJwZo/eZE0T8uWWbZuK4VqJY0jCw7AISgCC5yBKrgCddAAGDyCZ/AK3own48V4Nz5moxkj3dkHf2B8/gB8IJxY</latexit><latexit sha1_base64="cRKl5M04H1cYqzwcwLyv5DiFtPA=">AAACFnicbVDLSgMxFM3UV62vqks3wSJUqGVGCgpuCm4EsVSwD+i0QybNtKGZzJhkhGHoV7jxV9y4UMStuPNvTNtZaOuByz2ccy/JPW7IqFSm+W1klpZXVtey67mNza3tnfzuXlMGkcCkgQMWiLaLJGGUk4aiipF2KAjyXUZa7uhy4rceiJA04HcqDknXRwNOPYqR0pKTP4mdpFa6GfdGRduPjqFNOWw5tV5csi+gBW1G7uFo1q5LOSdfMMvmFHCRWCkpgBR1J/9l9wMc+YQrzJCUHcsMVTdBQlHMyDhnR5KECI/QgHQ05cgnsptMzxrDI630oRcIXVzBqfp7I0G+lLHv6kkfqaGc9ybif14nUt55N6E8jBThePaQFzGoAjjJCPapIFixWBOEBdV/hXiIBMJKJzkJwZo/eZE0T8uWWbZuK4VqJY0jCw7AISgCC5yBKrgCddAAGDyCZ/AK3own48V4Nz5moxkj3dkHf2B8/gB8IJxY</latexit>

y0N,M (µ) = 0
<latexit sha1_base64="X9PUF3tWu+ugDZtZBTpyZaJMRnU=">AAAB/HicbVDLSsNAFJ3UV42vaJduBotQQcpECroRCm7cKBXsA9oYJtNpO3QmCTMTIYT6K25cKOLWD3Hn3zhts9DWAxcO59zLvfcEMWdKI/RtFVZW19Y3ipv21vbO7p6zf9BSUSIJbZKIR7ITYEU5C2lTM81pJ5YUi4DTdjC+mvrtRyoVi8J7ncbUE3gYsgEjWBvJd0p26me3pzeTB1TpieQEXkLkO2VURTPAZeLmpAxyNHznq9ePSCJoqAnHSnVdFGsvw1IzwunE7iWKxpiM8ZB2DQ2xoMrLZsdP4LFR+nAQSVOhhjP190SGhVKpCEynwHqkFr2p+J/XTfTgwstYGCeahmS+aJBwqCM4TQL2maRE89QQTCQzt0IywhITbfKyTQju4svLpHVWdVHVvauV67U8jiI4BEegAlxwDurgGjRAExCQgmfwCt6sJ+vFerc+5q0FK58pgT+wPn8AqVGSxg==</latexit><latexit sha1_base64="X9PUF3tWu+ugDZtZBTpyZaJMRnU=">AAAB/HicbVDLSsNAFJ3UV42vaJduBotQQcpECroRCm7cKBXsA9oYJtNpO3QmCTMTIYT6K25cKOLWD3Hn3zhts9DWAxcO59zLvfcEMWdKI/RtFVZW19Y3ipv21vbO7p6zf9BSUSIJbZKIR7ITYEU5C2lTM81pJ5YUi4DTdjC+mvrtRyoVi8J7ncbUE3gYsgEjWBvJd0p26me3pzeTB1TpieQEXkLkO2VURTPAZeLmpAxyNHznq9ePSCJoqAnHSnVdFGsvw1IzwunE7iWKxpiM8ZB2DQ2xoMrLZsdP4LFR+nAQSVOhhjP190SGhVKpCEynwHqkFr2p+J/XTfTgwstYGCeahmS+aJBwqCM4TQL2maRE89QQTCQzt0IywhITbfKyTQju4svLpHVWdVHVvauV67U8jiI4BEegAlxwDurgGjRAExCQgmfwCt6sJ+vFerc+5q0FK58pgT+wPn8AqVGSxg==</latexit><latexit sha1_base64="X9PUF3tWu+ugDZtZBTpyZaJMRnU=">AAAB/HicbVDLSsNAFJ3UV42vaJduBotQQcpECroRCm7cKBXsA9oYJtNpO3QmCTMTIYT6K25cKOLWD3Hn3zhts9DWAxcO59zLvfcEMWdKI/RtFVZW19Y3ipv21vbO7p6zf9BSUSIJbZKIR7ITYEU5C2lTM81pJ5YUi4DTdjC+mvrtRyoVi8J7ncbUE3gYsgEjWBvJd0p26me3pzeTB1TpieQEXkLkO2VURTPAZeLmpAxyNHznq9ePSCJoqAnHSnVdFGsvw1IzwunE7iWKxpiM8ZB2DQ2xoMrLZsdP4LFR+nAQSVOhhjP190SGhVKpCEynwHqkFr2p+J/XTfTgwstYGCeahmS+aJBwqCM4TQL2maRE89QQTCQzt0IywhITbfKyTQju4svLpHVWdVHVvauV67U8jiI4BEegAlxwDurgGjRAExCQgmfwCt6sJ+vFerc+5q0FK58pgT+wPn8AqVGSxg==</latexit><latexit sha1_base64="X9PUF3tWu+ugDZtZBTpyZaJMRnU=">AAAB/HicbVDLSsNAFJ3UV42vaJduBotQQcpECroRCm7cKBXsA9oYJtNpO3QmCTMTIYT6K25cKOLWD3Hn3zhts9DWAxcO59zLvfcEMWdKI/RtFVZW19Y3ipv21vbO7p6zf9BSUSIJbZKIR7ITYEU5C2lTM81pJ5YUi4DTdjC+mvrtRyoVi8J7ncbUE3gYsgEjWBvJd0p26me3pzeTB1TpieQEXkLkO2VURTPAZeLmpAxyNHznq9ePSCJoqAnHSnVdFGsvw1IzwunE7iWKxpiM8ZB2DQ2xoMrLZsdP4LFR+nAQSVOhhjP190SGhVKpCEynwHqkFr2p+J/XTfTgwstYGCeahmS+aJBwqCM4TQL2maRE89QQTCQzt0IywhITbfKyTQju4svLpHVWdVHVvauV67U8jiI4BEegAlxwDurgGjRAExCQgmfwCt6sJ+vFerc+5q0FK58pgT+wPn8AqVGSxg==</latexit>

1

�t
m(ykN,M (µ)� yk�1

N,M (µ), v) + a(ykN,M (µ), v;µ)
<latexit sha1_base64="QARv+XnJCzPkaPPUJnlUV7+Kl6Y="></latexit><latexit sha1_base64="QARv+XnJCzPkaPPUJnlUV7+Kl6Y="></latexit><latexit sha1_base64="QARv+XnJCzPkaPPUJnlUV7+Kl6Y="></latexit><latexit sha1_base64="QARv+XnJCzPkaPPUJnlUV7+Kl6Y="></latexit>

+

Z

⌦
g
nl,yk

N,M

M (x;µ) v = b(v) y(tk), 8 v 2 W y
N .

<latexit sha1_base64="hUzrkMj7UPKd3kZDE5M7BdLQ14E="></latexit><latexit sha1_base64="hUzrkMj7UPKd3kZDE5M7BdLQ14E="></latexit><latexit sha1_base64="hUzrkMj7UPKd3kZDE5M7BdLQ14E="></latexit><latexit sha1_base64="hUzrkMj7UPKd3kZDE5M7BdLQ14E="></latexit>
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Energy Norm & Output Bound

Energy norm bound [Gre12a] 

                         contribution to error bound  

where  

Output bound  
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<latexit sha1_base64="peQ8Z9ZcVyXhzi9cf3u4ZKb1Q4o="></latexit><latexit sha1_base64="peQ8Z9ZcVyXhzi9cf3u4ZKb1Q4o="></latexit><latexit sha1_base64="peQ8Z9ZcVyXhzi9cf3u4ZKb1Q4o="></latexit><latexit sha1_base64="peQ8Z9ZcVyXhzi9cf3u4ZKb1Q4o="></latexit>

↵LB(µ)
<latexit sha1_base64="TibHB2Qn/Bq/j3NnLKO+jmrNNIc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCvZRECnosevHgoYL9gCaEyXbbLt3dhN2NUELBv+LFgyJe/R3e/DcmbQ7a+mDg8d4MM/PCmDNtHOfbWlldW9/YLG2Vt3d29/btg8O2jhJFaItEPFLdEDTlTNKWYYbTbqwoiJDTTji+yf3OI1WaRfLBTGLqCxhKNmAETCYF9rEHPB5BkHpK4LvradUTyXk5sCtOzZkBLxO3IBVUoBnYX14/Iomg0hAOWvdcJzZ+Csowwum07CWaxkDGMKS9jEoQVPvp7PwpPsuUPh5EKitp8Ez9PZGC0HoiwqxTgBnpRS8X//N6iRlc+SmTcWKoJPNFg4RjE+E8C9xnihLDJxkBolh2KyYjUEBMllgegrv48jJpX9Rcp+be1yuNehFHCZ2gU1RFLrpEDXSLmqiFCErRM3pFb9aT9WK9Wx/z1hWrmDlCf2B9/gDNbZSq</latexit><latexit sha1_base64="TibHB2Qn/Bq/j3NnLKO+jmrNNIc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCvZRECnosevHgoYL9gCaEyXbbLt3dhN2NUELBv+LFgyJe/R3e/DcmbQ7a+mDg8d4MM/PCmDNtHOfbWlldW9/YLG2Vt3d29/btg8O2jhJFaItEPFLdEDTlTNKWYYbTbqwoiJDTTji+yf3OI1WaRfLBTGLqCxhKNmAETCYF9rEHPB5BkHpK4LvradUTyXk5sCtOzZkBLxO3IBVUoBnYX14/Iomg0hAOWvdcJzZ+Csowwum07CWaxkDGMKS9jEoQVPvp7PwpPsuUPh5EKitp8Ez9PZGC0HoiwqxTgBnpRS8X//N6iRlc+SmTcWKoJPNFg4RjE+E8C9xnihLDJxkBolh2KyYjUEBMllgegrv48jJpX9Rcp+be1yuNehFHCZ2gU1RFLrpEDXSLmqiFCErRM3pFb9aT9WK9Wx/z1hWrmDlCf2B9/gDNbZSq</latexit><latexit sha1_base64="TibHB2Qn/Bq/j3NnLKO+jmrNNIc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCvZRECnosevHgoYL9gCaEyXbbLt3dhN2NUELBv+LFgyJe/R3e/DcmbQ7a+mDg8d4MM/PCmDNtHOfbWlldW9/YLG2Vt3d29/btg8O2jhJFaItEPFLdEDTlTNKWYYbTbqwoiJDTTji+yf3OI1WaRfLBTGLqCxhKNmAETCYF9rEHPB5BkHpK4LvradUTyXk5sCtOzZkBLxO3IBVUoBnYX14/Iomg0hAOWvdcJzZ+Csowwum07CWaxkDGMKS9jEoQVPvp7PwpPsuUPh5EKitp8Ez9PZGC0HoiwqxTgBnpRS8X//N6iRlc+SmTcWKoJPNFg4RjE+E8C9xnihLDJxkBolh2KyYjUEBMllgegrv48jJpX9Rcp+be1yuNehFHCZ2gU1RFLrpEDXSLmqiFCErRM3pFb9aT9WK9Wx/z1hWrmDlCf2B9/gDNbZSq</latexit><latexit sha1_base64="TibHB2Qn/Bq/j3NnLKO+jmrNNIc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCvZRECnosevHgoYL9gCaEyXbbLt3dhN2NUELBv+LFgyJe/R3e/DcmbQ7a+mDg8d4MM/PCmDNtHOfbWlldW9/YLG2Vt3d29/btg8O2jhJFaItEPFLdEDTlTNKWYYbTbqwoiJDTTji+yf3OI1WaRfLBTGLqCxhKNmAETCYF9rEHPB5BkHpK4LvradUTyXk5sCtOzZkBLxO3IBVUoBnYX14/Iomg0hAOWvdcJzZ+Csowwum07CWaxkDGMKS9jEoQVPvp7PwpPsuUPh5EKitp8Ez9PZGC0HoiwqxTgBnpRS8X//N6iRlc+SmTcWKoJPNFg4RjE+E8C9xnihLDJxkBolh2KyYjUEBMllgegrv48jJpX9Rcp+be1yuNehFHCZ2gU1RFLrpEDXSLmqiFCErRM3pFb9aT9WK9Wx/z1hWrmDlCf2B9/gDNbZSq</latexit>

"kN,M (µ)
<latexit sha1_base64="iFQ0L7z77GX/x5nI/K+L7ovq0NM=">AAACF3icbVDLSgNBEJz1GeMr6tHLYBAiSNiVgB4DXrwoEcwDsjHMTjrJkNnZZaY3GJb9Cy/+ihcPinjVm3/j5nHQxIKGoqp7pru8UAqDtv1tLS2vrK6tZzaym1vbO7u5vf2aCSLNocoDGeiGxwxIoaCKAiU0Qg3M9yTUvcHl2K8PQRsRqDschdDyWU+JruAMU6mdK7oIDzh5J/ZkBEnsDpmG0AgZqPt4kLTjm9PrhBZcPzpJsu1c3i7aE9BF4sxInsxQaee+3E7AIx8UcsmMaTp2iK2YaRRcQpJ1IwMh4wPWg2ZKFfPBtOLJPgk9TpUO7QY6LYV0ov6eiJlvzMj30k6fYd/Me2PxP68ZYfeiFQsVRgiKTz/qRpJiQMch0Y7QwFGOUsK4FumulPeZZhzTKMchOPMnL5LaWdGxi85tKV8uzeLIkENyRArEIeekTK5IhVQJJ4/kmbySN+vJerHerY9p65I1mzkgf2B9/gA+AKB4</latexit><latexit sha1_base64="iFQ0L7z77GX/x5nI/K+L7ovq0NM=">AAACF3icbVDLSgNBEJz1GeMr6tHLYBAiSNiVgB4DXrwoEcwDsjHMTjrJkNnZZaY3GJb9Cy/+ihcPinjVm3/j5nHQxIKGoqp7pru8UAqDtv1tLS2vrK6tZzaym1vbO7u5vf2aCSLNocoDGeiGxwxIoaCKAiU0Qg3M9yTUvcHl2K8PQRsRqDschdDyWU+JruAMU6mdK7oIDzh5J/ZkBEnsDpmG0AgZqPt4kLTjm9PrhBZcPzpJsu1c3i7aE9BF4sxInsxQaee+3E7AIx8UcsmMaTp2iK2YaRRcQpJ1IwMh4wPWg2ZKFfPBtOLJPgk9TpUO7QY6LYV0ov6eiJlvzMj30k6fYd/Me2PxP68ZYfeiFQsVRgiKTz/qRpJiQMch0Y7QwFGOUsK4FumulPeZZhzTKMchOPMnL5LaWdGxi85tKV8uzeLIkENyRArEIeekTK5IhVQJJ4/kmbySN+vJerHerY9p65I1mzkgf2B9/gA+AKB4</latexit><latexit sha1_base64="iFQ0L7z77GX/x5nI/K+L7ovq0NM=">AAACF3icbVDLSgNBEJz1GeMr6tHLYBAiSNiVgB4DXrwoEcwDsjHMTjrJkNnZZaY3GJb9Cy/+ihcPinjVm3/j5nHQxIKGoqp7pru8UAqDtv1tLS2vrK6tZzaym1vbO7u5vf2aCSLNocoDGeiGxwxIoaCKAiU0Qg3M9yTUvcHl2K8PQRsRqDschdDyWU+JruAMU6mdK7oIDzh5J/ZkBEnsDpmG0AgZqPt4kLTjm9PrhBZcPzpJsu1c3i7aE9BF4sxInsxQaee+3E7AIx8UcsmMaTp2iK2YaRRcQpJ1IwMh4wPWg2ZKFfPBtOLJPgk9TpUO7QY6LYV0ov6eiJlvzMj30k6fYd/Me2PxP68ZYfeiFQsVRgiKTz/qRpJiQMch0Y7QwFGOUsK4FumulPeZZhzTKMchOPMnL5LaWdGxi85tKV8uzeLIkENyRArEIeekTK5IhVQJJ4/kmbySN+vJerHerY9p65I1mzkgf2B9/gA+AKB4</latexit><latexit sha1_base64="iFQ0L7z77GX/x5nI/K+L7ovq0NM=">AAACF3icbVDLSgNBEJz1GeMr6tHLYBAiSNiVgB4DXrwoEcwDsjHMTjrJkNnZZaY3GJb9Cy/+ihcPinjVm3/j5nHQxIKGoqp7pru8UAqDtv1tLS2vrK6tZzaym1vbO7u5vf2aCSLNocoDGeiGxwxIoaCKAiU0Qg3M9yTUvcHl2K8PQRsRqDschdDyWU+JruAMU6mdK7oIDzh5J/ZkBEnsDpmG0AgZqPt4kLTjm9PrhBZcPzpJsu1c3i7aE9BF4sxInsxQaee+3E7AIx8UcsmMaTp2iK2YaRRcQpJ1IwMh4wPWg2ZKFfPBtOLJPgk9TpUO7QY6LYV0ov6eiJlvzMj30k6fYd/Me2PxP68ZYfeiFQsVRgiKTz/qRpJiQMch0Y7QwFGOUsK4FumulPeZZhzTKMchOPMnL5LaWdGxi85tKV8uzeLIkENyRArEIeekTK5IhVQJJ4/kmbySN+vJerHerY9p65I1mzkgf2B9/gA+AKB4</latexit>

"̂kM (µ)
<latexit sha1_base64="Ppt/JBzX3YiNg7yBMoRrZnJ+YZw=">AAACFXicbVBNS8NAEN3Ur1q/qh69BItQQUoiBT0WvHgRKtgPaGrZbKft0s0m7E6KJeRPePGvePGgiFfBm//GNM1BWx8MPN6b2Z15biC4Rsv6NnIrq2vrG/nNwtb2zu5ecf+gqf1QMWgwX/iq7VINgktoIEcB7UAB9VwBLXd8NfNbE1Ca+/IOpwF0PTqUfMAZxUTqFc8chAdM34kU9OPIGVGMnAlVEGgufBn3bu7HZccLT+NCr1iyKlYKc5nYGSmRDPVe8cvp+yz0QCITVOuObQXYjahCzgTEBSfUEFA2pkPoJFRSD3Q3SreJzZNE6ZsDXyUl0UzV3xMR9bSeem7S6VEc6UVvJv7ndUIcXHYjLoMQQbL5R4NQmOibs4jMPlfAUEwTQpniya4mG1FFGSZBzkKwF09eJs3zim1V7NtqqVbN4siTI3JMysQmF6RGrkmdNAgjj+SZvJI348l4Md6Nj3lrzshmDskfGJ8/Ngef/g==</latexit><latexit sha1_base64="Ppt/JBzX3YiNg7yBMoRrZnJ+YZw=">AAACFXicbVBNS8NAEN3Ur1q/qh69BItQQUoiBT0WvHgRKtgPaGrZbKft0s0m7E6KJeRPePGvePGgiFfBm//GNM1BWx8MPN6b2Z15biC4Rsv6NnIrq2vrG/nNwtb2zu5ecf+gqf1QMWgwX/iq7VINgktoIEcB7UAB9VwBLXd8NfNbE1Ca+/IOpwF0PTqUfMAZxUTqFc8chAdM34kU9OPIGVGMnAlVEGgufBn3bu7HZccLT+NCr1iyKlYKc5nYGSmRDPVe8cvp+yz0QCITVOuObQXYjahCzgTEBSfUEFA2pkPoJFRSD3Q3SreJzZNE6ZsDXyUl0UzV3xMR9bSeem7S6VEc6UVvJv7ndUIcXHYjLoMQQbL5R4NQmOibs4jMPlfAUEwTQpniya4mG1FFGSZBzkKwF09eJs3zim1V7NtqqVbN4siTI3JMysQmF6RGrkmdNAgjj+SZvJI348l4Md6Nj3lrzshmDskfGJ8/Ngef/g==</latexit><latexit sha1_base64="Ppt/JBzX3YiNg7yBMoRrZnJ+YZw=">AAACFXicbVBNS8NAEN3Ur1q/qh69BItQQUoiBT0WvHgRKtgPaGrZbKft0s0m7E6KJeRPePGvePGgiFfBm//GNM1BWx8MPN6b2Z15biC4Rsv6NnIrq2vrG/nNwtb2zu5ecf+gqf1QMWgwX/iq7VINgktoIEcB7UAB9VwBLXd8NfNbE1Ca+/IOpwF0PTqUfMAZxUTqFc8chAdM34kU9OPIGVGMnAlVEGgufBn3bu7HZccLT+NCr1iyKlYKc5nYGSmRDPVe8cvp+yz0QCITVOuObQXYjahCzgTEBSfUEFA2pkPoJFRSD3Q3SreJzZNE6ZsDXyUl0UzV3xMR9bSeem7S6VEc6UVvJv7ndUIcXHYjLoMQQbL5R4NQmOibs4jMPlfAUEwTQpniya4mG1FFGSZBzkKwF09eJs3zim1V7NtqqVbN4siTI3JMysQmF6RGrkmdNAgjj+SZvJI348l4Md6Nj3lrzshmDskfGJ8/Ngef/g==</latexit><latexit sha1_base64="Ppt/JBzX3YiNg7yBMoRrZnJ+YZw=">AAACFXicbVBNS8NAEN3Ur1q/qh69BItQQUoiBT0WvHgRKtgPaGrZbKft0s0m7E6KJeRPePGvePGgiFfBm//GNM1BWx8MPN6b2Z15biC4Rsv6NnIrq2vrG/nNwtb2zu5ecf+gqf1QMWgwX/iq7VINgktoIEcB7UAB9VwBLXd8NfNbE1Ca+/IOpwF0PTqUfMAZxUTqFc8chAdM34kU9OPIGVGMnAlVEGgufBn3bu7HZccLT+NCr1iyKlYKc5nYGSmRDPVe8cvp+yz0QCITVOuObQXYjahCzgTEBSfUEFA2pkPoJFRSD3Q3SreJzZNE6ZsDXyUl0UzV3xMR9bSeem7S6VEc6UVvJv7ndUIcXHYjLoMQQbL5R4NQmOibs4jMPlfAUEwTQpniya4mG1FFGSZBzkKwF09eJs3zim1V7NtqqVbN4siTI3JMysQmF6RGrkmdNAgjj+SZvJI348l4Md6Nj3lrzshmDskfGJ8/Ngef/g==</latexit>

…      Lower bound of “   “ - coercivity constant, 

…      dual norm of residual, 

…      interpolation induced error.

a
<latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit>
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Given                                                      evaluate 

where                                               satisfies 

with 

Truth Approximation 

• Space:                                with dimension 

• Time:                                       and thus

⌦ =]0, 1[2
<latexit sha1_base64="XFhz/CEeWG4mwh+cvg4e3JkknwA=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkpSC7oRCm7cWcE+II1lMp20Q2cmYWailNhPceNCEbd+iTv/xkmbhbYeuHA4517uvSeIGVXacb6twsrq2vpGcbO0tb2zu2eX99sqSiQmLRyxSHYDpAijgrQ01Yx0Y0kQDxjpBOOrzO88EKloJO70JCY+R0NBQ4qRNlLfLvduOBkieAl959T17mulvl1xqs4McJm4OamAHM2+/dUbRDjhRGjMkFKe68TaT5HUFDMyLfUSRWKEx2hIPEMF4kT56ez0KTw2ygCGkTQlNJypvydSxJWa8MB0cqRHatHLxP88L9HhhZ9SESeaCDxfFCYM6ghmOcABlQRrNjEEYUnNrRCPkERYm7SyENzFl5dJu1Z1z6q123qlUc/jKIJDcAROgAvOQQNcgyZoAQwewTN4BW/Wk/VivVsf89aClc8cgD+wPn8AI1SR7A==</latexit>

Y ⇢ Y
e ⌘ H

1
0 (⌦)

<latexit sha1_base64="6nUwwYN1rCriEWNsm7FKDcW3CwM=">AAACEnicbVA9TwJBEN3DL8Qv1NJmIzGBhtwhiZYkNnRiIl/hgOwtc7Bh9+7c3SMhF36DjX/FxkJjbK3s/DcecIWCL5nk5b2ZzMxzAs6UNs1vI7WxubW9k97N7O0fHB5lj08ayg8lhTr1uS9bDlHAmQd1zTSHViCBCIdD0xnfzP3mBKRivnevpwF0BRl6zGWU6FjqZwttbKvQUaBxuxfZUmCYYRseQjbB1b7Zs/L2rYAhKWT62ZxZNBfA68RKSA4lqPWzX/bAp6EAT1NOlOpYZqC7EZGaUQ6zjB0qCAgdkyF0YuoRAaobLV6a4YtYGWDXl3F5Gi/U3xMREUpNhRN3CqJHatWbi/95nVC7192IeUGowaPLRW7IsfbxPB88YBKo5tOYECpZfCumIyIJ1XGK8xCs1ZfXSaNUtC6LpbtyrlJO4kijM3SO8shCV6iCqqiG6oiiR/SMXtGb8WS8GO/Gx7I1ZSQzp+gPjM8fdd6cAQ==</latexit>

N = 2601;
<latexit sha1_base64="yauIE7cJ6sY6CeZYIrsaS1HBKxg=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KkktKohQcONKKtgHtKFMppN26GQSZiZCKPVX3LhQxK0f4s6/cdJmoa0HBg7n3Ms9c/yYM6Ud59taWV1b39gsbBW3d3b39u2Dw5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fFN5rcfqVQsEg86jakX4qFgASNYG6lvl3oh1iOCObpD16h67rhXxb5ddirODGiZuDkpQ45G3/7qDSKShFRowrFSXdeJtTfBUjPC6bTYSxSNMRnjIe0aKnBIlTeZhZ+iE6MMUBBJ84RGM/X3xgSHSqWhbyazqGrRy8T/vG6ig0tvwkScaCrI/FCQcKQjlDWBBkxSonlqCCaSmayIjLDERJu+shLcxS8vk1a14p5Vqve1cr2W11GAIziGU3DhAupwCw1oAoEUnuEV3qwn68V6tz7moytWvlOCP7A+fwBTnZKO</latexit>

Ī = (0, 2], �t = 0.01,
<latexit sha1_base64="VPnstYIPIkdbWP3/pNZsCEHRsfc=">AAACDXicbZC7SgNBFIZnvcZ4W7W0GYxCihB2Y0BBhIAW2kUwF8guYXYySYbMXpg5K4QlL2Djq9hYKGJrb+fbOJtsoYk/DHz85xzOnN+LBFdgWd/G0vLK6tp6biO/ubW9s2vu7TdVGEvKGjQUoWx7RDHBA9YADoK1I8mI7wnW8kZXab31wKTiYXAP44i5PhkEvM8pAW11zWPHIzK5neBLXLRKFbfkXGDnmgkgGLRnlS27lO+aBQ1T4UWwMyigTPWu+eX0Qhr7LAAqiFId24rATYgETgWb5J1YsYjQERmwjsaA+Ey5yfSaCT7RTg/3Q6lfAHjq/p5IiK/U2Pd0p09gqOZrqflfrRND/9xNeBDFwAI6W9SPBYYQp9HgHpeMghhrIFRy/VdMh0QSCjrANAR7/uRFaFbK9mm5clct1KpZHDl0iI5QEdnoDNXQDaqjBqLoET2jV/RmPBkvxrvxMWtdMrKZA/RHxucP8kiXmg==</latexit>

K = 200.
<latexit sha1_base64="qbXJdxK0MphH0SBdBNTTvEKdMQc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07JbC3oRCl4ELxXsB7RLyabZNjabLElWKEv/gxcPinj1/3jz35i2e9DWBwOP92aYmRcmnGnjed9OYW19Y3OruF3a2d3bPygfHrW0TBWhTSK5VJ0Qa8qZoE3DDKedRFEch5y2w/HNzG8/UaWZFA9mktAgxkPBIkawsVLr7rrqeW6/XPFcbw60SvycVCBHo1/+6g0kSWMqDOFY667vJSbIsDKMcDot9VJNE0zGeEi7lgocUx1k82un6MwqAxRJZUsYNFd/T2Q41noSh7Yzxmakl72Z+J/XTU10FWRMJKmhgiwWRSlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCSDcFffnmVtKquf+FW72uVei2PowgncArn4MMl1OEWGtAEAo/wDK/w5kjnxXl3PhatBSefOYY/cD5/ANrIjfQ=</latexit>

µ = (µ1, µ2) 2 D ⌘ [0.01, 10]2,
<latexit sha1_base64="lOJOtlFWSM81aLrcZvh17qO933w="></latexit>

sk(µ) =

Z

⌦
ykN,M (µ)

<latexit sha1_base64="ofoRdGC+Vn1WERt8pmE73G5j+WI=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVpCRS0I1QcONGrWAf0MQwmU7boTOTMDMRQsgvuPFX3LhQxK07d/6NSZuFth64cDjnXu69xw8ZVdqyvo2FxaXlldXSWnl9Y3Nr29zZbasgkpi0cMAC2fWRIowK0tJUM9INJUHcZ6Tjjy9yv/NApKKBuNNxSFyOhoIOKEY6kzyzqu7HVYdHR/AcOlRoL3FuOBmiFMZecn18lRZ22TMrVs2aAM4TuyAVUKDpmV9OP8ARJ0JjhpTq2Vao3QRJTTEjadmJFAkRHqMh6WVUIE6Um0w+SuFhpvThIJBZCQ0n6u+JBHGlYu5nnRzpkZr1cvE/rxfpwZmbUBFGmgg8XTSIGNQBzOOBfSoJ1izOCMKSZrdCPEISYZ2FmIdgz748T9onNduq2bf1SqNexFEC++AAVIENTkEDXIImaAEMHsEzeAVvxpPxYrwbH9PWBaOY2QN/YHz+AAf5m9E=</latexit><latexit sha1_base64="ofoRdGC+Vn1WERt8pmE73G5j+WI=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVpCRS0I1QcONGrWAf0MQwmU7boTOTMDMRQsgvuPFX3LhQxK07d/6NSZuFth64cDjnXu69xw8ZVdqyvo2FxaXlldXSWnl9Y3Nr29zZbasgkpi0cMAC2fWRIowK0tJUM9INJUHcZ6Tjjy9yv/NApKKBuNNxSFyOhoIOKEY6kzyzqu7HVYdHR/AcOlRoL3FuOBmiFMZecn18lRZ22TMrVs2aAM4TuyAVUKDpmV9OP8ARJ0JjhpTq2Vao3QRJTTEjadmJFAkRHqMh6WVUIE6Um0w+SuFhpvThIJBZCQ0n6u+JBHGlYu5nnRzpkZr1cvE/rxfpwZmbUBFGmgg8XTSIGNQBzOOBfSoJ1izOCMKSZrdCPEISYZ2FmIdgz748T9onNduq2bf1SqNexFEC++AAVIENTkEDXIImaAEMHsEzeAVvxpPxYrwbH9PWBaOY2QN/YHz+AAf5m9E=</latexit><latexit sha1_base64="ofoRdGC+Vn1WERt8pmE73G5j+WI=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVpCRS0I1QcONGrWAf0MQwmU7boTOTMDMRQsgvuPFX3LhQxK07d/6NSZuFth64cDjnXu69xw8ZVdqyvo2FxaXlldXSWnl9Y3Nr29zZbasgkpi0cMAC2fWRIowK0tJUM9INJUHcZ6Tjjy9yv/NApKKBuNNxSFyOhoIOKEY6kzyzqu7HVYdHR/AcOlRoL3FuOBmiFMZecn18lRZ22TMrVs2aAM4TuyAVUKDpmV9OP8ARJ0JjhpTq2Vao3QRJTTEjadmJFAkRHqMh6WVUIE6Um0w+SuFhpvThIJBZCQ0n6u+JBHGlYu5nnRzpkZr1cvE/rxfpwZmbUBFGmgg8XTSIGNQBzOOBfSoJ1izOCMKSZrdCPEISYZ2FmIdgz748T9onNduq2bf1SqNexFEC++AAVIENTkEDXIImaAEMHsEzeAVvxpPxYrwbH9PWBaOY2QN/YHz+AAf5m9E=</latexit><latexit sha1_base64="ofoRdGC+Vn1WERt8pmE73G5j+WI=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVpCRS0I1QcONGrWAf0MQwmU7boTOTMDMRQsgvuPFX3LhQxK07d/6NSZuFth64cDjnXu69xw8ZVdqyvo2FxaXlldXSWnl9Y3Nr29zZbasgkpi0cMAC2fWRIowK0tJUM9INJUHcZ6Tjjy9yv/NApKKBuNNxSFyOhoIOKEY6kzyzqu7HVYdHR/AcOlRoL3FuOBmiFMZecn18lRZ22TMrVs2aAM4TuyAVUKDpmV9OP8ARJ0JjhpTq2Vao3QRJTTEjadmJFAkRHqMh6WVUIE6Um0w+SuFhpvThIJBZCQ0n6u+JBHGlYu5nnRzpkZr1cvE/rxfpwZmbUBFGmgg8XTSIGNQBzOOBfSoJ1izOCMKSZrdCPEISYZ2FmIdgz748T9onNduq2bf1SqNexFEC++AAVIENTkEDXIImaAEMHsEzeAVvxpPxYrwbH9PWBaOY2QN/YHz+AAf5m9E=</latexit>

ykN,M (µ) 2 Y, 1  k  K,
<latexit sha1_base64="9Qn8ezF76ZwYtt3S1f7aN9orp9c=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtlJJIQcFNwY0gSgX7kCaGyXTSDplM4sxECKHf4MZfceNCEbeu3Pk3Jm0X2nrgcg/n3MvMPW7EqFSG8a0tLC4tr6wW1orrG5tb2/rObluGscCkhUMWiq6LJGGUk5aiipFuJAgKXEY6rn+W+50HIiQN+Y1KImIHaMCpRzFSmeTolcRJr6qXozu/bAVxBVqUw9uqdQpNaDFyD/1Ju6gWHb1k1Iwx4Dwxp6QEpmg6+pfVD3EcEK4wQ1L2TCNSdoqEopiRUdGKJYkQ9tGA9DLKUUCknY5PGsHDTOlDLxRZcQXH6u+NFAVSJoGbTQZIDeWsl4v/eb1YeSd2SnkUK8Lx5CEvZlCFMM8H9qkgWLEkIwgLmv0V4iESCKssxTwEc/bkedI+qplGzbyulxr1aRwFsA8OQBmY4Bg0wDloghbA4BE8g1fwpj1pL9q79jEZXdCmO3vgD7TPH2Dumq4=</latexit><latexit sha1_base64="9Qn8ezF76ZwYtt3S1f7aN9orp9c=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtlJJIQcFNwY0gSgX7kCaGyXTSDplM4sxECKHf4MZfceNCEbeu3Pk3Jm0X2nrgcg/n3MvMPW7EqFSG8a0tLC4tr6wW1orrG5tb2/rObluGscCkhUMWiq6LJGGUk5aiipFuJAgKXEY6rn+W+50HIiQN+Y1KImIHaMCpRzFSmeTolcRJr6qXozu/bAVxBVqUw9uqdQpNaDFyD/1Ju6gWHb1k1Iwx4Dwxp6QEpmg6+pfVD3EcEK4wQ1L2TCNSdoqEopiRUdGKJYkQ9tGA9DLKUUCknY5PGsHDTOlDLxRZcQXH6u+NFAVSJoGbTQZIDeWsl4v/eb1YeSd2SnkUK8Lx5CEvZlCFMM8H9qkgWLEkIwgLmv0V4iESCKssxTwEc/bkedI+qplGzbyulxr1aRwFsA8OQBmY4Bg0wDloghbA4BE8g1fwpj1pL9q79jEZXdCmO3vgD7TPH2Dumq4=</latexit><latexit sha1_base64="9Qn8ezF76ZwYtt3S1f7aN9orp9c=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtlJJIQcFNwY0gSgX7kCaGyXTSDplM4sxECKHf4MZfceNCEbeu3Pk3Jm0X2nrgcg/n3MvMPW7EqFSG8a0tLC4tr6wW1orrG5tb2/rObluGscCkhUMWiq6LJGGUk5aiipFuJAgKXEY6rn+W+50HIiQN+Y1KImIHaMCpRzFSmeTolcRJr6qXozu/bAVxBVqUw9uqdQpNaDFyD/1Ju6gWHb1k1Iwx4Dwxp6QEpmg6+pfVD3EcEK4wQ1L2TCNSdoqEopiRUdGKJYkQ9tGA9DLKUUCknY5PGsHDTOlDLxRZcQXH6u+NFAVSJoGbTQZIDeWsl4v/eb1YeSd2SnkUK8Lx5CEvZlCFMM8H9qkgWLEkIwgLmv0V4iESCKssxTwEc/bkedI+qplGzbyulxr1aRwFsA8OQBmY4Bg0wDloghbA4BE8g1fwpj1pL9q79jEZXdCmO3vgD7TPH2Dumq4=</latexit><latexit sha1_base64="9Qn8ezF76ZwYtt3S1f7aN9orp9c=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtlJJIQcFNwY0gSgX7kCaGyXTSDplM4sxECKHf4MZfceNCEbeu3Pk3Jm0X2nrgcg/n3MvMPW7EqFSG8a0tLC4tr6wW1orrG5tb2/rObluGscCkhUMWiq6LJGGUk5aiipFuJAgKXEY6rn+W+50HIiQN+Y1KImIHaMCpRzFSmeTolcRJr6qXozu/bAVxBVqUw9uqdQpNaDFyD/1Ju6gWHb1k1Iwx4Dwxp6QEpmg6+pfVD3EcEK4wQ1L2TCNSdoqEopiRUdGKJYkQ9tGA9DLKUUCknY5PGsHDTOlDLxRZcQXH6u+NFAVSJoGbTQZIDeWsl4v/eb1YeSd2SnkUK8Lx5CEvZlCFMM8H9qkgWLEkIwgLmv0V4iESCKssxTwEc/bkedI+qplGzbyulxr1aRwFsA8OQBmY4Bg0wDloghbA4BE8g1fwpj1pL9q79jEZXdCmO3vgD7TPH2Dumq4=</latexit>

y0(µ) = 0
<latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit><latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit><latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit><latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit>

1

�t
m(ykN,M (µ)� yk�1

N,M (µ), v) + a(ykN,M (µ), v)
<latexit sha1_base64="Rrf2YV22qUaLnrkq+PRtJr2nANo="></latexit><latexit sha1_base64="Rrf2YV22qUaLnrkq+PRtJr2nANo="></latexit><latexit sha1_base64="Rrf2YV22qUaLnrkq+PRtJr2nANo="></latexit><latexit sha1_base64="Rrf2YV22qUaLnrkq+PRtJr2nANo="></latexit>

+

Z

⌦
gnl(yk(µ);x;µ) v = b(v) sin(2⇡tk), 8 v 2 Y,

<latexit sha1_base64="iC6j5KYtlsJyC4XDp70WFvdmFMI="></latexit><latexit sha1_base64="iC6j5KYtlsJyC4XDp70WFvdmFMI="></latexit><latexit sha1_base64="iC6j5KYtlsJyC4XDp70WFvdmFMI="></latexit><latexit sha1_base64="iC6j5KYtlsJyC4XDp70WFvdmFMI="></latexit>

gnl(yk(µ);x;µ) = µ1
eµ2 yk(µ) � 1

µ2
.

<latexit sha1_base64="+IOeFT7mq0Sbaka3AIse6qFk1IU="></latexit><latexit sha1_base64="+IOeFT7mq0Sbaka3AIse6qFk1IU="></latexit><latexit sha1_base64="+IOeFT7mq0Sbaka3AIse6qFk1IU="></latexit><latexit sha1_base64="+IOeFT7mq0Sbaka3AIse6qFk1IU="></latexit>
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Truth solution               at time                    and y(tk;µ)
<latexit sha1_base64="A5Emu2/9jI+UPlK2DY9rqEKG1/Q=">AAAB8nicbVBNS8NAEN34WetX1aOXxSLUS0lqQcFLwYvHCvYD0lg22027dLMJuxMhhP4MLx4U8eqv8ea/cdPmoK0PBh7vzTAzz48F12Db39ba+sbm1nZpp7y7t39wWDk67uooUZR1aCQi1feJZoJL1gEOgvVjxUjoC9bzp7e533tiSvNIPkAaMy8kY8kDTgkYyU1r8Di9GYTJRXlYqdp1ew68SpyCVFGB9rDyNRhFNAmZBCqI1q5jx+BlRAGngs3Kg0SzmNApGTPXUElCpr1sfvIMnxtlhINImZKA5+rviYyEWqehbzpDAhO97OXif56bQHDtZVzGCTBJF4uCRGCIcP4/HnHFKIjUEEIVN7diOiGKUDAp5SE4yy+vkm6j7lzWG/fNaqtZxFFCp+gM1ZCDrlAL3aE26iCKIvSMXtGbBdaL9W59LFrXrGLmBP2B9fkDEAuQaA==</latexit>

tk = 25�t
<latexit sha1_base64="YHgKiFP1ctGtjMI+rGp+Pzd0RFI=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVJJa0YtQ0IPHCvYD2lg22027dLMJuxOxhP4VLx4U8eof8ea/cdPmoK0PBh7vzTAzz48F1+A439bK6tr6xmZhq7i9s7u3bx+UWjpKFGVNGolIdXyimeCSNYGDYJ1YMRL6grX98XXmtx+Z0jyS9zCJmReSoeQBpwSM1LdL8DDGV7h6jns3TADBUOzbZafizICXiZuTMsrR6NtfvUFEk5BJoIJo3XWdGLyUKOBUsGmxl2gWEzomQ9Y1VJKQaS+d3T7FJ0YZ4CBSpiTgmfp7IiWh1pPQN50hgZFe9DLxP6+bQHDppVzGCTBJ54uCRGCIcBYEHnDFKIiJIYQqbm7FdEQUoWDiykJwF19eJq1qxT2rVO9q5Xotj6OAjtAxOkUuukB1dIsaqIkoekLP6BW9WVPrxXq3PuatK1Y+c4j+wPr8ARLXkno=</latexit>

µ = (0.01, 0.01)
<latexit sha1_base64="UY9Ham/kRy6Zh5UuUCEIEwX2JkU=">AAAB+3icbZDLSgMxFIbPeK31Ntalm2ARKkiZqQXdCAU3LivYC7RDyaSZNjSZGZKMWIa+ihsXirj1Rdz5NmbaWWjrgYSP/z+HnPx+zJnSjvNtra1vbG5tF3aKu3v7B4f2UamtokQS2iIRj2TXx4pyFtKWZprTbiwpFj6nHX9ym/mdRyoVi8IHPY2pJ/AoZAEjWBtpYJf6IkE3qOJUHfciu86LA7tsYF5oFdwcypBXc2B/9YcRSQQNNeFYqZ7rxNpLsdSMcDor9hNFY0wmeER7BkMsqPLS+e4zdGaUIQoiaU6o0Vz9PZFiodRU+KZTYD1Wy14m/uf1Eh1ceykL40TTkCweChKOdISyINCQSUo0nxrARDKzKyJjLDHRJq4sBHf5y6vQrlXdy2rtvl5u1PM4CnACp1ABF66gAXfQhBYQeIJneIU3a2a9WO/Wx6J1zcpnjuFPWZ8/7yeRFQ==</latexit>

µ = (10, 10)
<latexit sha1_base64="aoKCqsm/wN1VrC0xy9JypPJ/RWE=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJUkLJbC3oRCl48VrAf0K4lm2bb0CS7JFmllP4PLx4U8ep/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLpJ/dYjVZpF8t6MY+oLPJAsZAQbKz10RYKuUclzzz33LN8rFN2yOwNaJl5GipCh3it8dfsRSQSVhnCsdcdzY+NPsDKMcDrNdxNNY0xGeEA7lkosqPYns6un6NQqfRRGypY0aKb+nphgofVYBLZTYDPUi14q/ud1EhNe+RMm48RQSeaLwoQjE6E0AtRnihLDx5Zgopi9FZEhVpgYG1Qagrf48jJpVsreRblyVy3WqlkcOTiGEyiBB5dQg1uoQwMIKHiGV3hznpwX5935mLeuONnMEfyB8/kDuDmQAA==</latexit>

b(v) = 100

Z

⌦
v sin(2⇡x1) cos(2⇡x2)

<latexit sha1_base64="j7x+2J3+55Hrb3PAazX3wO7qLR0="></latexit>
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Convergence: Energy Norm
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Results for random sample 

• “Plateau” in curves for      fixed.  

• “Knees” reflect balanced contribution of both error terms.  

• Sharp bounds require conservative choice of

0 5 10 15 20 25 30 35 40 45 50 55
10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

101

N

ε N
,M

,m
ax

,re
l

y

 

 

M = 10
M = 20
M = 40
M = 60
M = 80
M = 100

0 5 10 15 20 25 30 35 40 45 50 55
10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

101

N

Δ
N

,M
,m

ax
,re

l
y

 

 

M = 20
M = 40
M = 70
M = 100
M = 130
M = 160

⌅test 2 D of size 225.
<latexit sha1_base64="H6YUkVCXzcp+4MWwfg2t0nL33aI=">AAACI3icbVBNS8NAEN3Ur1q/oh69LBbBU0mqouhF0IPHClYLTSmb7USXbjZhdyLU0P/ixb/ixYNSvHjwv7hpe/DrwbKP92aYmRemUhj0vA+nNDM7N79QXqwsLa+srrnrG9cmyTSHJk9kolshMyCFgiYKlNBKNbA4lHAT9s8K/+YetBGJusJBCp2Y3SoRCc7QSl33OGiJbh6EEUUwOKSBUDSIGd5xJuk5DU5ooOM8iQpmxAMM7U/r9YMarXTdqlfzxqB/iT8lVTJFo+uOgl7CsxgUcsmMafteip2caRRcwrASZAZSxvvsFtqWKhaD6eTjG4d0xyo9GiXaPoV0rH7vyFlszCAObWWxvvntFeJ/XjvD6KiTC5VmCIpPBkWZpJjQIjDaExo4yoEljGthd6X8jmnG0cZahOD/Pvkvua7X/L1a/XK/ero/jaNMtsg22SU+OSSn5II0SJNw8kieySt5c56cF2fkvE9KS860Z5P8gPP5BZ8ooaM=</latexit>

M
<latexit sha1_base64="cBmNWM9IqT8PRhojWamD+lJ/YL0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKezGgB4DXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ61K2bsqVxrVUq2axZGHMziHS/DgGmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6IljMc=</latexit>

M.
<latexit sha1_base64="BupYJr3wk3UFcJNYFyW8mQ9847k=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Ckkt6LHgxYtQxX5AG8pmu2mXbjZhdyKU0n/gxYMiXv1H3vw3btsctPXBwOO9GWbmhakUBj3v21lb39jc2i7sFHf39g8OS0fHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbmt564NiJRjzhOeRDTgRKRYBSt9HDn9kplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDK/dErOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo+tgIlSaIVdssSjKJMGEzN4mfaE5Qzm2hDIt7K2EDammDG04RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHK6jBLdShAQwieIZXeHNGzovz7nwsWtecfOYE/sD5/AENHYz/</latexit>



References I

!133 Introduction to Reduced Basis Methods: Theory and Applications  |   
Karen Veroy-Grepl  |  “Sparsity for Physics, Signal and Learning” Summer School |  
INRIA - Paris | 24-27June 2019

[BMNP04]  

[EGP10] 

[GMNP07] 

[Gre05]  

[Gre12a]  

[Gre12b]  

[KGV12]

Maxime Barrault, Yvon Maday, Ngoc Cuong Nguyen, and Anthony T. Patera. An ’empirical 
interpolation’ method: application to efficient reduced-basis discretization of partial 
differential equations. Comptes Rendus Mathematique, 339(9):667 – 672, 2004. 

Jens L. Eftang, Martin A. Grepl, and Anthony T. Patera. A posteriori error bounds for the 
empirical interpolation method. Comptes Rendus Mathematique, 348:575–579, 2010. 

Martin A. Grepl, Yvon Maday, Ngoc C. Nguyen, and Anthony T. Patera. Efficient 
reduced-basis treatment of nonaffine and nonlinear partial differential equations. ESAIM: 
Mathematical Modelling and Numerical Analysis, 41(3):575–605, 2007. 

Martin A. Grepl. Reduced-Basis Approximation and A Posteriori Error Estimation for 
Parabolic Partial Differential Equations. PhD thesis, Massachusetts Institute of Technology, 
June 2005. 

Martin A. Grepl. Certified reduced basis methods for nonaffine linear time-varying and 
nonlinear parabolic partial differential equations. M3AS: Mathematical Models and Methods 
in Applied Sciences, 22(3):40, 2012. 

Martin A. Grepl. Model order reduction of parametrized nonlinear reaction-diffusion 
systems. Computers and Chemical Engineering, 43(0):33 – 44, 2012. 

Dirk Klindworth, Martin A. Grepl, and Georg Vossen. Certified reduced basis methods for 
parametrized parabolic partial differential equations with non-affine source terms. Computer 
Methods in Applied Mechanics and Engineering, 209-212(0):144–155, 2012. 



References II

!134 Introduction to Reduced Basis Methods: Theory and Applications  |   
Karen Veroy-Grepl  |  “Sparsity for Physics, Signal and Learning” Summer School |  
INRIA - Paris | 24-27June 2019

[MNPP07] 

[Ngu07] 

[NVP05] 

  

[VP05] 

[VPP03]

Yvon Maday, Ngoc Cuong Nguyen, Anthony T. Patera, and George S.H. Pau. A general, 
multipurpose interpolation procedure: the magic points. Communications on Pure and 
Applied Analysis (CPAA), 8:383 – 404, 2007. 

N. C. Nguyen. A posteriori error estimation and basis adaptivity for reduced-basis 
approximation of nonaffine-parametrized linear elliptic partial differential equations. Journal 
of Computational Physics, 227:983–1006, December 2007. 

N.C. Nguyen, Karen Veroy, and Anthony T. Patera. Certified real-time solution of 
parametrized partial differential equations. In Sidney Yip, editor, Handbook of Materials 
Modeling, chapter 4.15, pages 1523–1558. Springer, 2005. Handbook of Materials Modeling. 

K. Veroy and A. T. Patera. Certifed real-time solution of the parametrized steady 
incompressible Navier-Stokes equations: rigorous reduced-basis a posteriori error bounds. 
International Journal for Numerical Methods in Fluids, 47:773–788, 2005. 

Karen Veroy, Christophe Prud’homme, and Anthony T. Patera. Reduced-basis 
approximation of the viscous burgers equation: rigorous a posteriori error bounds. Comptes 
Rendus Mathematique, 337(9):619–624, 2003. 



Introduction to Reduced Basis Methods: Theory and Applications

Karen Veroy-Grepl

1



Introduction to Reduced Basis Methods: Theory and Applications  |   
Karen Veroy-Grepl  |  “Sparsity for Physics, Signal and Learning” Summer School |  
INRIA - Paris | 24-27June 2019

!136

PART II



Overview

!137 Introduction to Reduced Basis Methods: Theory and Applications  |   
Karen Veroy-Grepl  |  “Sparsity for Physics, Signal and Learning” Summer School |  
INRIA - Paris | 24-27June 2019

Part I: Introduction to the Reduced Basis Method 
  Motivation 

  RB for the Simplest Case 

  Generalizations 

  EIM for Non-Affine and Nonlinear Problems 

Part II: RB + Data Assimilation 

Part III: Applications + Exercises (James Nichols)
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Part I: Introduction to the Reduced Basis Method 

Part II: RB + Data Assimilation 

Generalized EIM 

Parametrized Background Data Weak Method (PBDW) 

(Optimal Control) 

4DVAR - Data Assimilation 

3DVAR - Data Assimilation + Sensor Placement 

Part III: Applications + Exercises (James Nichols)
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EIM Greedy Approach

We then proceed by induction to generate                   and       : 

For                             , we first solve the interpolation problem 

where                                               , then compute  

and evaluate the interpolation error 

for all                   .
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EIM Greedy Approach

We then determine 

and compute                                    . 

To generate the interpolation points we solve the linear system 

and we set                                                                 . 

The next interpolation point is 

and                                                            .
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GEIM

Function space interpolation 

Approximate the function 

with its interpolation 

where the coefficients                are chosen such that
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Linear functionals Data, e.g., measurements



GEIM
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• How can we choose the measurement functionals from a library? 

• How can we choose the interpolating functions? 

• What about well-posedness of this formulation? 

• …



GEIM

State Estimation 

Given measurement data                            of some unknown state  

Assume            can be expected to be close to a set       of candidate states  

Approximate            using 

where 

This corresponds to: 

such that
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<latexit sha1_base64="EhKN3PT86wVhtsP1pKbGAIAJLiI=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUlqQTdCwY3LCvYBTQiTybQdOjMJMxMhhG7c+CtuXCji1n9w5984bbPQ1gMXDufcy733hAmjSjvOt7Wyura+sVnaKm/v7O7t2weHHRWnEpM2jlkseyFShFFB2ppqRnqJJIiHjHTD8c3U7z4QqWgs7nWWEJ+joaADipE2UmCfRAGF19BTdMhRQKtZkHuSQy1TMjkP7IpTc2aAy8QtSAUUaAX2lxfFOOVEaMyQUn3XSbSfI6kpZmRS9lJFEoTHaEj6hgrEifLz2RcTeGaUCA5iaUpoOFN/T+SIK5Xx0HRypEdq0ZuK/3n9VA+u/JyKJNVE4PmiQcqgjuE0EhhRSbBmmSEIS2puhXiEJMLaBFc2IbiLLy+TTr3mXtTqd41Ks1HEUQLH4BRUgQsuQRPcghZoAwwewTN4BW/Wk/VivVsf89YVq5g5An9gff4AYcKX0w==</latexit>

ytrue
<latexit sha1_base64="uzlp56x20tLLSEOPtC5ETMSvjCQ=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHZJcxOJsmQmdllHsKy5De8eFDEqz/jzb9xkuxBEwsaiqpuurvilDNtfP/b29jc2t7ZLe2V9w8Oj44rJ6cdnVhFaJskPFG9GGvKmaRtwwynvVRRLGJOu/H0bu53n6jSLJGPJktpJPBYshEj2DgpzAZ5qAQyytLZoFL1a/4CaJ0EBalCgdag8hUOE2IFlYZwrHU/8FMT5VgZRjidlUOraYrJFI9p31GJBdVRvrh5hi6dMkSjRLmSBi3U3xM5FlpnInadApuJXvXm4n9e35rRbZQzmVpDJVkuGlmOTILmAaAhU5QYnjmCiWLuVkQmWGFiXExlF0Kw+vI66dRrwXWt/tCoNhtFHCU4hwu4ggBuoAn30II2EEjhGV7hzbPei/fufSxbN7xi5gz+wPv8AVM7kdM=</latexit>

ytrue
<latexit sha1_base64="uzlp56x20tLLSEOPtC5ETMSvjCQ=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHZJcxOJsmQmdllHsKy5De8eFDEqz/jzb9xkuxBEwsaiqpuurvilDNtfP/b29jc2t7ZLe2V9w8Oj44rJ6cdnVhFaJskPFG9GGvKmaRtwwynvVRRLGJOu/H0bu53n6jSLJGPJktpJPBYshEj2DgpzAZ5qAQyytLZoFL1a/4CaJ0EBalCgdag8hUOE2IFlYZwrHU/8FMT5VgZRjidlUOraYrJFI9p31GJBdVRvrh5hi6dMkSjRLmSBi3U3xM5FlpnInadApuJXvXm4n9e35rRbZQzmVpDJVkuGlmOTILmAaAhU5QYnjmCiWLuVkQmWGFiXExlF0Kw+vI66dRrwXWt/tCoNhtFHCU4hwu4ggBuoAn30II2EEjhGV7hzbPei/fufSxbN7xi5gz+wPv8AVM7kdM=</latexit>

ytrue
<latexit sha1_base64="uzlp56x20tLLSEOPtC5ETMSvjCQ=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHZJcxOJsmQmdllHsKy5De8eFDEqz/jzb9xkuxBEwsaiqpuurvilDNtfP/b29jc2t7ZLe2V9w8Oj44rJ6cdnVhFaJskPFG9GGvKmaRtwwynvVRRLGJOu/H0bu53n6jSLJGPJktpJPBYshEj2DgpzAZ5qAQyytLZoFL1a/4CaJ0EBalCgdag8hUOE2IFlYZwrHU/8FMT5VgZRjidlUOraYrJFI9p31GJBdVRvrh5hi6dMkSjRLmSBi3U3xM5FlpnInadApuJXvXm4n9e35rRbZQzmVpDJVkuGlmOTILmAaAhU5QYnjmCiWLuVkQmWGFiXExlF0Kw+vI66dRrwXWt/tCoNhtFHCU4hwu4ggBuoAn30II2EEjhGV7hzbPei/fufSxbN7xi5gz+wPv8AVM7kdM=</latexit>

di =
MX

j=1

�̃M
j �i(q̃j), 8 i = 1, . . . ,M

<latexit sha1_base64="vMYXMf1d3p5ItyBDkfKJfxaGOKY="></latexit>

y 2 span{ q̃i, i = 1, . . . ,M }
<latexit sha1_base64="UtIdDHLSynful2fRS08Ja4OVvgQ=">AAACIHicbVDLSgMxFM3Ud32NunRzsQguSpmphQoiCG7cCBWsCp1SMmlag5nMmNwRyjCf4sZfceNCEd3p15g+Fmo9EDiccw8394SJFAY979MpzMzOzS8sLhWXV1bX1t2NzUsTp5rxJotlrK9DargUijdRoOTXieY0CiW/Cm9Phv7VPddGxOoCBwlvR7SvRE8wilbquPUBBEJBFugITEJVHmQQHEKAQnZ5dpd3RBkCEHAEfjnoxmjKZ0M777glr+KNANPEn5ASmaDRcT9snKURV8gkNablewm2M6pRMMnzYpAanlB2S/u8ZamiETftbHRgDrtW6UIv1vYphJH6M5HRyJhBFNrJiOKN+esNxf+8Voq9g3YmVJIiV2y8qJdKwBiGbUFXaM5QDiyhTAv7V2A3VFOGttOiLcH/e/I0uaxW/P1K9bxWOq5N6lgk22SH7BGf1MkxOSUN0iSMPJAn8kJenUfn2Xlz3sejBWeS2SK/4Hx9A2nUoS8=</latexit>

ytrue ⇡
MX

i=1

↵̃M
j (')q̃j

<latexit sha1_base64="oC0rGZD69JZ8X3qmWuGrM//Dzqc="></latexit>

�i(y) = di, i = 1, . . . ,M
<latexit sha1_base64="01HBY+DKFTZvgx3OVdLpxWnrPVs=">AAACD3icbVDNS8MwHE39nPNr6tFLcCgTxmjnQC/CwIsXYYL7gLWUNE23sKStSSqUsv/Ai/+KFw+KePXqzf/GbOtBNx8EXt77PZLf82JGpTLNb2NpeWV1bb2wUdzc2t7ZLe3td2SUCEzaOGKR6HlIEkZD0lZUMdKLBUHcY6Trja4mfveBCEmj8E6lMXE4GoQ0oBgpLbmlE1vSAUcuraSn8BL6Lq1C+z5BPqT6alVtP1KyeuOWymbNnAIuEisnZZCj5Za+dBInnIQKMyRl3zJj5WRIKIoZGRftRJIY4REakL6mIeJEOtl0nzE81ooPg0joEyo4VX8nMsSlTLmnJzlSQznvTcT/vH6iggsno2GcKBLi2UNBwqCK4KQc6FNBsGKpJggLqv8K8RAJhJWusKhLsOZXXiSdes06q9VvG+VmI6+jAA7BEagAC5yDJrgGLdAGGDyCZ/AK3own48V4Nz5mo0tGnjkAf2B8/gD675oK</latexit>



Initialization 

Generating function

First measurement functional

First interpolating basis function

'̃1 := argmax
�2F

||'||
<latexit sha1_base64="o+6dmCu6J9TUqU62OlAXp7kebwc="></latexit>

�1 := argmax
�2⌃

|�('1)|
<latexit sha1_base64="WAEsb3pVZxCrNc46JWa08RE+Ybk="></latexit>

q̃1 :=
'̃1

�1('̃1)
<latexit sha1_base64="ea1IjJBQqnan6AxBfym/fVs+/D8=">AAACLnicbVDLSsNAFJ3UV62vqEs3g0Wom5LUgiIIBRFcVrAPaEKYTCbt0MnDmUmhhHyRG39FF4KKuPUznLRZaOuBC4dz7uXee9yYUSEN400rrayurW+UNytb2zu7e/r+QVdECcekgyMW8b6LBGE0JB1JJSP9mBMUuIz03PF17vcmhAsahfdyGhM7QMOQ+hQjqSRHv7EkZR5JHzLHhJdX0PI5wmkhWhPE4xFVVpZagg4D5Ji1Je80qzh61agbM8BlYhakCgq0Hf3F8iKcBCSUmCEhBqYRSztFXFLMSFaxEkFihMdoSAaKhiggwk5n72bwRCke9COuKpRwpv6eSFEgxDRwVWeA5Egsern4nzdIpH9hpzSME0lCPF/kJwzKCObZQY9ygiWbKoIwp+pWiEdIBSZVwnkI5uLLy6TbqJtn9cZds9pqFnGUwRE4BjVggnPQAregDToAg0fwDN7Bh/akvWqf2te8taQVM4fgD7TvH5QAqWk=</latexit>

GEIM
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GEIM

{q̃1, . . . , q̃M�1}
<latexit sha1_base64="rSTX1Gw4pNwdIyTNvtZyJG+WFwI=">AAACEHicbVDLSgMxFM34rPVVdekmWEQXWmZqQZcFN26ECvYBnTJkMmkbmsmMyR2hDPMJbvwVNy4UcevSnX9j+kC09UDI4Zx7b3KPHwuuwba/rIXFpeWV1dxafn1jc2u7sLPb0FGiKKvTSESq5RPNBJesDhwEa8WKkdAXrOkPLkd+854pzSN5C8OYdULSk7zLKQEjeYUjN3WBi4Cld5nnnGA3iECb60dLr0+dzM28QtEu2WPgeeJMSRFNUfMKn2YUTUImgQqidduxY+ikRAGngmV5N9EsJnRAeqxtqCQh0510vFCGD40S4G6kzJGAx+rvjpSEWg9D31SGBPp61huJ/3ntBLoXnZTLOAEm6eShbiIwRHiUDg64YhTE0BBCFTd/xbRPFKFgMsybEJzZledJo1xyzkrlm0qxWpnGkUP76AAdIwedoyq6QjVURxQ9oCf0gl6tR+vZerPeJ6UL1rRnD/2B9fENaG6cxQ==</latexit>

Iterative Procedure 

Suppose                              and                                 have been constructed. 
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{�1, . . . ,�M�1}
<latexit sha1_base64="QCjO0LdTv4qON2B3yu/FYA6mKxY=">AAACC3icbVBNS8MwGE79nPWr6tFL2BA86GjnQI8DL16ECe4D1lLSLN3C0rQkqTBK7178K148KOLVP+DNf2PW9aCbD4Q8PM/7vsn7BAmjUtn2t7Gyura+sVnZMrd3dvf2rYPDroxTgUkHxywW/QBJwignHUUVI/1EEBQFjPSCyfXM7z0QIWnM79U0IV6ERpyGFCOlJd+qupkr6ShCvnMG3WGspL4KwfSz23Mnd3Pfqtl1uwBcJk5JaqBE27e+9CCcRoQrzJCUA8dOlJchoShmJDfdVJIE4QkakYGmHEVEelmxSw5PtDKEYSz04QoW6u+ODEVSTqNAV0ZIjeWiNxP/8wapCq+8jPIkVYTj+UNhyqCK4SwYOKSCYMWmmiAsqP4rxGMkEFY6PlOH4CyuvEy6jbpzUW/cNWutZhlHBRyDKjgFDrgELXAD2qADMHgEz+AVvBlPxovxbnzMS1eMsucI/IHx+QMibpnJ</latexit>

Function that is currently 
approximated the worst

�M := arg sup
�2⌃

|�('M � IM�1['])|
<latexit sha1_base64="st5vn9dKABCXsLZj96XT69bGZ5w="></latexit>

'̃M := argmax
�2F

||'� IM�1[']||
<latexit sha1_base64="VEdQKktWGKy+QiKS+d/T69u47UA="></latexit>

Next measurement functional

q̃M :=
'̃M � IM�1[']

�1('̃M � IM�1['])
<latexit sha1_base64="e4r+l1veLHUA/OHNEQQs42gct5Y="></latexit>

Next interpolation function



PBDW
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Unlimited-observations PBDW statement 

Find 

Subject to

y⇤N 2 Y, z⇤N 2 ZN , ⌘⇤N 2 Y s.t.
<latexit sha1_base64="L4OYCCBZI/cCWXXf9gnYbFSt8Ag="></latexit>

(y⇤N , z⇤N , ⌘⇤N ) = arg inf
yN 2 Y
zN 2 ZN

⌘N 2 Y

k⌘Nk2

<latexit sha1_base64="uJlW713O6w5qjIUnHhF+INxkIPU="></latexit>

(yN , v) = (⌘N , v) + (zN , v) 8v 2 Y,
<latexit sha1_base64="ymNjyzSR3oex6c1L4hmN5CU1P7s="></latexit>

(yN ,�) = (ytrue,�) 8� 2 Y.
<latexit sha1_base64="anyq+6RaZOUzcil5WdDMqQL4TNQ="></latexit>
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Unlimited-observations PBDW statement 

Introduce library of observation functionals 

where (for example) 

Let 

where

`�m(v) = Gauss (v;xc
m, rm)

<latexit sha1_base64="kYlXR5kMXEHkNsU8cHVzjSt9Thg="></latexit>

L = {` 2 Y 0 | ` = `om}
<latexit sha1_base64="GyWtHeojNL31OYd/D/+tBRMgicI="></latexit>

(v, RY `�m) = `�m(v) 8v 2 Y
<latexit sha1_base64="Tynwwpt4xJRoMhE6DNXNgp9i//8="></latexit>

TM = span {RY `�m}Mm=1 , M = 1, . . . ,Mmax, . . .
<latexit sha1_base64="HpZvi+1/4fabl+whmAnHyqGyy6k="></latexit>
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Limited-observations PBDW statement 

Find 

subject to

(y⇤N,M 2 Y, z⇤N,M 2 ZN , ⌘⇤N,M 2 Y)
<latexit sha1_base64="BuscVy+p04nqXXJFcji3sUwoASQ=">AAACUHicfVHLSgMxFL1T3+Or6tJNsAhVpMxoQcFNwY0bRcFatVNLJk3bYCYzJBlhHOYT3bjzO9y4UDR9CNqqF0IO55yb3Jz4EWdKO86zlZuYnJqemZ2z5xcWl5bzK6uXKowloVUS8lBe+VhRzgStaqY5vYokxYHPac2/O+rptXsqFQvFhU4i2ghwR7A2I1gbqpnvFJNmerqDTrLbdDtDHhPIC7DuEszT62wHeYfo4U/DTWakgcmjGv9z0FYzX3BKTr/QOHCHoADDOmvmn7xWSOKACk04VqruOpFupFhqRjjNbC9WNMLkDndo3UCBA6oaaT+QDG0apoXaoTRLaNRnv3ekOFAqCXzj7M2oRrUe+ZtWj3X7oJEyEcWaCjK4qB1zpEPUSxe1mKRE88QATCQzsyLSxRITbf7ANiG4o08eB5e7JXevtHteLlTKwzhmYR02oAgu7EMFjuEMqkDgEV7gDd6tJ+vV+shZA+vXDmvwo3L2J4WEslc=</latexit>

(y⇤N,M , z⇤N,M , ⌘⇤N,M ) = arg inf
yN,M 2 Y
zN,M 2 ZN

⌘N,M 2 Y

k⌘N,Mk2

<latexit sha1_base64="+liBAQTDCIYo90A9QSqkXAwogWI="></latexit>

(yN,M , v) = (⌘N,M , v) + (zN,M , v) 8v 2 Y,

(yN,M ,�) = (ytrue,�) 8� 2 TM .
<latexit sha1_base64="+Z0yOhzMXYkWWUafhobjHTJ1hTk="></latexit>
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Unlimited-observations PBDW statement 

The PBDW approximation error satisfies  

where the stability constant            is defined by

�N,M ⌘ inf
z2ZN

sup
q2TM

(z, q)

kzkkqk .
<latexit sha1_base64="DE6wn+4RB/niFfrajEmIPYW+NLo="></latexit>

�N,M
<latexit sha1_base64="809Cxwug0+j8wvfbEaKeoxTgF8U=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuDOgx4MWLEsE8IFnC7KQ3GTL7cGY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13lxcLrrRtf1u5tfWNza38dmFnd2//oHh41FRRIhk2WCQi2faoQsFDbGiuBbZjiTTwBLa80c3Mb41RKh6Fj3oSoxvQQch9zqg2ktv1UNNeen9B7qakVyzZZXsOskqcjJQgQ71X/Or2I5YEGGomqFIdx461m1KpORM4LXQThTFlIzrAjqEhDVC56fzoKTkzSp/4kTQVajJXf0+kNFBqEnimM6B6qJa9mfif10m0f+2mPIwTjSFbLPITQXREZgmQPpfItJgYQpnk5lbChlRSpk1OBROCs/zyKmlWys5lufJQLdWqWRx5OIFTOAcHrqAGt1CHBjB4gmd4hTdrbL1Y79bHojVnZTPH8AfW5w+YMZFI</latexit>

��⌘⇤N � ⌘⇤N,M

�� 6 inf
q2TM\Z?

N

inf
z2ZN

��y true � z � q
�� ,

<latexit sha1_base64="TNizrT9rxKO2v8dGlUB5uqQax7E="></latexit>

��y true � y⇤N,M

�� 6
✓
1 +

1

�N,M

◆
inf

q2TM\Z?
N

inf
z2ZN

��y true � z � q
�� ,

<latexit sha1_base64="QIIEAIJlhRHhSZK1f6624l73gvQ="></latexit>

��z⇤N � z⇤N,M

�� 6 1

�N,M
inf

q2TM\Z?
N

inf
z2ZN

��ytrue � z � q
�� ,

<latexit sha1_base64="rsdKGOpZBSP6OU7UcFgAwkEzC3w="></latexit>
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Unlimited-observations PBDW statement 

The PBDW approximation error satisfies  

where the stability constant            is defined by

�N,M ⌘ inf
z2ZN

sup
q2TM

(z, q)

kzkkqk .
<latexit sha1_base64="DE6wn+4RB/niFfrajEmIPYW+NLo="></latexit>

�N,M
<latexit sha1_base64="809Cxwug0+j8wvfbEaKeoxTgF8U=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuDOgx4MWLEsE8IFnC7KQ3GTL7cGY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13lxcLrrRtf1u5tfWNza38dmFnd2//oHh41FRRIhk2WCQi2faoQsFDbGiuBbZjiTTwBLa80c3Mb41RKh6Fj3oSoxvQQch9zqg2ktv1UNNeen9B7qakVyzZZXsOskqcjJQgQ71X/Or2I5YEGGomqFIdx461m1KpORM4LXQThTFlIzrAjqEhDVC56fzoKTkzSp/4kTQVajJXf0+kNFBqEnimM6B6qJa9mfif10m0f+2mPIwTjSFbLPITQXREZgmQPpfItJgYQpnk5lbChlRSpk1OBROCs/zyKmlWys5lufJQLdWqWRx5OIFTOAcHrqAGt1CHBjB4gmd4hTdrbL1Y79bHojVnZTPH8AfW5w+YMZFI</latexit>

��⌘⇤N � ⌘⇤N,M

�� 6 inf
q2TM\Z?

N

inf
z2ZN

��y true � z � q
�� ,

<latexit sha1_base64="TNizrT9rxKO2v8dGlUB5uqQax7E="></latexit>

��y true � y⇤N,M

�� 6
✓
1 +

1

�N,M

◆
inf

q2TM\Z?
N

inf
z2ZN

��y true � z � q
�� ,

<latexit sha1_base64="QIIEAIJlhRHhSZK1f6624l73gvQ="></latexit>

��z⇤N � z⇤N,M

�� 6 1

�N,M
inf

q2TM\Z?
N

inf
z2ZN

��ytrue � z � q
�� ,

<latexit sha1_base64="rsdKGOpZBSP6OU7UcFgAwkEzC3w="></latexit>
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Unlimited-observations PBDW statement 

The PBDW approximation error satisfies  

where the stability constant            is defined by

�N,M ⌘ inf
z2ZN

sup
q2TM

(z, q)

kzkkqk .
<latexit sha1_base64="DE6wn+4RB/niFfrajEmIPYW+NLo="></latexit>

�N,M
<latexit sha1_base64="809Cxwug0+j8wvfbEaKeoxTgF8U=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuDOgx4MWLEsE8IFnC7KQ3GTL7cGY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13lxcLrrRtf1u5tfWNza38dmFnd2//oHh41FRRIhk2WCQi2faoQsFDbGiuBbZjiTTwBLa80c3Mb41RKh6Fj3oSoxvQQch9zqg2ktv1UNNeen9B7qakVyzZZXsOskqcjJQgQ71X/Or2I5YEGGomqFIdx461m1KpORM4LXQThTFlIzrAjqEhDVC56fzoKTkzSp/4kTQVajJXf0+kNFBqEnimM6B6qJa9mfif10m0f+2mPIwTjSFbLPITQXREZgmQPpfItJgYQpnk5lbChlRSpk1OBROCs/zyKmlWys5lufJQLdWqWRx5OIFTOAcHrqAGt1CHBjB4gmd4hTdrbL1Y79bHojVnZTPH8AfW5w+YMZFI</latexit>

��⌘⇤N � ⌘⇤N,M

�� 6 inf
q2TM\Z?

N

inf
z2ZN

��y true � z � q
�� ,

<latexit sha1_base64="TNizrT9rxKO2v8dGlUB5uqQax7E="></latexit>

��y true � y⇤N,M

�� 6
✓
1 +

1

�N,M

◆
inf

q2TM\Z?
N

inf
z2ZN

��y true � z � q
�� ,

<latexit sha1_base64="QIIEAIJlhRHhSZK1f6624l73gvQ="></latexit>

��z⇤N � z⇤N,M

�� 6 1

�N,M
inf

q2TM\Z?
N

inf
z2ZN

��ytrue � z � q
�� ,

<latexit sha1_base64="rsdKGOpZBSP6OU7UcFgAwkEzC3w="></latexit>
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Unlimited-observations PBDW statement 

The PBDW approximation error satisfies  

where the stability constant            is defined by
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Unlimited-observations PBDW statement 

The PBDW approximation error satisfies  

where the stability constant            is defined by
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Optimal Control

M. Kärcher and M. Grepl
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Problem Formulation  

min
u2U

J(y, u) =
1

2
ky � ydk2L2(D) +

⌧

2
kuk2U

s.t. hAy, vi = hCu, vi+ hf, vi, 8v 2 Y,
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Reduced Basis Approximation 

RB approximation as surrogate 

Error estimation

min
un2Un

J(yn, un) =
1

2
kyn � ydk2L2(D) +

⌧

2
kunk2U

s.t. hAnyn, vi = hCnun, vi+ hfn, vi, 8v 2 Yn,
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Status 

• Order Reduction for 

-  sharp (POD) error bounds, but requires FE-solves  
[TRÖLTZSCH & VOLKWEIN, 2009] 

- online-efficient but non-rigorous error estimates  
[DEDÈ, 2010a], [DEDÈ, 2012] 

- online-efficient, rigorous error bounds 
[GREPL & KÄRCHER, 2011], [KÄRCHER & GREPL, 2014]
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Status:  Distributed optimal control 

•  Perturbation Bound in [KÄRCHER, 2011] 

-  based on [TV09], [GK11], [KG14] 

-  online-efficient, separate error bounds for state, control, and adjoint  

-  depends only on             and 

-  bound for error in    contains terms which scale as

kuo � uo
mkU  �u

n =
1

⌧
k⌧(uo

m � ud)�B⇤ponkU +
1

⌧
�c�

p
n

kpo � ponkY  �p
n ⌘ 1

↵a

�
krpkY 0 + C2

D�y
n

�

kyo � yonkY  �y
n ⌘ 1

↵a
krykY 0

<latexit sha1_base64="PCLYXevb4W9700Ak9BbVvN43+wI="></latexit>

⇠ 1

⌧
krykY 0

<latexit sha1_base64="jvm0Vzx/kvYeKqaB0/0zUkHKIDk=">AAACDHicbVC9TsMwGHTKXyl/BUYWiwrBVCWlEoyVWBiLRH9QE1WO67RWbSeyHaQo5AFYeBUWBhBi5QHYeBucNgO0nGT5dHef7O/8iFGlbfvbKq2srq1vlDcrW9s7u3vV/YOuCmOJSQeHLJR9HynCqCAdTTUj/UgSxH1Gev70Kvd790QqGopbnUTE42gsaEAx0kYaVmuuohy6gUQ4dbLU1SjOoPsA5TAx1zC9O80qJmXX7RngMnEKUgMF2sPqlzsKccyJ0JghpQaOHWkvRVJTzEhWcWNFIoSnaEwGhgrEifLS2TIZPDHKCAahNEdoOFN/T6SIK5Vw3yQ50hO16OXif94g1sGll1IRxZoIPH8oiBnUIcybgSMqCdYsMQRhSc1fIZ4gU4w2/eUlOIsrL5Nuo+6c1xs3zVqrWdRRBkfgGJwBB1yAFrgGbdABGDyCZ/AK3qwn68V6tz7m0ZJVzByCP7A+fwDF/Zq+</latexit>

↵a, �c,
<latexit sha1_base64="lLcdnC/E+Lf+sKvsmcJOymbICQo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBQylJLeix4MVjBdsKTQiT7aZdursJuxuxhP4VLx4U8eof8ea/cdvmoK0PBh7vzTAzL0oZVdp1v63SxubW9k55t7K3f3B4ZB9XeyrJJCZdnLBEPkSgCKOCdDXVjDykkgCPGOlHk5u5338kUtFE3OtpSgIOI0FjikEbKbSrPrB0DCHU/RFwDiGuh3bNbbgLOOvEK0gNFeiE9pc/THDGidCYgVIDz011kIPUFDMyq/iZIingCYzIwFABnKggX9w+c86NMnTiRJoS2lmovydy4EpNeWQ6OeixWvXm4n/eINPxdZBTkWaaCLxcFGfM0YkzD8IZUkmwZlNDAEtqbnXwGCRgbeKqmBC81ZfXSa/Z8C4bzbtWrd0q4iijU3SGLpCHrlAb3aIO6iKMntAzekVv1sx6sd6tj2VrySpmTtAfWJ8/V1WT8A==</latexit>

CD
<latexit sha1_base64="GNwGuYQsH1s7t1cv4dkJnBtXt98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKezGgB4D8eAxonlAsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1M6nO//YRK80g+mmmMfkhHkg85o8ZKD/X+bb9YcsvuAmSdeBkpQYZGv/jVG0QsCVEaJqjWXc+NjZ9SZTgTOCv0Eo0xZRM6wq6lkoao/XRx6oxcWGVAhpGyJQ1ZqL8nUhpqPQ0D2xlSM9ar3lz8z+smZnjjp1zGiUHJlouGiSAmIvO/yYArZEZMLaFMcXsrYWOqKDM2nYINwVt9eZ20KmXvqly5r5Zq1SyOPJzBOVyCB9dQgztoQBMYjOAZXuHNEc6L8+58LFtzTjZzCn/gfP4A1MeNdA==</latexit>

u
<latexit sha1_base64="zYSR+ZQvf8+oKrvZkcmVOzIRbxA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbjO/88S1EbF6xGnC/YiOlAgFo2ilh7Q0KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0Z1SjYJLPS/3U8ISyCR3xnqWKRtz4s8Wlc3JhlSEJY21LIVmovydmNDJmGgW2M6I4NqteJv7n9VIMb/yZUEmKXLHlojCVBGOSvU2GQnOGcmoJZVrYWwkbU00Z2nCyELzVl9dJu1b1rqq1+3qlUc/jKMIZnMMleHANDbiDJrSAQQjP8ApvzsR5cd6dj2VrwclnTuEPnM8fE1WNAw==</latexit>



Optimal Control

!159 Introduction to Reduced Basis Methods: Theory and Applications  |   
Karen Veroy-Grepl  |  “Sparsity for Physics, Signal and Learning” Summer School |  
INRIA - Paris | 24-27June 2019

Status:  Distributed optimal control 

•  BNB Bound in [NEGRI, ROZZA, MANZONI & QUARTERONI, 2013] 

-  based on the Banach-Nečas-Babuška Theorem 

 and RB for general non-coercive problems 

-  consider the entire optimality system 

and introduce                                to obtain 

-  online-efficient error bounds, but depends on 

-  provides only combined bounds for state, control, adjoint

2

64

M 0 A

0 ⌧D �CT

A �C 0

3

75

2

64

yo

uo

po

3

75 =

2

64

M

⌧D

0

3

75

<latexit sha1_base64="mqADQWxvL+OljLhS3LdsQdB5oQ8="></latexit>

x = (y, u, p) 2 Z
<latexit sha1_base64="bdl0gzyN9Ql2zIIsjp+LEIIzUUA=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBahQilJLehGKLhxWcE+sAllMp20QyeTMDMRQ+jGjb/ixoUibv0Hd/6Nk7YLrR64cDjnXu69x48Zlcq2v4zC0vLK6lpx3dzY3NresXb32jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9Lxx5e537kjQtKI36g0Jl6IhpwGFCOlpb51eA8vYDmtJJX4BLqUQzdEaoQRg7em2bdKdtWeAv4lzpyUwBzNvvXpDiKchIQrzJCUPceOlZchoShmZGK6iSQxwmM0JD1NOQqJ9LLpFxN4rJUBDCKhiys4VX9OZCiUMg193ZnfKBe9XPzP6yUqOPcyyuNEEY5ni4KEQRXBPBI4oIJgxVJNEBZU3wrxCAmElQ4uD8FZfPkvadeqzmm1dl0vNerzOIrgAByBMnDAGWiAK9AELYDBA3gCL+DVeDSejTfjfdZaMOYz++AXjI9vapqV7A==</latexit>

kxo � xo
nkZ  1

�Ba
krxkZ0

<latexit sha1_base64="nadZIAbPk605xFlzhJqrz7W1T2c="></latexit>

�Ba
<latexit sha1_base64="1Yj2aoi31OZc7fR2PX3E19UJGU8=">AAAB+HicbVBNS8NAEN3Ur1o/WvXoZbEInkpSC3osevFYwX5AE8Jku2mX7m7C7kaoob/EiwdFvPpTvPlvTNoctPXBwOO9GWbmBTFn2tj2t1Xa2Nza3invVvb2Dw6rtaPjno4SRWiXRDxSgwA05UzSrmGG00GsKIiA034wvc39/iNVmkXywcxi6gkYSxYyAiaT/FrVDagBP3WVwDcwr/i1ut2wF8DrxClIHRXo+LUvdxSRRFBpCAeth44dGy8FZRjhdF5xE01jIFMY02FGJQiqvXRx+ByfZ8oIh5HKShq8UH9PpCC0nokg6xRgJnrVy8X/vGFiwmsvZTJODJVkuShMODYRzlPAI6YoMXyWESCKZbdiMgEFxGRZ5SE4qy+vk16z4Vw2mvetertVxFFGp+gMXSAHXaE2ukMd1EUEJegZvaI368l6sd6tj2VrySpmTtAfWJ8/60+Sjg==</latexit>
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Motivation 

•  Analyze the optimal control problem as a saddle point problem 

•  Saddle point results not directly applicable: 

- “   -block” is coercive only on kernel of the “   -block”  

- online-efficient, rigorous error bounds on 

•  But perhaps we can use some elements of the proof …

A
<latexit sha1_base64="YRpju2EEHRjnT16P9aeG0yyzH3k=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI8YLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS47ZfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCpl76pcaVRLtWoWRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AI/1jLs=</latexit>

B
<latexit sha1_base64="2bs0GKitEWQX9li+3MYQu8XMaRc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS47ZfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCpl76pcaVRLtWoWRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJF5jLw=</latexit>

(y, u)
<latexit sha1_base64="UbxoF94GnIYHyuG6wu3dCzj68LE=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBahgpSkFvRY8OKxgmkLbSib7aZdutmE3Y0QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyScKe0431ZpY3Nre6e8W9nbPzg8so9POipOJaEeiXksewFWlDNBPc00p71EUhwFnHaD6d3c7z5RqVgsHnWWUD/CY8FCRrA2klfLrtLLoV116s4CaJ24BalCgfbQ/hqMYpJGVGjCsVJ910m0n2OpGeF0VhmkiiaYTPGY9g0VOKLKzxfHztCFUUYojKUpodFC/T2R40ipLApMZ4T1RK16c/E/r5/q8NbPmUhSTQVZLgpTjnSM5p+jEZOUaJ4Zgolk5lZEJlhiok0+FROCu/ryOuk06u51vfHQrLaaRRxlOINzqIELN9CCe2iDBwQYPMMrvFnCerHerY9la8kqZk7hD6zPH+ovjg0=</latexit>
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•   Alternative Bound in [KÄRCHER, GREPL & VEROY, 2014 (preprint)] 

-  by direct manipulation of the error residual equations, we obtain 

- bounds for error in              as in perturbation bound 
- online-efficient, separate error bounds for state, control, and adjoint 
- depends only on             and 
- bound for error in    contains terms which scale as

↵a, �c,
<latexit sha1_base64="lLcdnC/E+Lf+sKvsmcJOymbICQo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBQylJLeix4MVjBdsKTQiT7aZdursJuxuxhP4VLx4U8eof8ea/cdvmoK0PBh7vzTAzL0oZVdp1v63SxubW9k55t7K3f3B4ZB9XeyrJJCZdnLBEPkSgCKOCdDXVjDykkgCPGOlHk5u5338kUtFE3OtpSgIOI0FjikEbKbSrPrB0DCHU/RFwDiGuh3bNbbgLOOvEK0gNFeiE9pc/THDGidCYgVIDz011kIPUFDMyq/iZIingCYzIwFABnKggX9w+c86NMnTiRJoS2lmovydy4EpNeWQ6OeixWvXm4n/eINPxdZBTkWaaCLxcFGfM0YkzD8IZUkmwZlNDAEtqbnXwGCRgbeKqmBC81ZfXSa/Z8C4bzbtWrd0q4iijU3SGLpCHrlAb3aIO6iKMntAzekVv1sx6sd6tj2VrySpmTtAfWJ8/V1WT8A==</latexit>

CD
<latexit sha1_base64="GNwGuYQsH1s7t1cv4dkJnBtXt98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKezGgB4D8eAxonlAsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1M6nO//YRK80g+mmmMfkhHkg85o8ZKD/X+bb9YcsvuAmSdeBkpQYZGv/jVG0QsCVEaJqjWXc+NjZ9SZTgTOCv0Eo0xZRM6wq6lkoao/XRx6oxcWGVAhpGyJQ1ZqL8nUhpqPQ0D2xlSM9ar3lz8z+smZnjjp1zGiUHJlouGiSAmIvO/yYArZEZMLaFMcXsrYWOqKDM2nYINwVt9eZ20KmXvqly5r5Zq1SyOPJzBOVyCB9dQgztoQBMYjOAZXuHNEc6L8+58LFtzTjZzCn/gfP4A1MeNdA==</latexit>

u
<latexit sha1_base64="zYSR+ZQvf8+oKrvZkcmVOzIRbxA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToRS+g+8eFDEq//Im//GTZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbjO/88S1EbF6xGnC/YiOlAgFo2ilh7Q0KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0Z1SjYJLPS/3U8ISyCR3xnqWKRtz4s8Wlc3JhlSEJY21LIVmovydmNDJmGgW2M6I4NqteJv7n9VIMb/yZUEmKXLHlojCVBGOSvU2GQnOGcmoJZVrYWwkbU00Z2nCyELzVl9dJu1b1rqq1+3qlUc/jKMIZnMMleHANDbiDJrSAQQjP8ApvzsR5cd6dj2VrwclnTuEPnM8fE1WNAw==</latexit>

yon, pon
<latexit sha1_base64="wYMErlRxzqz0ULYfxwGfd0cTG7s=">AAACBHicbVDLSgMxFM34rPU16rKbYBFcSJmpBV0W3LisYB/QqUMmzbShmWRIMsIwdOHGX3HjQhG3foQ7/8ZMO6C2Hrhwcs695N4TxIwq7Thf1srq2vrGZmmrvL2zu7dvHxx2lEgkJm0smJC9ACnCKCdtTTUjvVgSFAWMdIPJVe5374lUVPBbncZkEKERpyHFSBvJtyupz+8yT0ZQTM+gB+OfZ9m3q07NmQEuE7cgVVCg5duf3lDgJCJcY4aU6rtOrAcZkppiRqZlL1EkRniCRqRvKEcRUYNsdsQUnhhlCEMhTXENZ+rviQxFSqVRYDojpMdq0cvF/7x+osPLQUZ5nGjC8fyjMGFQC5gnAodUEqxZagjCkppdIR4jibA2ueUhuIsnL5NOveae1+o3jWqzUcRRAhVwDE6BCy5AE1yDFmgDDB7AE3gBr9aj9Wy9We/z1hWrmDkCf2B9fANxHpdE</latexit>
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• Steady heat conduction with conductivities 

• FE Dimension 

• State             in       and             in  

• Regularization parameter:  

• Input parameter:

0 x1

(µ1, µ2)

5

5

1

2
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4321

x2

⌦1,1

⌦3,3

⌦2,2

(1,2,3)
<latexit sha1_base64="xPi0fmIL905jpRfCKzdVyKZdq8I=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiVJAy0xZ0WXDjsoK9QDsMmTTThmYyIckIZejKja/ixoUibn0Gd76NmXYErf4Q+PjPOZycPxCMKu04n1ZhZXVtfaO4Wdra3tnds/cPOipOJCZtHLNY9gKkCKOctDXVjPSEJCgKGOkGk6us3r0jUtGY3+qpIF6ERpyGFCNtLN8+rgwmSAjku+c51L6hflby7bJTdeaCf8HNoQxytXz7YzCMcRIRrjFDSvVdR2gvRVJTzMisNEgUEQhP0Ij0DXIUEeWl8zNm8NQ4QxjG0jyu4dz9OZGiSKlpFJjOCOmxWq5l5n+1fqLDSy+lXCSacLxYFCYM6hhmmcAhlQRrNjWAsKTmrxCPkURYm+SyENzlk/9Cp1Z169XaTaPcbORxFMEROAEV4IIL0ATXoAXaAIN78AiewYv1YD1Zr9bborVg5TOH4Jes9y/Y3pdk</latexit>

dim(Y ) ⇡ 18, 000
<latexit sha1_base64="AQEWYxpC8s/JWj0Dgvv/tbS7MA0=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahgpSZWrDLghuXFexDOkPJpJk2NJkJSUYsQzdu/BU3LhRx6z+482/MtF1o64HA4Zx7uTknEIwq7TjfVm5ldW19I79Z2Nre2d2z9w9aKk4kJk0cs1h2AqQIoxFpaqoZ6QhJEA8YaQejq8xv3xOpaBzd6rEgPkeDiIYUI22knn2cepLDPuWT0t0Z9JAQMn6Abu3ccZxCzy46ZWcKuEzcOSmCORo9+8vrxzjhJNKYIaW6riO0nyKpKWZkUvASRQTCIzQgXUMjxIny02mKCTw1Sh+GsTQv0nCq/t5IEVdqzAMzyZEeqkUvE//zuokOa35KI5FoEuHZoTBhUMcwq8SklwRrNjYEYUnNXyEeIomwNsVlJbiLkZdJq1J2L8qVm2qxXp3XkQdH4ASUgAsuQR1cgwZoAgwewTN4BW/Wk/VivVsfs9GcNd85BH9gff4AHsOWVQ==</latexit>

yd = 1
<latexit sha1_base64="V2mk4lvl+juMuL7dv/xco9SV6H4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQS9CwYvHCvYD2lA2m027dLNJdzdCCP0TXjwo4tW/481/46bNQVsfDDzem2FmnhdzprRtf1uljc2t7Z3ybmVv/+DwqHp80lVRIgntkIhHsu9hRTkTtKOZ5rQfS4pDj9OeN73L/d4TlYpF4lGnMXVDPBYsYARrI/XTkY9ukVMZVWt23V4ArROnIDUo0B5Vv4Z+RJKQCk04Vmrg2LF2Myw1I5zOK8NE0RiTKR7TgaECh1S52eLeObowio+CSJoSGi3U3xMZDpVKQ890hlhP1KqXi/95g0QHN27GRJxoKshyUZBwpCOUP498JinRPDUEE8nMrYhMsMREm4jyEJzVl9dJt1F3ruqNh2at1SziKMMZnMMlOHANLbiHNnSAAIdneIU3a2a9WO/Wx7K1ZBUzp/AH1ucPLwiOtA==</latexit>

⌦2
<latexit sha1_base64="WRbgvNAYoP/hRZH7IYhwzkFBOe8=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxZsV7Ie0oWy203bpbhJ2N0IJ/RVePCji1Z/jzX/jps1BWx8MPN6bYWZeEAuujet+O2vrG5tb24Wd4u7e/sFh6ei4paNEMWyySESqE1CNgofYNNwI7MQKqQwEtoPJTea3n1BpHoUPZhqjL+ko5EPOqLHSY+9O4oj2q8V+qexW3DnIKvFyUoYcjX7pqzeIWCIxNExQrbueGxs/pcpwJnBW7CUaY8omdIRdS0MqUfvp/OAZObfKgAwjZSs0ZK7+nkip1HoqA9spqRnrZS8T//O6iRle+ykP48RgyBaLhokgJiLZ92TAFTIjppZQpri9lbAxVZQZm1EWgrf88ippVSveZaV6XyvXa3kcBTiFM7gAD66gDrfQgCYwkPAMr/DmKOfFeXc+Fq1rTj5zAn/gfP4AvdOPqg==</latexit>

yd = 0
<latexit sha1_base64="gKt4J7MTlf1qBOoGwx587mi1BHg=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxSJ4Kkkt6EUoePFYwX5IG8pms2mX7iZhdyOE0F/hxYMiXv053vw3btoctPXBwOO9GWbm+QlnSjvOt7W2vrG5tV3ZsXf39g8Oq0fHXRWnktAOiXks+z5WlLOIdjTTnPYTSbHwOe3509vC7z1RqVgcPegsoZ7A44iFjGBtpMdsFKAb5Nj2qFpz6s4caJW4JalBifao+jUMYpIKGmnCsVID10m0l2OpGeF0Zg9TRRNMpnhMB4ZGWFDl5fODZ+jcKAEKY2kq0miu/p7IsVAqE77pFFhP1LJXiP95g1SH117OoiTVNCKLRWHKkY5R8T0KmKRE88wQTCQztyIywRITbTIqQnCXX14l3Ubdvaw37pu1VrOMowKncAYX4MIVtOAO2tABAgKe4RXeLGm9WO/Wx6J1zSpnTuAPrM8fY5COxw==</latexit>

⌦3,
<latexit sha1_base64="p4W52aahFL9UHIbifPLbgXyH2Tw=">AAAB8XicbVBNSwMxEM36WetX1aOXYBE8SNltC3osePFmBfuB7VKy6WwbmmSXJCuUpf/CiwdFvPpvvPlvzLZ70NYHA4/3ZpiZF8ScaeO6387a+sbm1nZhp7i7t39wWDo6busoURRaNOKR6gZEA2cSWoYZDt1YAREBh04wucn8zhMozSL5YKYx+IKMJAsZJcZKj/07ASMyqF0WB6WyW3HnwKvEy0kZ5WgOSl/9YUQTAdJQTrTueW5s/JQowyiHWbGfaIgJnZAR9CyVRID20/nFM3xulSEOI2VLGjxXf0+kRGg9FYHtFMSM9bKXif95vcSE137KZJwYkHSxKEw4NhHO3sdDpoAaPrWEUMXsrZiOiSLU2JCyELzll1dJu1rxapXqfb3cqOdxFNApOkMXyENXqIFuURO1EEUSPaNX9OZo58V5dz4WrWtOPnOC/sD5/AEqDo/h</latexit>

⌧ = 0.1
<latexit sha1_base64="8k5B/gt4VVLDrfLKa62MgmpURtI=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0hqQS9CwYvHCvYD0lA22027dLMbdidCKf0ZXjwo4tVf481/46bNQVsfDDzem2FmXpQKbsDzvp3SxubW9k55t7K3f3B4VD0+6RiVacraVAmlexExTHDJ2sBBsF6qGUkiwbrR5C73u09MG67kI0xTFiZkJHnMKQErBX0gGb7FnutXBtWa53oL4HXiF6SGCrQG1a/+UNEsYRKoIMYEvpdCOCMaOBVsXulnhqWETsiIBZZKkjATzhYnz/GFVYY4VtqWBLxQf0/MSGLMNIlsZ0JgbFa9XPzPCzKIb8IZl2kGTNLlojgTGBTO/8dDrhkFMbWEUM3trZiOiSYUbEp5CP7qy+ukU3f9K7f+0Kg1G0UcZXSGztEl8tE1aqJ71EJtRJFCz+gVvTngvDjvzseyteQUM6foD5zPH9Vjj5o=</latexit>

µ = (µ1, µ2) 2 D ⌘ [3, 4]2.
<latexit sha1_base64="WqadnxJek6YzteQq+40LvtqP8IE=">AAACHXicbVDLSsNAFJ34rPUVdelmsAgVSknSgG6Egi5cVrAPaGKZTKft0MkkzkwKpfRH3Pgrblwo4sKN+DdO2iy09cBwD+fcy9x7gphRqSzr21hZXVvf2Mxt5bd3dvf2zYPDhowSgUkdRywSrQBJwigndUUVI61YEBQGjDSD4VXqN0dESBrxOzWOiR+iPqc9ipHSUsd0vTCBl7CoS8cuwbQ4Z9CjXFOkBhgxeA098pDQEWxXSq5/75TzHbNgla0Z4DKxM1IAGWod89PrRjgJCVeYISnbthUrf4KEopiRad5LJIkRHqI+aWvKUUikP5ldN4WnWunCXiT04wrO1N8TExRKOQ4D3ZmuLBe9VPzPayeqd+FPKI8TRTief9RLGFQRTKOCXSoIVmysCcKC6l0hHiCBsNKBpiHYiycvk4ZTtitl59YtVN0sjhw4BiegCGxwDqrgBtRAHWDwCJ7BK3gznowX4934mLeuGNnMEfgD4+sHs/uehA==</latexit>



Sample Solutions
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(⌧ = 0.1)
<latexit sha1_base64="5sTrMgym+LDdZEasiTo8VGqotVs=">AAACCXicbVDLSsNAFJ34rPVVdelmsAh1E5Iq6kYouHFZwT6gLWUyvWmHTh7M3IglZOvGX3HjQhG3/oE7/8Y0zUJbD1w4nHPvzL3HCaXQaFnfxtLyyuraemGjuLm1vbNb2ttv6iBSHBo8kIFqO0yDFD40UKCEdqiAeY6EljO+nvqte1BaBP4dTkLoeWzoC1dwhqnUL9EuwgNm78SOjCChcaWLLKJX1DLtk6TYL5Ut08pAF4mdkzLJUe+XvrqDgEce+Mgl07pjWyH2YqZQcAlJsRtpCBkfsyF0UuozD3QvzjZI6HGqDKgbqLR8pJn6eyJmntYTz0k7PYYjPe9Nxf+8ToTuZS8Wfhgh+Hz2kRtJigGdxkIHQgFHOUkJ40qku1I+YopxTMObhmDPn7xImlXTPjWrt2fl2nkeR4EckiNSITa5IDVyQ+qkQTh5JM/klbwZT8aL8W58zFqXjHzmgPyB8fkDmwqY6A==</latexit>

control 

state 



Control: Error and Bounds
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Timings: 

•   

•   

•   

Speedups: 

• RB: 256-1025  

• RB+Bound: 176-615  

Test set: 

•   

tFE = 1.23s
<latexit sha1_base64="ccndww1Y2wnrZ+Ncb+ZlIEtLrL4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5C0Bd0IBVFcVrAPaEOYTKft0JlJmJkINRR/xY0LRdz6H+78GydtFtp64MLhnHu5954wZlRp1/22Ciura+sbxc3S1vbO7p69f9BSUSIxaeKIRbITIkUYFaSpqWakE0uCeMhIOxxfZX77gUhFI3GvJzHxORoKOqAYaSMF9pEO0p7k8OZ6Ci+h51SqUJUCu+w67gxwmXg5KYMcjcD+6vUjnHAiNGZIqa7nxtpPkdQUMzIt9RJFYoTHaEi6hgrEifLT2fVTeGqUPhxE0pTQcKb+nkgRV2rCQ9PJkR6pRS8T//O6iR5c+CkVcaKJwPNFg4RBHcEsCtinkmDNJoYgLKm5FeIRkghrE1gWgrf48jJpVRyv6lTuauV6LY+jCI7BCTgDHjgHdXALGqAJMHgEz+AVvFlP1ov1bn3MWwtWPnMI/sD6/AEQFZL4</latexit>

tRB 2 [1.2, 4.8]ms
<latexit sha1_base64="h8xKjLvmlcUnUIkHqtKzEStca20=">AAACDnicbVDLSsNAFJ34rPVVdelmsBRcSEhqwS6LblxWsQ9oQplMp+3QmUmYuRFLyBe48VfcuFDErWt3/o3pY6GtBy4czrmXe+8JIsENOM63tbK6tr6xmdvKb+/s7u0XDg6bJow1ZQ0ailC3A2KY4Io1gINg7UgzIgPBWsHoauK37pk2PFR3MI6YL8lA8T6nBDKpWyhBN/G0xLeXKfa4wh3XLp9V7KqPEw/YAyTSpGm+Wyg6tjMFXibunBTRHPVu4cvrhTSWTAEVxJiO60TgJ0QDp4KleS82LCJ0RAask1FFJDN+Mn0nxaVM6eF+qLNSgKfq74mESGPGMsg6JYGhWfQm4n9eJ4Z+1U+4imJgis4W9WOBIcSTbHCPa0ZBjDNCqObZrZgOiSYUsgQnIbiLLy+TZtl2z+3yTaVYq8zjyKFjdIJOkYsuUA1dozpqIIoe0TN6RW/Wk/VivVsfs9YVaz5zhP7A+vwBbKCaag==</latexit>

tRB,� 2 [2, 7]ms
<latexit sha1_base64="q6Blx98wVU0yy31nL4CrbPJ27Ho=">AAACEnicbVA9SwNBEN3zM8avqKXNYhAUJNzFgJaiFpZRjAq5I+xtJrq4u3fszonhuN9g41+xsVDE1srOf+MmpvDrwcDjvRlm5sWpFBZ9/8MbG5+YnJouzZRn5+YXFitLy2c2yQyHFk9kYi5iZkEKDS0UKOEiNcBULOE8vj4Y+Oc3YKxI9Cn2U4gUu9SiJzhDJ3Uqm9jJ89AoerJfbIWHIJEVNBSatutbOxHNQ4RbzJUtik6l6tf8IehfEoxIlYzQ7FTew27CMwUauWTWtgM/xShnBgWXUJTDzELK+DW7hLajmimwUT58qaDrTunSXmJcaaRD9ftEzpS1fRW7TsXwyv72BuJ/XjvD3m6UC51mCJp/LeplkmJCB/nQrjDAUfYdYdwIdyvlV8wwji7Fsgsh+P3yX3JWrwXbtfpxo7rXGMVRIqtkjWyQgOyQPXJEmqRFOLkjD+SJPHv33qP34r1+tY55o5kV8gPe2ydENp0w</latexit>

|⌅test| = 20
<latexit sha1_base64="jBxXmHlFhRKMZ0rlmvOuwUScKV4=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSWtCLUPDisYL9gCaEzXbTLt1Nwu5EKGkP/hUvHhTx6t/w5r8xaXPQ1gcDj/dmmJnnx4JrsKxvo7S2vrG5Vd6u7Ozu7R+Yh0cdHSWKsjaNRKR6PtFM8JC1gYNgvVgxIn3Buv74Nve7j0xpHoUPMImZK8kw5AGnBDLJM0+mTo97qaMkBqZhNsU3uG5VPLNq1aw58CqxC1JFBVqe+eUMIppIFgIVROu+bcXgpkQBp4LNKk6iWUzomAxZP6MhkUy76fz+GT7PlAEOIpVVCHiu/p5IidR6Iv2sUxIY6WUvF//z+gkE127KwzgBFtLFoiARGCKch4EHXDEKYpIRQhXPbsV0RBShkEWWh2Avv7xKOvWafVmr3zeqzUYRRxmdojN0gWx0hZroDrVQG1E0Rc/oFb0ZT8aL8W58LFpLRjFzjP7A+PwBTlqU7Q==</latexit>



Control: Average Effectivity
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Combined Error and Bounds
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Effectivities: Influence of
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⌧
<latexit sha1_base64="/3Vcf8hPLZSVpIKM1sT2SU6+omA=">AAACAXicbVBNS8NAEN34WetX1IvgZbEInkpSBT14KHjxWMF+QFPKZjttl242YXcilhAv/hUvHhTx6r/w5r8xbXPQ1gcDj/dmdnaeH0lh0HG+raXlldW19cJGcXNre2fX3ttvmDDWHOo8lKFu+cyAFArqKFBCK9LAAl9C0x9dT/zmPWgjQnWH4wg6ARso0RecYSZ17UMP4QGn7yS+jCGliYcsTotdu+SUnSnoInFzUiI5al37y+uFPA5AIZfMmLbrRNhJmEbBJaRFLzYQMT5iA2hnVLEATCeZbk7pSab0aD/UWSmkU/X3RMICY8aBn3UGDIdm3puI/3ntGPuXnUSoKEZQfLaoH0uKIZ3EQXtCA0c5zgjjWmR/pXzINOOYhTYJwZ0/eZE0KmX3rFy5PS9Vr/I4CuSIHJNT4pILUiU3pEbqhJNH8kxeyZv1ZL1Y79bHrHXJymcOyB9Ynz8SlZdB</latexit>



Optimal Control (1)
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Summary 

We developed an online-efficient certified reduced basis method 

for distributed optimal control problems. 

The approach provides separate bounds for the error 

in the state, control, and adjoint variables. 

The error bounds are efficiently computable 

and depend only weakly on the regularization parameter.
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Data Assimilation 

S. Boyaval, M. Grepl, and M. Kärcher

with 

!169



Source: Environment and Climate Canada 
https://www.ec.gc.ca/eau-water

Issues: 
• Parameters unknown 
• Model, but possibly erroneous 

• Boundary or initial conditions uncertain 
• Measurements, possibly noisy 

Given: 
• Parametrized PDE-model  

Groundwater Flow:                  
• Groundwater management 

• Contaminant transport 
Goal: 

• Predict hydraulic head 
• Predict pollutant concentration

Source: Environment and Climate Canada 
https://www.ec.gc.ca/eau-water

Motivation - A Geosciences Example
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(Variational) Data Assimilation 
3D-/4D-VAR                                     [Lorenc '81], [Le Dimet '81], [Courtier '85], …   
                                       [Le Dimet & Talagrand '86], … [Navon et al] … 
+ Kalman Filter, Bayesian Methods      [Law & Stuart '15], [Reich '15], … 

MOR + Data Assimilation (+Sensor Placement) 
Gappy-POD         [Everson & Sirovich ’95], [Willcox '06] …  
GEIM            [Maday & Mula '13] … 
PGD (+ EIM )     [Nadal, Chinesta, Diez, Fuenmayor & Denia '15] … 
PBDW        [Maday, Patera, Penn & Yano ’14, ’15], [Taddei ’17],   
           [Maday & Taddei ’17(p)], [Taddei & Patera ’18],  
           [Hammond, Chaqir, Bourquin & Maday ’18(p)] 
OMP                        [Binev, Cohen, Mula & Nichols ’18] 

MOR + Optimal Control  
RB + OC          [Negri, Rozza, Manzoni, Quarteroni '13],  
           [Tröltzsch & Volkwein '09], [Kärcher, Tokoutsi, Grepl & V. '18]  

Background
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4DVAR

4DVAR (µ)

Solve for      and the estimate µ⇤
<latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit>

(u⇤(µ⇤), y⇤(µ⇤)).
<latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit>

s.t. m(yk, ⌫) = m(yk�1, ⌫)��t a(yk, ⌫;µ) +�t f(⌫),
<latexit sha1_base64="QsU8r9eD6tEluPUfuoWJDYtEKUQ="></latexit><latexit sha1_base64="QsU8r9eD6tEluPUfuoWJDYtEKUQ="></latexit><latexit sha1_base64="QsU8r9eD6tEluPUfuoWJDYtEKUQ="></latexit><latexit sha1_base64="QsU8r9eD6tEluPUfuoWJDYtEKUQ="></latexit>

8 ⌫ 2 Y, k = 1, . . . ,K
<latexit sha1_base64="woE+RS4iornAlRPFmuusR34UqPo=">AAACDXicbVDLSgMxFM3UV62vUZduglVwUcqMCAoiFN0IbirYh3SGkknTNjSTGZI7Qhn6A278FTcuFHHr3p1/Y6btQlsPBE7OvYd77wliwTU4zreVW1hcWl7JrxbW1jc2t+ztnbqOEkVZjUYiUs2AaCa4ZDXgIFgzVoyEgWCNYHCV1RsPTGkeyTsYxswPSU/yLqcEjNS2D7xupIgQ2DvHnkywxyW+L2W/wYVb8joR6NJN2y46ZWcMPE/cKSmiKapt+8s4aRIyCVQQrVuuE4OfEgWcCjYqeIlmMaED0mMtQyUJmfbT8TUjfGiUDjZrmScBj9XfjpSEWg/DwHSGBPp6tpaJ/9VaCXTP/JTLOAEm6WRQNxEYIpxFgztcMQpiaAihiptdMe0TRSiYAAsmBHf25HlSPy67Ttm9PSlWLqdx5NEe2kdHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PSWvOmnp20R9Ynz+zRJlm</latexit><latexit sha1_base64="woE+RS4iornAlRPFmuusR34UqPo=">AAACDXicbVDLSgMxFM3UV62vUZduglVwUcqMCAoiFN0IbirYh3SGkknTNjSTGZI7Qhn6A278FTcuFHHr3p1/Y6btQlsPBE7OvYd77wliwTU4zreVW1hcWl7JrxbW1jc2t+ztnbqOEkVZjUYiUs2AaCa4ZDXgIFgzVoyEgWCNYHCV1RsPTGkeyTsYxswPSU/yLqcEjNS2D7xupIgQ2DvHnkywxyW+L2W/wYVb8joR6NJN2y46ZWcMPE/cKSmiKapt+8s4aRIyCVQQrVuuE4OfEgWcCjYqeIlmMaED0mMtQyUJmfbT8TUjfGiUDjZrmScBj9XfjpSEWg/DwHSGBPp6tpaJ/9VaCXTP/JTLOAEm6WRQNxEYIpxFgztcMQpiaAihiptdMe0TRSiYAAsmBHf25HlSPy67Ttm9PSlWLqdx5NEe2kdHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PSWvOmnp20R9Ynz+zRJlm</latexit><latexit sha1_base64="woE+RS4iornAlRPFmuusR34UqPo=">AAACDXicbVDLSgMxFM3UV62vUZduglVwUcqMCAoiFN0IbirYh3SGkknTNjSTGZI7Qhn6A278FTcuFHHr3p1/Y6btQlsPBE7OvYd77wliwTU4zreVW1hcWl7JrxbW1jc2t+ztnbqOEkVZjUYiUs2AaCa4ZDXgIFgzVoyEgWCNYHCV1RsPTGkeyTsYxswPSU/yLqcEjNS2D7xupIgQ2DvHnkywxyW+L2W/wYVb8joR6NJN2y46ZWcMPE/cKSmiKapt+8s4aRIyCVQQrVuuE4OfEgWcCjYqeIlmMaED0mMtQyUJmfbT8TUjfGiUDjZrmScBj9XfjpSEWg/DwHSGBPp6tpaJ/9VaCXTP/JTLOAEm6WRQNxEYIpxFgztcMQpiaAihiptdMe0TRSiYAAsmBHf25HlSPy67Ttm9PSlWLqdx5NEe2kdHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PSWvOmnp20R9Ynz+zRJlm</latexit><latexit sha1_base64="woE+RS4iornAlRPFmuusR34UqPo=">AAACDXicbVDLSgMxFM3UV62vUZduglVwUcqMCAoiFN0IbirYh3SGkknTNjSTGZI7Qhn6A278FTcuFHHr3p1/Y6btQlsPBE7OvYd77wliwTU4zreVW1hcWl7JrxbW1jc2t+ztnbqOEkVZjUYiUs2AaCa4ZDXgIFgzVoyEgWCNYHCV1RsPTGkeyTsYxswPSU/yLqcEjNS2D7xupIgQ2DvHnkywxyW+L2W/wYVb8joR6NJN2y46ZWcMPE/cKSmiKapt+8s4aRIyCVQQrVuuE4OfEgWcCjYqeIlmMaED0mMtQyUJmfbT8TUjfGiUDjZrmScBj9XfjpSEWg/DwHSGBPp6tpaJ/9VaCXTP/JTLOAEm6WRQNxEYIpxFgztcMQpiaAihiptdMe0TRSiYAAsmBHf25HlSPy67Ttm9PSlWLqdx5NEe2kdHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PSWvOmnp20R9Ynz+zRJlm</latexit>

y0 = u
<latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="iG4fqYrbDwuLvBexDjRjxp2gIyI=">AAAB43icbZBLSwMxFIXv1FetVatbN8EiuCoZN7opCG5cVrAPaMeSSe+0oZnMkGSEYeiPcONCEf+TO/+N6WOhrQcCH+ck5N4TplIYS+m3V9ra3tndK+9XDqqHR8e1k2rHJJnm2OaJTHQvZAalUNi2wkrspRpZHErshtO7ed59Rm1Eoh5tnmIQs7ESkeDMOqubPxV01syGtTpt0IXIJvgrqMNKrWHtazBKeBajslwyY/o+TW1QMG0FlzirDDKDKeNTNsa+Q8ViNEGxGHdGLpwzIlGi3VGWLNzfLwoWG5PHobsZMzsx69nc/C/rZza6CQqh0syi4suPokwSm5D57mQkNHIrcweMa+FmJXzCNOPWNVRxJfjrK29C56rh04b/QKEMZ3AOl+DDNdzCPbSgDRym8AJv8O6l3qv3sayr5K16O4U/8j5/APwVjhg=</latexit><latexit sha1_base64="iG4fqYrbDwuLvBexDjRjxp2gIyI=">AAAB43icbZBLSwMxFIXv1FetVatbN8EiuCoZN7opCG5cVrAPaMeSSe+0oZnMkGSEYeiPcONCEf+TO/+N6WOhrQcCH+ck5N4TplIYS+m3V9ra3tndK+9XDqqHR8e1k2rHJJnm2OaJTHQvZAalUNi2wkrspRpZHErshtO7ed59Rm1Eoh5tnmIQs7ESkeDMOqubPxV01syGtTpt0IXIJvgrqMNKrWHtazBKeBajslwyY/o+TW1QMG0FlzirDDKDKeNTNsa+Q8ViNEGxGHdGLpwzIlGi3VGWLNzfLwoWG5PHobsZMzsx69nc/C/rZza6CQqh0syi4suPokwSm5D57mQkNHIrcweMa+FmJXzCNOPWNVRxJfjrK29C56rh04b/QKEMZ3AOl+DDNdzCPbSgDRym8AJv8O6l3qv3sayr5K16O4U/8j5/APwVjhg=</latexit><latexit sha1_base64="JP6oZswrkhsVt2bbK2m5q1Pp/XI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU8l60YtQ9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmhUpwYzH+9kpr6xubW+Xtys7u3v5B9fCobZJUU9aiiUh0NySGCS5Zy3IrWFdpRuJQsE44uZ35nSemDU/kg80UC2IykjzilFgndbLHHE+v00G1hut4DrRK/ILUoEBzUP3qDxOaxkxaKogxPR8rG+REW04Fm1b6qWGK0AkZsZ6jksTMBPn83Ck6c8oQRYl2JS2aq78nchIbk8Wh64yJHZtlbyb+5/VSG10FOZcqtUzSxaIoFcgmaPY7GnLNqBWZI4Rq7m5FdEw0odYlVHEh+Msvr5L2Rd3Hdf8e1xo3RRxlOIFTOAcfLqEBd9CEFlCYwDO8wpunvBfv3ftYtJa8YuYY/sD7/AEpfY9t</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit>
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µ2D
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u2U
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<latexit sha1_base64="8S0JxAzapnrT4Flk0GEEltE8Dvs="></latexit><latexit sha1_base64="8S0JxAzapnrT4Flk0GEEltE8Dvs="></latexit><latexit sha1_base64="8S0JxAzapnrT4Flk0GEEltE8Dvs="></latexit><latexit sha1_base64="8S0JxAzapnrT4Flk0GEEltE8Dvs="></latexit>
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Problem Formulation  

min
u2U

J(y, u) =
1

2
ky � ydk2L2(D) +

⌧

2
kuk2U

s.t. hAy, vi = hCu, vi+ hf, vi, 8v 2 Y,
<latexit sha1_base64="zWo3LAqBwsm/G0DDRM3R4aDRybI="></latexit>

Desired state 

Distributed control 

PDE-constraint                        state    is governed by a   -PDE

yd(x), x 2 ⌦
<latexit sha1_base64="LXpdwEqdB5o5JQVrdMbxvi4sLbY=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKUgu6LLhxZwX7gCaEyWTaDp2ZhJmJNIRu/BU3LhRx62e4829M2iy0euDC4Zx7ufceP2JUacv6Mkorq2vrG+XNytb2zu6euX/QVWEsMengkIWy7yNFGBWko6lmpB9JgrjPSM+fXOd+74FIRUNxr5OIuByNBB1SjHQmeeZR4gW16dk5dOAUOlRA55aTEap4ZtWqW3PAv8QuSBUUaHvmpxOEOOZEaMyQUgPbirSbIqkpZmRWcWJFIoQnaEQGGRWIE+Wm8wdm8DRTAjgMZVZCw7n6cyJFXKmE+1knR3qslr1c/M8bxHp45aZURLEmAi8WDWMGdQjzNGBAJcGaJRlBWNLsVojHSCKss8zyEOzll/+SbqNuX9Qbd81qq1nEUQbH4ATUgA0uQQvcgDboAAxm4Am8gFfj0Xg23oz3RWvJKGYOwS8YH9/IupSO</latexit>

u(x), x 2 ⌦
<latexit sha1_base64="w32EjxGChzxeTLkDjCeGceFBER4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClKSWtBlwY07K9gHNKFMppN26MwkzEykJRT8FTcuFHHrd7jzb5y0WWj1wIXDOfdy7z1BzKjSjvNlFVZW19Y3ipulre2d3T17/6CtokRi0sIRi2Q3QIowKkhLU81IN5YE8YCRTjC+zvzOA5GKRuJeT2PiczQUNKQYaSP17aOkMjk7hx6cQI8K6N1yMkSlvl12qs4c8C9xc1IGOZp9+9MbRDjhRGjMkFI914m1nyKpKWZkVvISRWKEx2hIeoYKxIny0/n5M3hqlAEMI2lKaDhXf06kiCs15YHp5EiP1LKXif95vUSHV35KRZxoIvBiUZgwqCOYZQEHVBKs2dQQhCU1t0I8QhJhbRLLQnCXX/5L2rWqe1Gt3dXLjXoeRxEcgxNQAS64BA1wA5qgBTBIwRN4Aa/Wo/VsvVnvi9aClc8cgl+wPr4BP9qTsw==</latexit>

y
<latexit sha1_base64="oCdkKXPtTtFDlmrynlV/URLJpp4=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsboQQ+hO8eFDEq7/Im//GTZqDtj4YeLw3w8w8P+ZMacf5tiobm1vbO9Vde2//4PCodnzSU1EiCe2SiEdy4GNFORO0q5nmdBBLikOf074/v839/hOVikXiUacx9UI8FSxgBGsjPaS2Pa7VnYZTAK0TtyR1KNEZ175Gk4gkIRWacKzU0HVi7WVYakY4XdijRNEYkzme0qGhAodUeVlx6gJdGGWCgkiaEhoV6u+JDIdKpaFvOkOsZ2rVy8X/vGGigxsvYyJONBVkuShIONIRyv9GEyYp0Tw1BBPJzK2IzLDERJt08hDc1ZfXSa/ZcK8azftWvd0q46jCGZzDJbhwDW24gw50gcAUnuEV3ixuvVjv1seytWKVM6fwB9bnD036jRs=</latexit>

µ
<latexit sha1_base64="dsoxoKZKsMMVd7jH9pV3UjrvVIs=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqezWgh4LXjxWtB/QLiWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pmzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNObud+54lpw2P1aKcJCyQZKR5xSqyTHvoyHZQrXtVbAK8TPycVyNEclL/6w5imkilLBTGm53uJDTKiLaeCzUr91LCE0AkZsZ6jikhmgmxx6gxfOGWIo1i7UhYv1N8TGZHGTGXoOiWxY7PqzcX/vF5qo5sg4ypJLVN0uShKBbYxnv+Nh1wzasXUEUI1d7diOiaaUOvSKbkQ/NWX10m7VvWvqrX7eqVRz+MowhmcwyX4cA0NuIMmtIDCCJ7hFd6QQC/oHX0sWwsonzmFP0CfP1p2jcw=</latexit>



4DVAR

4DVAR (µ)

Solve for      and the estimate µ⇤
<latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit>

(u⇤(µ⇤), y⇤(µ⇤)).
<latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit>

s.t. m(yk, ⌫) = m(yk�1, ⌫)��t a(yk, ⌫;µ) +�t f(⌫),
<latexit sha1_base64="QsU8r9eD6tEluPUfuoWJDYtEKUQ="></latexit><latexit sha1_base64="QsU8r9eD6tEluPUfuoWJDYtEKUQ="></latexit><latexit sha1_base64="QsU8r9eD6tEluPUfuoWJDYtEKUQ="></latexit><latexit sha1_base64="QsU8r9eD6tEluPUfuoWJDYtEKUQ="></latexit>

8 ⌫ 2 Y, k = 1, . . . ,K
<latexit sha1_base64="woE+RS4iornAlRPFmuusR34UqPo=">AAACDXicbVDLSgMxFM3UV62vUZduglVwUcqMCAoiFN0IbirYh3SGkknTNjSTGZI7Qhn6A278FTcuFHHr3p1/Y6btQlsPBE7OvYd77wliwTU4zreVW1hcWl7JrxbW1jc2t+ztnbqOEkVZjUYiUs2AaCa4ZDXgIFgzVoyEgWCNYHCV1RsPTGkeyTsYxswPSU/yLqcEjNS2D7xupIgQ2DvHnkywxyW+L2W/wYVb8joR6NJN2y46ZWcMPE/cKSmiKapt+8s4aRIyCVQQrVuuE4OfEgWcCjYqeIlmMaED0mMtQyUJmfbT8TUjfGiUDjZrmScBj9XfjpSEWg/DwHSGBPp6tpaJ/9VaCXTP/JTLOAEm6WRQNxEYIpxFgztcMQpiaAihiptdMe0TRSiYAAsmBHf25HlSPy67Ttm9PSlWLqdx5NEe2kdHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PSWvOmnp20R9Ynz+zRJlm</latexit><latexit sha1_base64="woE+RS4iornAlRPFmuusR34UqPo=">AAACDXicbVDLSgMxFM3UV62vUZduglVwUcqMCAoiFN0IbirYh3SGkknTNjSTGZI7Qhn6A278FTcuFHHr3p1/Y6btQlsPBE7OvYd77wliwTU4zreVW1hcWl7JrxbW1jc2t+ztnbqOEkVZjUYiUs2AaCa4ZDXgIFgzVoyEgWCNYHCV1RsPTGkeyTsYxswPSU/yLqcEjNS2D7xupIgQ2DvHnkywxyW+L2W/wYVb8joR6NJN2y46ZWcMPE/cKSmiKapt+8s4aRIyCVQQrVuuE4OfEgWcCjYqeIlmMaED0mMtQyUJmfbT8TUjfGiUDjZrmScBj9XfjpSEWg/DwHSGBPp6tpaJ/9VaCXTP/JTLOAEm6WRQNxEYIpxFgztcMQpiaAihiptdMe0TRSiYAAsmBHf25HlSPy67Ttm9PSlWLqdx5NEe2kdHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PSWvOmnp20R9Ynz+zRJlm</latexit><latexit sha1_base64="woE+RS4iornAlRPFmuusR34UqPo=">AAACDXicbVDLSgMxFM3UV62vUZduglVwUcqMCAoiFN0IbirYh3SGkknTNjSTGZI7Qhn6A278FTcuFHHr3p1/Y6btQlsPBE7OvYd77wliwTU4zreVW1hcWl7JrxbW1jc2t+ztnbqOEkVZjUYiUs2AaCa4ZDXgIFgzVoyEgWCNYHCV1RsPTGkeyTsYxswPSU/yLqcEjNS2D7xupIgQ2DvHnkywxyW+L2W/wYVb8joR6NJN2y46ZWcMPE/cKSmiKapt+8s4aRIyCVQQrVuuE4OfEgWcCjYqeIlmMaED0mMtQyUJmfbT8TUjfGiUDjZrmScBj9XfjpSEWg/DwHSGBPp6tpaJ/9VaCXTP/JTLOAEm6WRQNxEYIpxFgztcMQpiaAihiptdMe0TRSiYAAsmBHf25HlSPy67Ttm9PSlWLqdx5NEe2kdHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PSWvOmnp20R9Ynz+zRJlm</latexit><latexit sha1_base64="woE+RS4iornAlRPFmuusR34UqPo=">AAACDXicbVDLSgMxFM3UV62vUZduglVwUcqMCAoiFN0IbirYh3SGkknTNjSTGZI7Qhn6A278FTcuFHHr3p1/Y6btQlsPBE7OvYd77wliwTU4zreVW1hcWl7JrxbW1jc2t+ztnbqOEkVZjUYiUs2AaCa4ZDXgIFgzVoyEgWCNYHCV1RsPTGkeyTsYxswPSU/yLqcEjNS2D7xupIgQ2DvHnkywxyW+L2W/wYVb8joR6NJN2y46ZWcMPE/cKSmiKapt+8s4aRIyCVQQrVuuE4OfEgWcCjYqeIlmMaED0mMtQyUJmfbT8TUjfGiUDjZrmScBj9XfjpSEWg/DwHSGBPp6tpaJ/9VaCXTP/JTLOAEm6WRQNxEYIpxFgztcMQpiaAihiptdMe0TRSiYAAsmBHf25HlSPy67Ttm9PSlWLqdx5NEe2kdHyEWnqIKuURXVEEWP6Bm9ojfryXqx3q2PSWvOmnp20R9Ynz+zRJlm</latexit>

y0 = u
<latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="iG4fqYrbDwuLvBexDjRjxp2gIyI=">AAAB43icbZBLSwMxFIXv1FetVatbN8EiuCoZN7opCG5cVrAPaMeSSe+0oZnMkGSEYeiPcONCEf+TO/+N6WOhrQcCH+ck5N4TplIYS+m3V9ra3tndK+9XDqqHR8e1k2rHJJnm2OaJTHQvZAalUNi2wkrspRpZHErshtO7ed59Rm1Eoh5tnmIQs7ESkeDMOqubPxV01syGtTpt0IXIJvgrqMNKrWHtazBKeBajslwyY/o+TW1QMG0FlzirDDKDKeNTNsa+Q8ViNEGxGHdGLpwzIlGi3VGWLNzfLwoWG5PHobsZMzsx69nc/C/rZza6CQqh0syi4suPokwSm5D57mQkNHIrcweMa+FmJXzCNOPWNVRxJfjrK29C56rh04b/QKEMZ3AOl+DDNdzCPbSgDRym8AJv8O6l3qv3sayr5K16O4U/8j5/APwVjhg=</latexit><latexit sha1_base64="iG4fqYrbDwuLvBexDjRjxp2gIyI=">AAAB43icbZBLSwMxFIXv1FetVatbN8EiuCoZN7opCG5cVrAPaMeSSe+0oZnMkGSEYeiPcONCEf+TO/+N6WOhrQcCH+ck5N4TplIYS+m3V9ra3tndK+9XDqqHR8e1k2rHJJnm2OaJTHQvZAalUNi2wkrspRpZHErshtO7ed59Rm1Eoh5tnmIQs7ESkeDMOqubPxV01syGtTpt0IXIJvgrqMNKrWHtazBKeBajslwyY/o+TW1QMG0FlzirDDKDKeNTNsa+Q8ViNEGxGHdGLpwzIlGi3VGWLNzfLwoWG5PHobsZMzsx69nc/C/rZza6CQqh0syi4suPokwSm5D57mQkNHIrcweMa+FmJXzCNOPWNVRxJfjrK29C56rh04b/QKEMZ3AOl+DDNdzCPbSgDRym8AJv8O6l3qv3sayr5K16O4U/8j5/APwVjhg=</latexit><latexit sha1_base64="JP6oZswrkhsVt2bbK2m5q1Pp/XI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU8l60YtQ9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmhUpwYzH+9kpr6xubW+Xtys7u3v5B9fCobZJUU9aiiUh0NySGCS5Zy3IrWFdpRuJQsE44uZ35nSemDU/kg80UC2IykjzilFgndbLHHE+v00G1hut4DrRK/ILUoEBzUP3qDxOaxkxaKogxPR8rG+REW04Fm1b6qWGK0AkZsZ6jksTMBPn83Ck6c8oQRYl2JS2aq78nchIbk8Wh64yJHZtlbyb+5/VSG10FOZcqtUzSxaIoFcgmaPY7GnLNqBWZI4Rq7m5FdEw0odYlVHEh+Msvr5L2Rd3Hdf8e1xo3RRxlOIFTOAcfLqEBd9CEFlCYwDO8wpunvBfv3ftYtJa8YuYY/sD7/AEpfY9t</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit><latexit sha1_base64="6X1jvoGSmFXdUsLEIqAV06ffHIo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIehGKXjxWsB/QxrLZbtqlm03YnQgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Nktb5e2d3b39ysFhy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp367SeujYjVA2YJ9yM6VCIUjKKV2tlj7k6u036l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9TjYJJPin3UsMTysZ0yLuWKhpx4+ezcyfk1CoDEsbalkIyU39P5DQyJosC2xlRHJlFbyr+53VTDK/8XKgkRa7YfFGYSoIxmf5OBkJzhjKzhDIt7K2EjaimDG1CZRuCt/jyMmmd1zy35t1fVOs3RRwlOIYTOAMPLqEOd9CAJjAYwzO8wpuTOC/Ou/Mxb11xipkj+APn8wcqvY9x</latexit>
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Reduced Order 4DVAR 

Solve for      and the estimate  
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8 ⌫ 2 YN , k = 1, . . . ,K
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µ⇤
<latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit>

(u⇤(µ⇤), y⇤(µ⇤)).
<latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit>
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<latexit sha1_base64="1ps0t1PwE1D0UAwYgOlKgJFvoYM="></latexit><latexit sha1_base64="1ps0t1PwE1D0UAwYgOlKgJFvoYM="></latexit><latexit sha1_base64="1ps0t1PwE1D0UAwYgOlKgJFvoYM="></latexit><latexit sha1_base64="1ps0t1PwE1D0UAwYgOlKgJFvoYM="></latexit>



4DVAR

Reduced Order 4DVAR 

Solve for      and the estimate  

Order Reduction for 

• PDE governing model dynamics 

• Optimization space 
[Robert, Durbiano, Blayo, Verron, Blum, Le Dimet 2005], [Chen, Navon, Fang 2009],  

[Dimitriu, Apreutesei, Stefanescu 2010], [Nadal, Chinesta, Diez, Fuenmayor & Denia '15] …

(µ)

s.t. m(ykN , ⌫) = m(yk�1
N , ⌫)��t a(ykN , ⌫;µ) +�t f(⌫),

<latexit sha1_base64="9sjYH6gUg8fJgC4IdNcpH0mNPRk="></latexit><latexit sha1_base64="9sjYH6gUg8fJgC4IdNcpH0mNPRk="></latexit><latexit sha1_base64="9sjYH6gUg8fJgC4IdNcpH0mNPRk="></latexit><latexit sha1_base64="9sjYH6gUg8fJgC4IdNcpH0mNPRk="></latexit>

8 ⌫ 2 YN , k = 1, . . . ,K
<latexit sha1_base64="1dlDqKxu2tNjkrXnGkJE1gcCWbs=">AAACEHicbVDLSgMxFL1TX7W+Rl26CRbRRSkzIiiIUHQjCFLBtkpnGDJp2oZmMkOSEcrQT3Djr7hxoYhbl+78G9PHQlsPBA7n3EPuPWHCmdKO823l5uYXFpfyy4WV1bX1DXtzq67iVBJaIzGP5V2IFeVM0JpmmtO7RFIchZw2wt7F0G88UKlYLG51P6F+hDuCtRnB2kiBve+1Y4k5R94p8kSKPCbQfZBdD0pG6J25Ja8Va1W6CuyiU3ZGQLPEnZAiTFAN7C+TJGlEhSYcK9V0nUT7GZaaEU4HBS9VNMGkhzu0aajAEVV+NjpogPaM0kJmM/OERiP1dyLDkVL9KDSTEdZdNe0Nxf+8ZqrbJ37GRJJqKsj4o3bKkY7RsB3UYpISzfuGYCKZ2RWRLpaYaNNhwZTgTp88S+qHZdcpuzdHxcr5pI487MAuHIALx1CBS6hCDQg8wjO8wpv1ZL1Y79bHeDRnTTLb8AfW5w+eQJsJ</latexit><latexit sha1_base64="1dlDqKxu2tNjkrXnGkJE1gcCWbs=">AAACEHicbVDLSgMxFL1TX7W+Rl26CRbRRSkzIiiIUHQjCFLBtkpnGDJp2oZmMkOSEcrQT3Djr7hxoYhbl+78G9PHQlsPBA7n3EPuPWHCmdKO823l5uYXFpfyy4WV1bX1DXtzq67iVBJaIzGP5V2IFeVM0JpmmtO7RFIchZw2wt7F0G88UKlYLG51P6F+hDuCtRnB2kiBve+1Y4k5R94p8kSKPCbQfZBdD0pG6J25Ja8Va1W6CuyiU3ZGQLPEnZAiTFAN7C+TJGlEhSYcK9V0nUT7GZaaEU4HBS9VNMGkhzu0aajAEVV+NjpogPaM0kJmM/OERiP1dyLDkVL9KDSTEdZdNe0Nxf+8ZqrbJ37GRJJqKsj4o3bKkY7RsB3UYpISzfuGYCKZ2RWRLpaYaNNhwZTgTp88S+qHZdcpuzdHxcr5pI487MAuHIALx1CBS6hCDQg8wjO8wpv1ZL1Y79bHeDRnTTLb8AfW5w+eQJsJ</latexit><latexit sha1_base64="1dlDqKxu2tNjkrXnGkJE1gcCWbs=">AAACEHicbVDLSgMxFL1TX7W+Rl26CRbRRSkzIiiIUHQjCFLBtkpnGDJp2oZmMkOSEcrQT3Djr7hxoYhbl+78G9PHQlsPBA7n3EPuPWHCmdKO823l5uYXFpfyy4WV1bX1DXtzq67iVBJaIzGP5V2IFeVM0JpmmtO7RFIchZw2wt7F0G88UKlYLG51P6F+hDuCtRnB2kiBve+1Y4k5R94p8kSKPCbQfZBdD0pG6J25Ja8Va1W6CuyiU3ZGQLPEnZAiTFAN7C+TJGlEhSYcK9V0nUT7GZaaEU4HBS9VNMGkhzu0aajAEVV+NjpogPaM0kJmM/OERiP1dyLDkVL9KDSTEdZdNe0Nxf+8ZqrbJ37GRJJqKsj4o3bKkY7RsB3UYpISzfuGYCKZ2RWRLpaYaNNhwZTgTp88S+qHZdcpuzdHxcr5pI487MAuHIALx1CBS6hCDQg8wjO8wpv1ZL1Y79bHeDRnTTLb8AfW5w+eQJsJ</latexit><latexit sha1_base64="1dlDqKxu2tNjkrXnGkJE1gcCWbs=">AAACEHicbVDLSgMxFL1TX7W+Rl26CRbRRSkzIiiIUHQjCFLBtkpnGDJp2oZmMkOSEcrQT3Djr7hxoYhbl+78G9PHQlsPBA7n3EPuPWHCmdKO823l5uYXFpfyy4WV1bX1DXtzq67iVBJaIzGP5V2IFeVM0JpmmtO7RFIchZw2wt7F0G88UKlYLG51P6F+hDuCtRnB2kiBve+1Y4k5R94p8kSKPCbQfZBdD0pG6J25Ja8Va1W6CuyiU3ZGQLPEnZAiTFAN7C+TJGlEhSYcK9V0nUT7GZaaEU4HBS9VNMGkhzu0aajAEVV+NjpogPaM0kJmM/OERiP1dyLDkVL9KDSTEdZdNe0Nxf+8ZqrbJ37GRJJqKsj4o3bKkY7RsB3UYpISzfuGYCKZ2RWRLpaYaNNhwZTgTp88S+qHZdcpuzdHxcr5pI487MAuHIALx1CBS6hCDQg8wjO8wpv1ZL1Y79bHeDRnTTLb8AfW5w+eQJsJ</latexit>

y0N = uN
<latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="5H5gqYpCXvGnOWT6J9SylCTZfX4=">AAAB7XicbZDLSgMxGIX/qbdaq61u3QSL4Kpk3OhGENy4kgr2Au04ZNJMG5q5kIswDvMkblwo4uu4823MtF1o64GEj3MS8ucEqeBKY/ztVDY2t7Z3qru1vfr+QaN5WO+pxEjKujQRiRwERDHBY9bVXAs2SCUjUSBYP5jdlHn/iUnFk/hBZynzIjKJecgp0dbym43sMceFn98VV6bc/WYLt/FcaB3cJbRgqY7f/BqNE2oiFmsqiFJDF6fay4nUnApW1EZGsZTQGZmwocWYREx5+XzwAp1aZ4zCRNoVazR3f9/ISaRUFgX2ZET0VK1mpflfNjQ6vPRyHqdGs5guHgqNQDpBZQtozCWjWmQWCJXczorolEhCte2qZktwV7+8Dr3ztovb7j2GKhzDCZyBCxdwDbfQgS5QMPACb/DuPDuvzseiroqz7O0I/sj5/AGRhpHZ</latexit><latexit sha1_base64="5H5gqYpCXvGnOWT6J9SylCTZfX4=">AAAB7XicbZDLSgMxGIX/qbdaq61u3QSL4Kpk3OhGENy4kgr2Au04ZNJMG5q5kIswDvMkblwo4uu4823MtF1o64GEj3MS8ucEqeBKY/ztVDY2t7Z3qru1vfr+QaN5WO+pxEjKujQRiRwERDHBY9bVXAs2SCUjUSBYP5jdlHn/iUnFk/hBZynzIjKJecgp0dbym43sMceFn98VV6bc/WYLt/FcaB3cJbRgqY7f/BqNE2oiFmsqiFJDF6fay4nUnApW1EZGsZTQGZmwocWYREx5+XzwAp1aZ4zCRNoVazR3f9/ISaRUFgX2ZET0VK1mpflfNjQ6vPRyHqdGs5guHgqNQDpBZQtozCWjWmQWCJXczorolEhCte2qZktwV7+8Dr3ztovb7j2GKhzDCZyBCxdwDbfQgS5QMPACb/DuPDuvzseiroqz7O0I/sj5/AGRhpHZ</latexit><latexit sha1_base64="EXEZPT9a2noFrwJl8dSR13uRF50=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVSZudCMU3biSCvYBbQyT6bQdOpmEeQgx5EvcuFDErZ/izr9x0mahrQfu5XDOvcydEyacKY3Qt7Oyura+sVnZqm7v7O7V3P2DjoqNJLRNYh7LXogV5UzQtmaa014iKY5CTrvh9Lrwu49UKhaLe50m1I/wWLARI1hbKXBr6UOG8iC7zS9N0QO3jhpoBrhMvJLUQYlW4H4NhjExERWacKxU30OJ9jMsNSOc5tWBUTTBZIrHtG+pwBFVfjY7PIcnVhnCUSxtCQ1n6u+NDEdKpVFoJyOsJ2rRK8T/vL7Rows/YyIxmgoyf2hkONQxLFKAQyYp0Ty1BBPJ7K2QTLDERNusqjYEb/HLy6Rz1vBQw7tD9eZVGUcFHIFjcAo8cA6a4Aa0QBsQYMAzeAVvzpPz4rw7H/PRFafcOQR/4Hz+AObMkzg=</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit>

µ⇤
<latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit>

(u⇤(µ⇤), y⇤(µ⇤)).
<latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit>
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min
µ2D

min
uN2UN

1

2
kuN � ubk2U +

�

2

KX

k=1

�t
��CykN � ykd

��2
D

<latexit sha1_base64="1ps0t1PwE1D0UAwYgOlKgJFvoYM="></latexit><latexit sha1_base64="1ps0t1PwE1D0UAwYgOlKgJFvoYM="></latexit><latexit sha1_base64="1ps0t1PwE1D0UAwYgOlKgJFvoYM="></latexit><latexit sha1_base64="1ps0t1PwE1D0UAwYgOlKgJFvoYM="></latexit>
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4D-Var 
(µ)

<latexit sha1_base64="MbSDgtEgjf/ybkPLCwtNpzn/pxY=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAI8RJ2Y0CPAS8eI5gHJCHMTjrJkNkHM71iWOLFX/HiQRGv/oU3/8bJZg+aWNBQVHVPT5cXSaHRcb6tldW19Y3N3FZ+e2d3b98+OGzoMFYc6jyUoWp5TIMUAdRRoIRWpID5noSmN76e+c17UFqEwR1OIuj6bBiIgeAMjdSzjzsID5i+k3gyhilNih0/Pp/27IJTclLQZeJmpEAy1Hr2V6cf8tiHALlkWrddJ8JuwhQKLmGa78QaIsbHbAhtQwPmg+4m6eYpPTNKnw5CZSpAmqq/JxLmaz3xPdPpMxzpRW8m/ue1YxxcdRMRRDFCwOeLBrGkGNJZHLQvFHCUE0MYV8L8lfIRU4yjCS1vQnAXT14mjXLJvSiVbyuFaiWLI0dOyCkpEpdckiq5ITVSJ5w8kmfySt6sJ+vFerc+5q0rVjZzRP7A+vwB3IaXGA==</latexit>

Solve

yo = u
<latexit sha1_base64="hWl1kzwZ6zxcM+0JpxK48S4kiEA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKezGgF6EgBePEUwMZNcwO5lNhsxjmYcQlvyGFw+KePVnvPk3ziZ70MSChqKqm+6uOGVUG9//9kpr6xubW+Xtys7u3v5B9fCoq6VVmHSwZFL1YqQJo4J0DDWM9FJFEI8ZeYgnN7n/8ESUplLcm2lKIo5GgiYUI+OkcPqYhYpDObu2lUG15tf9OeAqCQpSAwXag+pXOJTYciIMZkjrfuCnJsqQMhQzMquEVpMU4Qkakb6jAnGio2x+8wyeOWUIE6lcCQPn6u+JDHGtpzx2nRyZsV72cvE/r29NchVlVKTWEIEXixLLoJEwDwAOqSLYsKkjCCvqboV4jBTCxsWUhxAsv7xKuo16cFFv3DVrrWYRRxmcgFNwDgJwCVrgFrRBB2CQgmfwCt486714797HorXkFTPH4A+8zx9vd5E9</latexit>

for     and the correspondingµ⇤
<latexit sha1_base64="WebJf4PguxUZmvw+97oK8+Tw2VQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRZBPJTdtqDHghePFewHtGvJptk2NMkuSVYoS3+EFw+KePX3ePPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDCzmPoCjyULGcHGSt2BSNDjVWlYrrhVdwG0TrycVCBHa1j+GowikggqDeFY677nxsZPsTKMcDovDRJNY0ymeEz7lkosqPbTxblzdGGVEQojZUsatFB/T6RYaD0Tge0U2Ez0qpeJ/3n9xIQ3fspknBgqyXJRmHBkIpT9jkZMUWL4zBJMFLO3IjLBChNjE8pC8FZfXiedWtWrV2v3jUqzkcdRhDM4h0vw4BqacActaAOBKTzDK7w5sfPivDsfy9aCk8+cwh84nz8CRo6m</latexit>

(u⇤(µ⇤), y⇤(µ⇤)).
<latexit sha1_base64="GgMs2pdlGtSqubtTAZ+QhB6OloM=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahLVKSWtBlwY3LCvYBbVom00k7OJmEeQghdOPGX3HjQhG3/oM7/8akDaitBy6cOede5t7jhoxKZVlfRm5ldW19I79Z2Nre2d0z9w/aMtACkxYOWCC6LpKEUU5aiipGuqEgyHcZ6bh3V6nfuSdC0oDfqigkjo/GnHoUI5VIQ/O4pAeVUt/XcFApn8Ho51GuFoZm0apaM8BlYmekCDI0h+ZnfxRg7ROuMENS9mwrVE6MhKKYkWmhryUJEb5DY9JLKEc+kU48u2IKTxNlBL1AJMUVnKm/J2LkSxn5btLpIzWRi14q/uf1tPIunZjyUCvC8fwjTzOoAphGAkdUEKxYlBCEBU12hXiCBMIqCS4NwV48eZm0a1X7vFq7qRcb9SyOPDgCJ6AEbHABGuAaNEELYPAAnsALeDUejWfjzXift+aMbOYQ/IHx8Q32WpT6</latexit>

Lagrangian 

+
KX

k=1

m(yk, pk)�m(yk�1, pk) +�ta(yk, pk)��tf(pk),
<latexit sha1_base64="SwG6qLL/tMUOVFOsMAHhmO/dmB4="></latexit>

min
µ2D

min
u2U

1

2
ku(µ)� ubk2U +

�

2

KX

k=1

�tkCyk(µ)� ykdk
2

D

s.t. m(yk+1, v) = m(yk, v)��ta(yk, v;µ) +�tf(v),

8 v 2 Y, 1  k  K
<latexit sha1_base64="e0iNxQRFhHWecZ2zAoH4yJ8wQqc="></latexit>

L(y, p, u;µ) = 1

2
ku� ubk2U +

�

2

KX

k=1

�tkCyk � ykdk2D
<latexit sha1_base64="zKLaLN05QLzroBP2IigbYVcRxHA="></latexit>
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Reduced Optimality Conditions 

f(�)� a(ykN ,�)� 1

�t
m(ykN � yk�1

N ,�) = 0 Lp

�(CykN � ykd , C')D � 1

�t
m(', pkN � pk+1

N ) + a(', pkN ;µ) = 0 Ly

m( , p1N )� (uN � ub, )U = 0 Lu
<latexit sha1_base64="4WOVjy9ilQztWOJHY3ekG89FgRU="></latexit>

for all                                                  where� 2 YN , ' 2 YN ,  2 UN ,
<latexit sha1_base64="v2Y/rGbaBNxydNwX6t1ZwyKgpPI=">AAACGnicbVDLSgMxFM34rPU16tJNsAgupMzUgi4LblxJBaetdIYhk2ba0EwmJJlCKf0ON/6KGxeKuBM3/o2ZdhbaeiBw7jn3cnNPJBhV2nG+rZXVtfWNzdJWeXtnd2/fPjhsqTSTmHg4ZansREgRRjnxNNWMdIQkKIkYaUfD69xvj4hUNOX3eixIkKA+pzHFSBsptF1fDCj0KYcP4e059KE/QnJREmpee6Yuh3bFqTozwGXiFqQCCjRD+9PvpThLCNeYIaW6riN0MEFSU8zItOxnigiEh6hPuoZylBAVTGanTeGpUXowTqV5XMOZ+ntighKlxklkOhOkB2rRy8X/vG6m46tgQrnINOF4vijOGNQpzHOCPSoJ1mxsCMKSmr9CPEASYW3SzENwF09eJq1a1b2o1u7qlUa9iKMEjsEJOAMuuAQNcAOawAMYPIJn8ArerCfrxXq3PuatK1YxcwT+wPr6AV6zneM=</latexit>

CONTROL

STATE/ADJOINT

UN = span{ u⇤(µi), i = 1, . . . , N }
<latexit sha1_base64="N1mHvo21ExbfVdb3+XhZQnaD8e4="></latexit>

YN = span{ POD(y⇤(µi)), POD(p⇤(µi)),
<latexit sha1_base64="wTZ0v0pw1keECAKsYLG/ro4UNBc="></latexit>

i = 1, . . . , N }
<latexit sha1_base64="HyTtrE1Hm7Y/H5ze6BYL5DG/nj8=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KCWpBd0IBTeupIJ9QBPKZDpph04ezNyIJRTc+CtuXCji1p9w5984abPQ1gMXDufcO3Pv8WLBFVjWt7G0vLK6tl7YKG5ube/smnv7LRUlkrImjUQkOx5RTPCQNYGDYJ1YMhJ4grW90VXmt++ZVDwK72AcMzcgg5D7nBLQUs885PgS22UH2AOkTj8CNSnfOGXsTIo9s2RVrCnwIrFzUkI5Gj3zSz9Ak4CFQAVRqmtbMbgpkcCpYJOikygWEzoiA9bVNCQBU246vWGCT7TSx34kdYWAp+rviZQESo0DT3cGBIZq3svE/7xuAv6Fm/IwToCFdPaRnwgMEc4CwX0uGQUx1oRQyfWumA6JJBR0bFkI9vzJi6RVrdhnleptrVSv5XEU0BE6RqfIRueojq5RAzURRY/oGb2iN+PJeDHejY9Z65KRzxygPzA+fwCBz5Yc</latexit>



   for     and the estimate

4DVAR

Reduced-Order 4DVAR 

  Solve 

(µ)

Can we quantify the error for a given    ? 

CONTROL 

STATE

s.t. m(ykN , ⌫) = m(yk�1
N , ⌫)��t a(ykN , ⌫;µ) +�t f(⌫),

<latexit sha1_base64="9sjYH6gUg8fJgC4IdNcpH0mNPRk="></latexit><latexit sha1_base64="9sjYH6gUg8fJgC4IdNcpH0mNPRk="></latexit><latexit sha1_base64="9sjYH6gUg8fJgC4IdNcpH0mNPRk="></latexit><latexit sha1_base64="9sjYH6gUg8fJgC4IdNcpH0mNPRk="></latexit>

8 ⌫ 2 YN , k = 1, . . . ,K
<latexit sha1_base64="1dlDqKxu2tNjkrXnGkJE1gcCWbs=">AAACEHicbVDLSgMxFL1TX7W+Rl26CRbRRSkzIiiIUHQjCFLBtkpnGDJp2oZmMkOSEcrQT3Djr7hxoYhbl+78G9PHQlsPBA7n3EPuPWHCmdKO823l5uYXFpfyy4WV1bX1DXtzq67iVBJaIzGP5V2IFeVM0JpmmtO7RFIchZw2wt7F0G88UKlYLG51P6F+hDuCtRnB2kiBve+1Y4k5R94p8kSKPCbQfZBdD0pG6J25Ja8Va1W6CuyiU3ZGQLPEnZAiTFAN7C+TJGlEhSYcK9V0nUT7GZaaEU4HBS9VNMGkhzu0aajAEVV+NjpogPaM0kJmM/OERiP1dyLDkVL9KDSTEdZdNe0Nxf+8ZqrbJ37GRJJqKsj4o3bKkY7RsB3UYpISzfuGYCKZ2RWRLpaYaNNhwZTgTp88S+qHZdcpuzdHxcr5pI487MAuHIALx1CBS6hCDQg8wjO8wpv1ZL1Y79bHeDRnTTLb8AfW5w+eQJsJ</latexit><latexit sha1_base64="1dlDqKxu2tNjkrXnGkJE1gcCWbs=">AAACEHicbVDLSgMxFL1TX7W+Rl26CRbRRSkzIiiIUHQjCFLBtkpnGDJp2oZmMkOSEcrQT3Djr7hxoYhbl+78G9PHQlsPBA7n3EPuPWHCmdKO823l5uYXFpfyy4WV1bX1DXtzq67iVBJaIzGP5V2IFeVM0JpmmtO7RFIchZw2wt7F0G88UKlYLG51P6F+hDuCtRnB2kiBve+1Y4k5R94p8kSKPCbQfZBdD0pG6J25Ja8Va1W6CuyiU3ZGQLPEnZAiTFAN7C+TJGlEhSYcK9V0nUT7GZaaEU4HBS9VNMGkhzu0aajAEVV+NjpogPaM0kJmM/OERiP1dyLDkVL9KDSTEdZdNe0Nxf+8ZqrbJ37GRJJqKsj4o3bKkY7RsB3UYpISzfuGYCKZ2RWRLpaYaNNhwZTgTp88S+qHZdcpuzdHxcr5pI487MAuHIALx1CBS6hCDQg8wjO8wpv1ZL1Y79bHeDRnTTLb8AfW5w+eQJsJ</latexit><latexit sha1_base64="1dlDqKxu2tNjkrXnGkJE1gcCWbs=">AAACEHicbVDLSgMxFL1TX7W+Rl26CRbRRSkzIiiIUHQjCFLBtkpnGDJp2oZmMkOSEcrQT3Djr7hxoYhbl+78G9PHQlsPBA7n3EPuPWHCmdKO823l5uYXFpfyy4WV1bX1DXtzq67iVBJaIzGP5V2IFeVM0JpmmtO7RFIchZw2wt7F0G88UKlYLG51P6F+hDuCtRnB2kiBve+1Y4k5R94p8kSKPCbQfZBdD0pG6J25Ja8Va1W6CuyiU3ZGQLPEnZAiTFAN7C+TJGlEhSYcK9V0nUT7GZaaEU4HBS9VNMGkhzu0aajAEVV+NjpogPaM0kJmM/OERiP1dyLDkVL9KDSTEdZdNe0Nxf+8ZqrbJ37GRJJqKsj4o3bKkY7RsB3UYpISzfuGYCKZ2RWRLpaYaNNhwZTgTp88S+qHZdcpuzdHxcr5pI487MAuHIALx1CBS6hCDQg8wjO8wpv1ZL1Y79bHeDRnTTLb8AfW5w+eQJsJ</latexit><latexit sha1_base64="1dlDqKxu2tNjkrXnGkJE1gcCWbs=">AAACEHicbVDLSgMxFL1TX7W+Rl26CRbRRSkzIiiIUHQjCFLBtkpnGDJp2oZmMkOSEcrQT3Djr7hxoYhbl+78G9PHQlsPBA7n3EPuPWHCmdKO823l5uYXFpfyy4WV1bX1DXtzq67iVBJaIzGP5V2IFeVM0JpmmtO7RFIchZw2wt7F0G88UKlYLG51P6F+hDuCtRnB2kiBve+1Y4k5R94p8kSKPCbQfZBdD0pG6J25Ja8Va1W6CuyiU3ZGQLPEnZAiTFAN7C+TJGlEhSYcK9V0nUT7GZaaEU4HBS9VNMGkhzu0aajAEVV+NjpogPaM0kJmM/OERiP1dyLDkVL9KDSTEdZdNe0Nxf+8ZqrbJ37GRJJqKsj4o3bKkY7RsB3UYpISzfuGYCKZ2RWRLpaYaNNhwZTgTp88S+qHZdcpuzdHxcr5pI487MAuHIALx1CBS6hCDQg8wjO8wpv1ZL1Y79bHeDRnTTLb8AfW5w+eQJsJ</latexit>

y0N = uN
<latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="5H5gqYpCXvGnOWT6J9SylCTZfX4=">AAAB7XicbZDLSgMxGIX/qbdaq61u3QSL4Kpk3OhGENy4kgr2Au04ZNJMG5q5kIswDvMkblwo4uu4823MtF1o64GEj3MS8ucEqeBKY/ztVDY2t7Z3qru1vfr+QaN5WO+pxEjKujQRiRwERDHBY9bVXAs2SCUjUSBYP5jdlHn/iUnFk/hBZynzIjKJecgp0dbym43sMceFn98VV6bc/WYLt/FcaB3cJbRgqY7f/BqNE2oiFmsqiFJDF6fay4nUnApW1EZGsZTQGZmwocWYREx5+XzwAp1aZ4zCRNoVazR3f9/ISaRUFgX2ZET0VK1mpflfNjQ6vPRyHqdGs5guHgqNQDpBZQtozCWjWmQWCJXczorolEhCte2qZktwV7+8Dr3ztovb7j2GKhzDCZyBCxdwDbfQgS5QMPACb/DuPDuvzseiroqz7O0I/sj5/AGRhpHZ</latexit><latexit sha1_base64="5H5gqYpCXvGnOWT6J9SylCTZfX4=">AAAB7XicbZDLSgMxGIX/qbdaq61u3QSL4Kpk3OhGENy4kgr2Au04ZNJMG5q5kIswDvMkblwo4uu4823MtF1o64GEj3MS8ucEqeBKY/ztVDY2t7Z3qru1vfr+QaN5WO+pxEjKujQRiRwERDHBY9bVXAs2SCUjUSBYP5jdlHn/iUnFk/hBZynzIjKJecgp0dbym43sMceFn98VV6bc/WYLt/FcaB3cJbRgqY7f/BqNE2oiFmsqiFJDF6fay4nUnApW1EZGsZTQGZmwocWYREx5+XzwAp1aZ4zCRNoVazR3f9/ISaRUFgX2ZET0VK1mpflfNjQ6vPRyHqdGs5guHgqNQDpBZQtozCWjWmQWCJXczorolEhCte2qZktwV7+8Dr3ztovb7j2GKhzDCZyBCxdwDbfQgS5QMPACb/DuPDuvzseiroqz7O0I/sj5/AGRhpHZ</latexit><latexit sha1_base64="EXEZPT9a2noFrwJl8dSR13uRF50=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVSZudCMU3biSCvYBbQyT6bQdOpmEeQgx5EvcuFDErZ/izr9x0mahrQfu5XDOvcydEyacKY3Qt7Oyura+sVnZqm7v7O7V3P2DjoqNJLRNYh7LXogV5UzQtmaa014iKY5CTrvh9Lrwu49UKhaLe50m1I/wWLARI1hbKXBr6UOG8iC7zS9N0QO3jhpoBrhMvJLUQYlW4H4NhjExERWacKxU30OJ9jMsNSOc5tWBUTTBZIrHtG+pwBFVfjY7PIcnVhnCUSxtCQ1n6u+NDEdKpVFoJyOsJ2rRK8T/vL7Rows/YyIxmgoyf2hkONQxLFKAQyYp0Ty1BBPJ7K2QTLDERNusqjYEb/HLy6Rz1vBQw7tD9eZVGUcFHIFjcAo8cA6a4Aa0QBsQYMAzeAVvzpPz4rw7H/PRFafcOQR/4Hz+AObMkzg=</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit><latexit sha1_base64="zYzLotuolc86Ynl+5Z+/y5rr7Zo=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIoBuh6MaVVLAPaGOYTCft0MkkzEOIIV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunCBhVCrH+bYqK6tr6xvVzdrW9s5u3d7b78pYC0w6OGax6AdIEkY56SiqGOkngqAoYKQXTK8Lv/dIhKQxv1dpQrwIjTkNKUbKSL5dTx8yJ/ez2/xSF923G07TmQEuE7ckDVCi7dtfw1GMdUS4wgxJOXCdRHkZEopiRvLaUEuSIDxFYzIwlKOISC+bHZ7DY6OMYBgLU1zBmfp7I0ORlGkUmMkIqYlc9ArxP2+gVXjhZZQnWhGO5w+FmkEVwyIFOKKCYMVSQxAW1NwK8QQJhJXJqmZCcBe/vEy6p03Xabp3Z43WVRlHFRyCI3ACXHAOWuAGtEEHYKDBM3gFb9aT9WK9Wx/z0YpV7hyAP7A+fwDoDJM8</latexit>

µ⇤
<latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit><latexit sha1_base64="S+IGRsFmeRVd7p9JAlS7Smaqnf0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuCHoMevEYwTwgWcPsZDYZMjO7zkMIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjnTxve/vcLK6tr6RnGztLW9s7tX3j9o6sQqQhsk4YlqR1hTziRtGGY4baeKYhFx2opGN1O/9USVZom8N+OUhgIPJIsZwcZJ7awr7OThDPXKFb/qz4CWSZCTCuSo98pf3X5CrKDSEI617gR+asIMK8MIp5NS12qaYjLCA9pxVGJBdZjN7p2gE6f0UZwoV9Kgmfp7IsNC67GIXKfAZqgXvan4n9exJr4KMyZTa6gk80Wx5cgkaPo86jNFieFjRzBRzN2KyBArTIyLqORCCBZfXibN82rgV4O7i0rtOo+jCEdwDKcQwCXU4Bbq0AACHJ7hFd68R+/Fe/c+5q0FL585hD/wPn8Al1mPqA==</latexit>

(u⇤(µ⇤), y⇤(µ⇤)).
<latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit><latexit sha1_base64="XvjPuQMnGjH0fndtuoq4g5/6IYY=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMCLosunFZwT6gHUsmzbShSWZIMsIwdO3GX3HjQhG3foE7/8Z0OgtbPRBycs693NzjR4wq7TjfVmFpeWV1rbhe2tjc2t6xd/daKowlJk0cslB2fKQIo4I0NdWMdCJJEPcZafvj66nffiBS0VDc6SQiHkdDQQOKkTZS3z6sxPfpyaTS49ldPYXJ3Lta69tlp+ZkgH+Jm5MyyNHo21+9QYhjToTGDCnVdZ1IeymSmmJGJqVerEiE8BgNSddQgThRXpqtMoHHRhnAIJTmCA0z9XdHirhSCfdNJUd6pBa9qfif1411cOmlVESxJgLPBgUxgzqE01zggEqCNUsMQVhS81eIR0girE16JROCu7jyX9I6q7lOzb09L9ev8jiK4AAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362NWWrDynn0wB+vzB2xjmMw=</latexit>

µ
<latexit sha1_base64="fj3IPfLY5gPjrulXuLI1LZK+gRQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHNpoJLKsFpz6+4CZJ14BalBgdaw+jUYRSxRXCOT1Nq+58bop9SgYJLPK4PE8piyKR3zfkY1Vdz66eLWObnIlBEJI5OVRrJQf0+kVFk7U0HWqShO7KqXi/95/QTDGz8VOk6Qa7ZcFCaSYETyx8lIGM5QzjJCmRHZrYRNqKEMs3jyELzVl9dJ56ruuXXv4brWvC3iKMMZnMMleNCAJtxDC9rAYALP8ApvjnJenHfnY9lacoqZU/gD5/MHkqyN6g==</latexit><latexit sha1_base64="fj3IPfLY5gPjrulXuLI1LZK+gRQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHNpoJLKsFpz6+4CZJ14BalBgdaw+jUYRSxRXCOT1Nq+58bop9SgYJLPK4PE8piyKR3zfkY1Vdz66eLWObnIlBEJI5OVRrJQf0+kVFk7U0HWqShO7KqXi/95/QTDGz8VOk6Qa7ZcFCaSYETyx8lIGM5QzjJCmRHZrYRNqKEMs3jyELzVl9dJ56ruuXXv4brWvC3iKMMZnMMleNCAJtxDC9rAYALP8ApvjnJenHfnY9lacoqZU/gD5/MHkqyN6g==</latexit><latexit sha1_base64="fj3IPfLY5gPjrulXuLI1LZK+gRQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHNpoJLKsFpz6+4CZJ14BalBgdaw+jUYRSxRXCOT1Nq+58bop9SgYJLPK4PE8piyKR3zfkY1Vdz66eLWObnIlBEJI5OVRrJQf0+kVFk7U0HWqShO7KqXi/95/QTDGz8VOk6Qa7ZcFCaSYETyx8lIGM5QzjJCmRHZrYRNqKEMs3jyELzVl9dJ56ruuXXv4brWvC3iKMMZnMMleNCAJtxDC9rAYALP8ApvjnJenHfnY9lacoqZU/gD5/MHkqyN6g==</latexit><latexit sha1_base64="fj3IPfLY5gPjrulXuLI1LZK+gRQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHNpoJLKsFpz6+4CZJ14BalBgdaw+jUYRSxRXCOT1Nq+58bop9SgYJLPK4PE8piyKR3zfkY1Vdz66eLWObnIlBEJI5OVRrJQf0+kVFk7U0HWqShO7KqXi/95/QTDGz8VOk6Qa7ZcFCaSYETyx8lIGM5QzjJCmRHZrYRNqKEMs3jyELzVl9dJ56ruuXXv4brWvC3iKMMZnMMleNCAJtxDC9rAYALP8ApvjnJenHfnY9lacoqZU/gD5/MHkqyN6g==</latexit>
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<latexit sha1_base64="1ps0t1PwE1D0UAwYgOlKgJFvoYM="></latexit><latexit sha1_base64="1ps0t1PwE1D0UAwYgOlKgJFvoYM="></latexit><latexit sha1_base64="1ps0t1PwE1D0UAwYgOlKgJFvoYM="></latexit><latexit sha1_base64="1ps0t1PwE1D0UAwYgOlKgJFvoYM="></latexit>

||u⇤(µ)� u⇤
N (µ)||U  �u

N (µ)
<latexit sha1_base64="hxZNw3DC8+qKdiJDSjb9vnoMvNM="></latexit><latexit sha1_base64="hxZNw3DC8+qKdiJDSjb9vnoMvNM="></latexit><latexit sha1_base64="hxZNw3DC8+qKdiJDSjb9vnoMvNM="></latexit><latexit sha1_base64="hxZNw3DC8+qKdiJDSjb9vnoMvNM="></latexit>

||y⇤(µ)� y⇤N (µ)||U  �y
N (µ)

<latexit sha1_base64="qH7Rf713CefW22+/PRBXEhjQqmk="></latexit><latexit sha1_base64="qH7Rf713CefW22+/PRBXEhjQqmk="></latexit><latexit sha1_base64="qH7Rf713CefW22+/PRBXEhjQqmk="></latexit><latexit sha1_base64="qH7Rf713CefW22+/PRBXEhjQqmk="></latexit>
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<latexit sha1_base64="JJRU7YZCRFedq8y2pzwKxMIfr4A="></latexit><latexit sha1_base64="JJRU7YZCRFedq8y2pzwKxMIfr4A="></latexit><latexit sha1_base64="JJRU7YZCRFedq8y2pzwKxMIfr4A="></latexit><latexit sha1_base64="JJRU7YZCRFedq8y2pzwKxMIfr4A="></latexit>
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N ) + a(', pkN ;µ) = 0 Ly

<latexit sha1_base64="48qVFPLqZs7mfx2dLnlqH+emPz4="></latexit><latexit sha1_base64="48qVFPLqZs7mfx2dLnlqH+emPz4="></latexit><latexit sha1_base64="48qVFPLqZs7mfx2dLnlqH+emPz4="></latexit><latexit sha1_base64="48qVFPLqZs7mfx2dLnlqH+emPz4="></latexit>
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m( , p1N )� (uN � ub, )U = 0 Lu
<latexit sha1_base64="WIYNchc9TFDkffaBb0vaIizVOxU="></latexit><latexit sha1_base64="WIYNchc9TFDkffaBb0vaIizVOxU="></latexit><latexit sha1_base64="WIYNchc9TFDkffaBb0vaIizVOxU="></latexit><latexit sha1_base64="WIYNchc9TFDkffaBb0vaIizVOxU="></latexit>

� 2 YN ,' 2 YN , 2 UN
<latexit sha1_base64="uc6qMfGJAHz5WRCiRxSMaZBsv5c=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwISURQcFN0Y0rqWDaShPCZDpph04mYWZSKCEf48ZfcePCBy7c+C1O2iy09cDAmXPu5d57goRRqSzry6gsLa+srlXXaxubW9s75u5eW8apwMTBMYtFN0CSMMqJo6hipJsIgqKAkU4wui78zpgISWN+ryYJ8SI04DSkGCkt+ealmwwpdCmHD352m59Ad4zEvJTI2d+NkBpixDInLxzfrFsNawq4SOyS1EGJlm++u/0YpxHhCjMkZc+2EuVlSCiKGclrbipJgvAIDUhPU44iIr1semQOj7TSh2Es9OMKTtXfHRmKpJxEga4s1pTzXiH+5/VSFV54GeVJqgjHs0FhyqCKYZEY7FNBsGITTRAWVO8K8RAJhJXOtaZDsOdPXiTt04ZtNey7s3rzqoyjCg7AITgGNjgHTXADWsABGDyCZ/AK3own48X4MD5npRWj7NkHf2B8/wCkW6Q5</latexit><latexit sha1_base64="uc6qMfGJAHz5WRCiRxSMaZBsv5c=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwISURQcFN0Y0rqWDaShPCZDpph04mYWZSKCEf48ZfcePCBy7c+C1O2iy09cDAmXPu5d57goRRqSzry6gsLa+srlXXaxubW9s75u5eW8apwMTBMYtFN0CSMMqJo6hipJsIgqKAkU4wui78zpgISWN+ryYJ8SI04DSkGCkt+ealmwwpdCmHD352m59Ad4zEvJTI2d+NkBpixDInLxzfrFsNawq4SOyS1EGJlm++u/0YpxHhCjMkZc+2EuVlSCiKGclrbipJgvAIDUhPU44iIr1semQOj7TSh2Es9OMKTtXfHRmKpJxEga4s1pTzXiH+5/VSFV54GeVJqgjHs0FhyqCKYZEY7FNBsGITTRAWVO8K8RAJhJXOtaZDsOdPXiTt04ZtNey7s3rzqoyjCg7AITgGNjgHTXADWsABGDyCZ/AK3own48X4MD5npRWj7NkHf2B8/wCkW6Q5</latexit><latexit sha1_base64="uc6qMfGJAHz5WRCiRxSMaZBsv5c=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwISURQcFN0Y0rqWDaShPCZDpph04mYWZSKCEf48ZfcePCBy7c+C1O2iy09cDAmXPu5d57goRRqSzry6gsLa+srlXXaxubW9s75u5eW8apwMTBMYtFN0CSMMqJo6hipJsIgqKAkU4wui78zpgISWN+ryYJ8SI04DSkGCkt+ealmwwpdCmHD352m59Ad4zEvJTI2d+NkBpixDInLxzfrFsNawq4SOyS1EGJlm++u/0YpxHhCjMkZc+2EuVlSCiKGclrbipJgvAIDUhPU44iIr1semQOj7TSh2Es9OMKTtXfHRmKpJxEga4s1pTzXiH+5/VSFV54GeVJqgjHs0FhyqCKYZEY7FNBsGITTRAWVO8K8RAJhJXOtaZDsOdPXiTt04ZtNey7s3rzqoyjCg7AITgGNjgHTXADWsABGDyCZ/AK3own48X4MD5npRWj7NkHf2B8/wCkW6Q5</latexit><latexit sha1_base64="uc6qMfGJAHz5WRCiRxSMaZBsv5c=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwISURQcFN0Y0rqWDaShPCZDpph04mYWZSKCEf48ZfcePCBy7c+C1O2iy09cDAmXPu5d57goRRqSzry6gsLa+srlXXaxubW9s75u5eW8apwMTBMYtFN0CSMMqJo6hipJsIgqKAkU4wui78zpgISWN+ryYJ8SI04DSkGCkt+ealmwwpdCmHD352m59Ad4zEvJTI2d+NkBpixDInLxzfrFsNawq4SOyS1EGJlm++u/0YpxHhCjMkZc+2EuVlSCiKGclrbipJgvAIDUhPU44iIr1semQOj7TSh2Es9OMKTtXfHRmKpJxEga4s1pTzXiH+5/VSFV54GeVJqgjHs0FhyqCKYZEY7FNBsGITTRAWVO8K8RAJhJXOtaZDsOdPXiTt04ZtNey7s3rzqoyjCg7AITgGNjgHTXADWsABGDyCZ/AK3own48X4MD5npRWj7NkHf2B8/wCkW6Q5</latexit>
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<latexit sha1_base64="JJRU7YZCRFedq8y2pzwKxMIfr4A="></latexit><latexit sha1_base64="JJRU7YZCRFedq8y2pzwKxMIfr4A="></latexit><latexit sha1_base64="JJRU7YZCRFedq8y2pzwKxMIfr4A="></latexit><latexit sha1_base64="JJRU7YZCRFedq8y2pzwKxMIfr4A="></latexit>
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N ) + a(', pkN ;µ) = 0 Ly

<latexit sha1_base64="48qVFPLqZs7mfx2dLnlqH+emPz4="></latexit><latexit sha1_base64="48qVFPLqZs7mfx2dLnlqH+emPz4="></latexit><latexit sha1_base64="48qVFPLqZs7mfx2dLnlqH+emPz4="></latexit><latexit sha1_base64="48qVFPLqZs7mfx2dLnlqH+emPz4="></latexit>

YN = span {POD(y⇤(µi)),POD(p⇤(µi)),
<latexit sha1_base64="ymO1vOXc4MeLzUBQKWOvvrfyZqQ="></latexit>

i = 1, . . . , N}
<latexit sha1_base64="IOr+tY0JP60R53CShpWFJLiM3p8=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJSQVEEvQsGLJ6lgW6EJZbPdtEs3m7A7EUopXvwrXjwo4tVf4c1/47bNQVsfDDzem9mdeWEquAbX/bYKS8srq2vF9dLG5tb2jr2719RJpihr0EQk6j4kmgkuWQM4CHafKkbiULBWOLia+K0HpjRP5B0MUxbEpCd5xCkBI3XsA1+wCBx+6VX8bgK6cuMr3uuDP+7YZddxp8CLxMtJGeWod+wv8wLNYiaBCqJ123NTCEZEAaeCjUt+pllK6ID0WNtQSWKmg9H0hDE+NkoXR4kyJQFP1d8TIxJrPYxD0xkT6Ot5byL+57UziC6CEZdpBkzS2UdRJjAkeJIH7nLFKIihIYQqbnbFtE8UoWBSK5kQvPmTF0mz6ninTvX2rFyr5XEU0SE6QifIQ+eohq5RHTUQRY/oGb2iN+vJerHerY9Za8HKZ/bRH1ifP1iClsI=</latexit>
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m( , p1N )� (uN � ub, )U = 0 Lu
<latexit sha1_base64="WIYNchc9TFDkffaBb0vaIizVOxU="></latexit><latexit sha1_base64="WIYNchc9TFDkffaBb0vaIizVOxU="></latexit><latexit sha1_base64="WIYNchc9TFDkffaBb0vaIizVOxU="></latexit><latexit sha1_base64="WIYNchc9TFDkffaBb0vaIizVOxU="></latexit>

� 2 YN ,' 2 YN , 2 UN
<latexit sha1_base64="uc6qMfGJAHz5WRCiRxSMaZBsv5c=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwISURQcFN0Y0rqWDaShPCZDpph04mYWZSKCEf48ZfcePCBy7c+C1O2iy09cDAmXPu5d57goRRqSzry6gsLa+srlXXaxubW9s75u5eW8apwMTBMYtFN0CSMMqJo6hipJsIgqKAkU4wui78zpgISWN+ryYJ8SI04DSkGCkt+ealmwwpdCmHD352m59Ad4zEvJTI2d+NkBpixDInLxzfrFsNawq4SOyS1EGJlm++u/0YpxHhCjMkZc+2EuVlSCiKGclrbipJgvAIDUhPU44iIr1semQOj7TSh2Es9OMKTtXfHRmKpJxEga4s1pTzXiH+5/VSFV54GeVJqgjHs0FhyqCKYZEY7FNBsGITTRAWVO8K8RAJhJXOtaZDsOdPXiTt04ZtNey7s3rzqoyjCg7AITgGNjgHTXADWsABGDyCZ/AK3own48X4MD5npRWj7NkHf2B8/wCkW6Q5</latexit><latexit sha1_base64="uc6qMfGJAHz5WRCiRxSMaZBsv5c=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwISURQcFN0Y0rqWDaShPCZDpph04mYWZSKCEf48ZfcePCBy7c+C1O2iy09cDAmXPu5d57goRRqSzry6gsLa+srlXXaxubW9s75u5eW8apwMTBMYtFN0CSMMqJo6hipJsIgqKAkU4wui78zpgISWN+ryYJ8SI04DSkGCkt+ealmwwpdCmHD352m59Ad4zEvJTI2d+NkBpixDInLxzfrFsNawq4SOyS1EGJlm++u/0YpxHhCjMkZc+2EuVlSCiKGclrbipJgvAIDUhPU44iIr1semQOj7TSh2Es9OMKTtXfHRmKpJxEga4s1pTzXiH+5/VSFV54GeVJqgjHs0FhyqCKYZEY7FNBsGITTRAWVO8K8RAJhJXOtaZDsOdPXiTt04ZtNey7s3rzqoyjCg7AITgGNjgHTXADWsABGDyCZ/AK3own48X4MD5npRWj7NkHf2B8/wCkW6Q5</latexit><latexit sha1_base64="uc6qMfGJAHz5WRCiRxSMaZBsv5c=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwISURQcFN0Y0rqWDaShPCZDpph04mYWZSKCEf48ZfcePCBy7c+C1O2iy09cDAmXPu5d57goRRqSzry6gsLa+srlXXaxubW9s75u5eW8apwMTBMYtFN0CSMMqJo6hipJsIgqKAkU4wui78zpgISWN+ryYJ8SI04DSkGCkt+ealmwwpdCmHD352m59Ad4zEvJTI2d+NkBpixDInLxzfrFsNawq4SOyS1EGJlm++u/0YpxHhCjMkZc+2EuVlSCiKGclrbipJgvAIDUhPU44iIr1semQOj7TSh2Es9OMKTtXfHRmKpJxEga4s1pTzXiH+5/VSFV54GeVJqgjHs0FhyqCKYZEY7FNBsGITTRAWVO8K8RAJhJXOtaZDsOdPXiTt04ZtNey7s3rzqoyjCg7AITgGNjgHTXADWsABGDyCZ/AK3own48X4MD5npRWj7NkHf2B8/wCkW6Q5</latexit><latexit sha1_base64="uc6qMfGJAHz5WRCiRxSMaZBsv5c=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwISURQcFN0Y0rqWDaShPCZDpph04mYWZSKCEf48ZfcePCBy7c+C1O2iy09cDAmXPu5d57goRRqSzry6gsLa+srlXXaxubW9s75u5eW8apwMTBMYtFN0CSMMqJo6hipJsIgqKAkU4wui78zpgISWN+ryYJ8SI04DSkGCkt+ealmwwpdCmHD352m59Ad4zEvJTI2d+NkBpixDInLxzfrFsNawq4SOyS1EGJlm++u/0YpxHhCjMkZc+2EuVlSCiKGclrbipJgvAIDUhPU44iIr1semQOj7TSh2Es9OMKTtXfHRmKpJxEga4s1pTzXiH+5/VSFV54GeVJqgjHs0FhyqCKYZEY7FNBsGITTRAWVO8K8RAJhJXOtaZDsOdPXiTt04ZtNey7s3rzqoyjCg7AITgGNjgHTXADWsABGDyCZ/AK3own48X4MD5npRWj7NkHf2B8/wCkW6Q5</latexit>

UN = span {u⇤(µi)), i = 1, . . . , N}
<latexit sha1_base64="G1rrN7J32Tvp1NHTnlsZpnEJWjA="></latexit><latexit sha1_base64="G1rrN7J32Tvp1NHTnlsZpnEJWjA="></latexit><latexit sha1_base64="G1rrN7J32Tvp1NHTnlsZpnEJWjA="></latexit><latexit sha1_base64="G1rrN7J32Tvp1NHTnlsZpnEJWjA="></latexit>
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eky(µ) := y⇤k(µ)� y⇤kN (µ)
<latexit sha1_base64="ziuOHZL9mK7CTmZQ2CPZ3PETWDo="></latexit><latexit sha1_base64="VDaktvHqx/8y/9cCNBzQY1B1NWs="></latexit><latexit sha1_base64="VDaktvHqx/8y/9cCNBzQY1B1NWs="></latexit><latexit sha1_base64="+aMSSAJXeLhZKl4fYrOvrDcSzDk="></latexit>

ekp(µ) := p⇤k(µ)� p⇤kN (µ)
<latexit sha1_base64="xUVRXyljiDGMWheq7CqWzZfwhqo="></latexit><latexit sha1_base64="O3d1UVzAnUlhIQ3e4+loOsGk6aM="></latexit><latexit sha1_base64="O3d1UVzAnUlhIQ3e4+loOsGk6aM="></latexit><latexit sha1_base64="VJPHrUrczLrQtobS/pJFggJan7Y="></latexit>

eku(µ) := u⇤k(µ)� u⇤k
N (µ)

<latexit sha1_base64="UF0kiDAKUQZymSrUlXwHsp5fdnY="></latexit><latexit sha1_base64="8yM3qKctkJUqJk3M0goGXqLdUv0="></latexit><latexit sha1_base64="8yM3qKctkJUqJk3M0goGXqLdUv0="></latexit><latexit sha1_base64="1X6dKamfLGmixPI3HG76fdLHeRA="></latexit>
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eky(µ) := y⇤k(µ)� y⇤kN (µ)
<latexit sha1_base64="ziuOHZL9mK7CTmZQ2CPZ3PETWDo="></latexit><latexit sha1_base64="VDaktvHqx/8y/9cCNBzQY1B1NWs="></latexit><latexit sha1_base64="VDaktvHqx/8y/9cCNBzQY1B1NWs="></latexit><latexit sha1_base64="+aMSSAJXeLhZKl4fYrOvrDcSzDk="></latexit>

ekp(µ) := p⇤k(µ)� p⇤kN (µ)
<latexit sha1_base64="xUVRXyljiDGMWheq7CqWzZfwhqo="></latexit><latexit sha1_base64="O3d1UVzAnUlhIQ3e4+loOsGk6aM="></latexit><latexit sha1_base64="O3d1UVzAnUlhIQ3e4+loOsGk6aM="></latexit><latexit sha1_base64="VJPHrUrczLrQtobS/pJFggJan7Y="></latexit>

eku(µ) := u⇤k(µ)� u⇤k
N (µ)

<latexit sha1_base64="UF0kiDAKUQZymSrUlXwHsp5fdnY="></latexit><latexit sha1_base64="8yM3qKctkJUqJk3M0goGXqLdUv0="></latexit><latexit sha1_base64="8yM3qKctkJUqJk3M0goGXqLdUv0="></latexit><latexit sha1_base64="1X6dKamfLGmixPI3HG76fdLHeRA="></latexit>

rky(�;µ) := a(eky ,�;µ) +
1

�t
m(eky � ek�1

y ,�)
<latexit sha1_base64="Zs1q+SYEYEmXoxLqGzyfFjRQaSk="></latexit><latexit sha1_base64="16XBJcbOFGotoqewOoVn6vJqCWI="></latexit><latexit sha1_base64="16XBJcbOFGotoqewOoVn6vJqCWI="></latexit><latexit sha1_base64="vl1IyGtRUxCUFHE8l42dYxlPcPQ="></latexit>

r
k
p(', µ) := �(He

k
y , H')D +

1

�t
m(', ekp � e

k+1
p ) + a(', ekp;µ)

<latexit sha1_base64="CAC7LnO9oNEvuc653HEslgsd6Y4="></latexit><latexit sha1_base64="tSayT5ylDQpg6S/Kkt+tFyBia+g="></latexit><latexit sha1_base64="tSayT5ylDQpg6S/Kkt+tFyBia+g="></latexit><latexit sha1_base64="wiSTUlDPJ80uvFpRl6vqwNhapTc="></latexit>

Introduction to Reduced Basis Methods: Theory and Applications  |   
Karen Veroy-Grepl  |  “Sparsity for Physics, Signal and Learning” Summer School |  
INRIA - Paris | 24-27June 2019

ru(µ) := (eu, )U �m( , e1p)
<latexit sha1_base64="eGvUIXGEA3Sg68VS6yvt12vRcRg="></latexit><latexit sha1_base64="eGvUIXGEA3Sg68VS6yvt12vRcRg="></latexit><latexit sha1_base64="eGvUIXGEA3Sg68VS6yvt12vRcRg="></latexit><latexit sha1_base64="eGvUIXGEA3Sg68VS6yvt12vRcRg="></latexit>



4DVAR

A Posteriori Error Estimation 

     We can show that 

     with non-negative terms 

     where                                       , and                are the residuals  

     in the state, adjoint, and control equations. 

[Kärcher, Boyaval, Grepl, V., 2018]

Ry,p =

 
⌧

KX

k=1

||rky,p||
2

Y 0

!1/2

<latexit sha1_base64="zc4r7QHJ3oHUQynlGL5uxV0xe5c="></latexit><latexit sha1_base64="zc4r7QHJ3oHUQynlGL5uxV0xe5c="></latexit><latexit sha1_base64="zc4r7QHJ3oHUQynlGL5uxV0xe5c="></latexit><latexit sha1_base64="zc4r7QHJ3oHUQynlGL5uxV0xe5c="></latexit><latexit sha1_base64="zc4r7QHJ3oHUQynlGL5uxV0xe5c="></latexit>

rky , r
k
p , ru
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Model Problem

Contaminant transport 
• “Gaussian” initial condition, 

• Known Taylor-Green vortex velocity field 
• Parameter 

• FE dimension 

ū0
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22 Mark Kärcher et al.

domain is ⌦ = (�1, 1)2 and we assume homogeneous Dirichlet boundary con-
ditions on the lower boundary �D and homogeneous Neumann boundary con-
ditions on the remaining boundary �N . The Péclet number serves as our pa-
rameter, i.e., we have µ = Pe 2 D = [10, 50]. The bilinear form a is thus given
by

a(w, v;µ) =
1

µ

Z

⌦
rw ·rv dx+

Z

⌦
(� ·rw)v dx, (66)

and the velocity field is �(x) = (sin(⇡x1) cos(⇡x2),� cos(⇡x1) sin(⇡x2))T . The
domain ⌦ with measurement sites as well as the velocity field are sketched in
Figure 1. Our model problem is motivated by the source reconstruction of a
(possibly) accidental release of an agent, where the velocity field is known [27,
26]. Although we consider a fixed velocity field here, our problem formulation
also directly applies to (a�nely) parametrized velocity fields. This might even
allow to account for uncertainties in the velocity field.

We do not consider an additional forcing term and thus set f ⌘ 0. The
inner product on Ye = {v 2 H

1(⌦) : v|�D ⌘ 0} is defined as (w, v)Y =
1
2a(w, v;µ

ref) + 1
2a(v, w;µ

ref) for the reference parameter µref = 30. Since � is
divergence-free and � · n ⌘ 0 on � , one can show that a is coercive and that
the symmetric part of a is given by 1/µ

R
⌦ rw ·rv dx. Hence we can use the

min-theta approach to construct a coercivity lower bound: ↵LB(µ) := µ
ref

/µ.
For details, we refer to Appendix B.3 of [22].
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Fig. 1 Left: Sketch of the computational domain with measurement locations ⌦1, . . . ,⌦5.
The centers of the sensors are located at (±0.6,±0.6)T and (0, 0)T ; their width and height is
0.1. The colors match those in Figure 3. Right: Plot of the Taylor-Green vortex velocity field.
The blue dot indicates the center (�0.1, 0.8)T of the Gaussian serving as initial condition.

We choose the time interval I = [0, 8] and a time step size ⌧ = 0.04 resulting
in K = 200 time steps. For the space discretization we introduce a spatial
mesh with an element size of h = 0.04 and corresponding linear finite element

Assumptions: 
• Data generated with true initial condition 
• Uncertainty due only to noise and “unknown” 

parameter 

• Prior is exact 
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domain is ⌦ = (�1, 1)2 and we assume homogeneous Dirichlet boundary con-
ditions on the lower boundary �D and homogeneous Neumann boundary con-
ditions on the remaining boundary �N . The Péclet number serves as our pa-
rameter, i.e., we have µ = Pe 2 D = [10, 50]. The bilinear form a is thus given
by

a(w, v;µ) =
1

µ

Z

⌦
rw ·rv dx+
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⌦
(� ·rw)v dx, (66)

and the velocity field is �(x) = (sin(⇡x1) cos(⇡x2),� cos(⇡x1) sin(⇡x2))T . The
domain ⌦ with measurement sites as well as the velocity field are sketched in
Figure 1. Our model problem is motivated by the source reconstruction of a
(possibly) accidental release of an agent, where the velocity field is known [27,
26]. Although we consider a fixed velocity field here, our problem formulation
also directly applies to (a�nely) parametrized velocity fields. This might even
allow to account for uncertainties in the velocity field.

We do not consider an additional forcing term and thus set f ⌘ 0. The
inner product on Ye = {v 2 H

1(⌦) : v|�D ⌘ 0} is defined as (w, v)Y =
1
2a(w, v;µ

ref) + 1
2a(v, w;µ

ref) for the reference parameter µref = 30. Since � is
divergence-free and � · n ⌘ 0 on � , one can show that a is coercive and that
the symmetric part of a is given by 1/µ

R
⌦ rw ·rv dx. Hence we can use the

min-theta approach to construct a coercivity lower bound: ↵LB(µ) := µ
ref

/µ.
For details, we refer to Appendix B.3 of [22].
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Fig. 1 Left: Sketch of the computational domain with measurement locations ⌦1, . . . ,⌦5.
The centers of the sensors are located at (±0.6,±0.6)T and (0, 0)T ; their width and height is
0.1. The colors match those in Figure 3. Right: Plot of the Taylor-Green vortex velocity field.
The blue dot indicates the center (�0.1, 0.8)T of the Gaussian serving as initial condition.

We choose the time interval I = [0, 8] and a time step size ⌧ = 0.04 resulting
in K = 200 time steps. For the space discretization we introduce a spatial
mesh with an element size of h = 0.04 and corresponding linear finite element

Assumptions: 
• Data generated with true initial condition 
• Uncertainty due only to noise and “unknown” 

parameter 

• Prior is exact 

!186

Contaminant transport 
• “Gaussian” initial condition, 

• Known Taylor-Green vortex velocity field 
• Parameter 

• FE dimension 

ū0
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<latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit>

µ = 10
<latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit>

µ = 30
<latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit>

µ = 50
<latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit>

k = 20
<latexit sha1_base64="BDX6xxAcnzvNPNlbQhXb3OgRz8c=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0mKoBeh6MVjBfsBbSib7aZdu9kNuxuhhP4HLx4U8er/8ea/cdPmoK0PBh7vzTAzL0w408bzvp3S2vrG5lZ5293Z3ds/qBwetbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqT25rnuuO6hUvZo3B1olfkGqUKA5qHz1h5KkMRWGcKx1z/cSE2RYGUY4nbn9VNMEkwke0Z6lAsdUB9n82hk6s8oQRVLZEgbN1d8TGY61nsah7YyxGetlLxf/83qpia6CjIkkNVSQxaIo5chIlL+OhkxRYvjUEkwUs7ciMsYKE2MDykPwl19eJe16zfdq/v1FtXFTxFGGEziFc/DhEhpwB01oAYFHeIZXeHOk8+K8Ox+L1pJTzBzDHzifP56CjdQ=</latexit><latexit sha1_base64="BDX6xxAcnzvNPNlbQhXb3OgRz8c=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0mKoBeh6MVjBfsBbSib7aZdu9kNuxuhhP4HLx4U8er/8ea/cdPmoK0PBh7vzTAzL0w408bzvp3S2vrG5lZ5293Z3ds/qBwetbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqT25rnuuO6hUvZo3B1olfkGqUKA5qHz1h5KkMRWGcKx1z/cSE2RYGUY4nbn9VNMEkwke0Z6lAsdUB9n82hk6s8oQRVLZEgbN1d8TGY61nsah7YyxGetlLxf/83qpia6CjIkkNVSQxaIo5chIlL+OhkxRYvjUEkwUs7ciMsYKE2MDykPwl19eJe16zfdq/v1FtXFTxFGGEziFc/DhEhpwB01oAYFHeIZXeHOk8+K8Ox+L1pJTzBzDHzifP56CjdQ=</latexit><latexit sha1_base64="BDX6xxAcnzvNPNlbQhXb3OgRz8c=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0mKoBeh6MVjBfsBbSib7aZdu9kNuxuhhP4HLx4U8er/8ea/cdPmoK0PBh7vzTAzL0w408bzvp3S2vrG5lZ5293Z3ds/qBwetbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqT25rnuuO6hUvZo3B1olfkGqUKA5qHz1h5KkMRWGcKx1z/cSE2RYGUY4nbn9VNMEkwke0Z6lAsdUB9n82hk6s8oQRVLZEgbN1d8TGY61nsah7YyxGetlLxf/83qpia6CjIkkNVSQxaIo5chIlL+OhkxRYvjUEkwUs7ciMsYKE2MDykPwl19eJe16zfdq/v1FtXFTxFGGEziFc/DhEhpwB01oAYFHeIZXeHOk8+K8Ox+L1pJTzBzDHzifP56CjdQ=</latexit><latexit sha1_base64="BDX6xxAcnzvNPNlbQhXb3OgRz8c=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0mKoBeh6MVjBfsBbSib7aZdu9kNuxuhhP4HLx4U8er/8ea/cdPmoK0PBh7vzTAzL0w408bzvp3S2vrG5lZ5293Z3ds/qBwetbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqT25rnuuO6hUvZo3B1olfkGqUKA5qHz1h5KkMRWGcKx1z/cSE2RYGUY4nbn9VNMEkwke0Z6lAsdUB9n82hk6s8oQRVLZEgbN1d8TGY61nsah7YyxGetlLxf/83qpia6CjIkkNVSQxaIo5chIlL+OhkxRYvjUEkwUs7ciMsYKE2MDykPwl19eJe16zfdq/v1FtXFTxFGGEziFc/DhEhpwB01oAYFHeIZXeHOk8+K8Ox+L1pJTzBzDHzifP56CjdQ=</latexit>
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Model Problem

State variable y(µ)
<latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit>

µ = 10
<latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit>

µ = 30
<latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit>

µ = 50
<latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit>

k = 40
<latexit sha1_base64="TDEoFnjglI3RZOF5gDvBA7LVQn4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIoBeh6MVjBfsBbSib7aZdstmE3Y1QQn+EFw+KePX3ePPfuGlz0NYHA4/3ZpiZF6SCa4Pxt1NZW9/Y3Kpuuzu7e/sHtcOjjk4yRVmbJiJRvYBoJrhkbcONYL1UMRIHgnWD6K7wu09MaZ7IRzNNmR+TseQhp8RYqRvdXGLXdYe1Om7gOdAq8UpShxKtYe1rMEpoFjNpqCBa9z2cGj8nynAq2MwdZJqlhEZkzPqWShIz7efzc2fozCojFCbKljRorv6eyEms9TQObGdMzEQve4X4n9fPTHjt51ymmWGSLhaFmUAmQcXvaMQVo0ZMLSFUcXsrohOiCDU2oSIEb/nlVdK5aHi44T1c1pu3ZRxVOIFTOAcPrqAJ99CCNlCI4Ble4c1JnRfn3flYtFaccuYY/sD5/AHWxo3q</latexit><latexit sha1_base64="TDEoFnjglI3RZOF5gDvBA7LVQn4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIoBeh6MVjBfsBbSib7aZdstmE3Y1QQn+EFw+KePX3ePPfuGlz0NYHA4/3ZpiZF6SCa4Pxt1NZW9/Y3Kpuuzu7e/sHtcOjjk4yRVmbJiJRvYBoJrhkbcONYL1UMRIHgnWD6K7wu09MaZ7IRzNNmR+TseQhp8RYqRvdXGLXdYe1Om7gOdAq8UpShxKtYe1rMEpoFjNpqCBa9z2cGj8nynAq2MwdZJqlhEZkzPqWShIz7efzc2fozCojFCbKljRorv6eyEms9TQObGdMzEQve4X4n9fPTHjt51ymmWGSLhaFmUAmQcXvaMQVo0ZMLSFUcXsrohOiCDU2oSIEb/nlVdK5aHi44T1c1pu3ZRxVOIFTOAcPrqAJ99CCNlCI4Ble4c1JnRfn3flYtFaccuYY/sD5/AHWxo3q</latexit><latexit sha1_base64="TDEoFnjglI3RZOF5gDvBA7LVQn4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIoBeh6MVjBfsBbSib7aZdstmE3Y1QQn+EFw+KePX3ePPfuGlz0NYHA4/3ZpiZF6SCa4Pxt1NZW9/Y3Kpuuzu7e/sHtcOjjk4yRVmbJiJRvYBoJrhkbcONYL1UMRIHgnWD6K7wu09MaZ7IRzNNmR+TseQhp8RYqRvdXGLXdYe1Om7gOdAq8UpShxKtYe1rMEpoFjNpqCBa9z2cGj8nynAq2MwdZJqlhEZkzPqWShIz7efzc2fozCojFCbKljRorv6eyEms9TQObGdMzEQve4X4n9fPTHjt51ymmWGSLhaFmUAmQcXvaMQVo0ZMLSFUcXsrohOiCDU2oSIEb/nlVdK5aHi44T1c1pu3ZRxVOIFTOAcPrqAJ99CCNlCI4Ble4c1JnRfn3flYtFaccuYY/sD5/AHWxo3q</latexit><latexit sha1_base64="TDEoFnjglI3RZOF5gDvBA7LVQn4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIoBeh6MVjBfsBbSib7aZdstmE3Y1QQn+EFw+KePX3ePPfuGlz0NYHA4/3ZpiZF6SCa4Pxt1NZW9/Y3Kpuuzu7e/sHtcOjjk4yRVmbJiJRvYBoJrhkbcONYL1UMRIHgnWD6K7wu09MaZ7IRzNNmR+TseQhp8RYqRvdXGLXdYe1Om7gOdAq8UpShxKtYe1rMEpoFjNpqCBa9z2cGj8nynAq2MwdZJqlhEZkzPqWShIz7efzc2fozCojFCbKljRorv6eyEms9TQObGdMzEQve4X4n9fPTHjt51ymmWGSLhaFmUAmQcXvaMQVo0ZMLSFUcXsrohOiCDU2oSIEb/nlVdK5aHi44T1c1pu3ZRxVOIFTOAcPrqAJ99CCNlCI4Ble4c1JnRfn3flYtFaccuYY/sD5/AHWxo3q</latexit>
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Model Problem

State variable y(µ)
<latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="EJKxt+MYQKmoWArB7wVF4fK+CPU=">AAAB4nicbZBLSwMxFIXv1FetVatbN8Ei1E3JuNGl4MZlBfuAdiiZNNPG5jEkGWEY+h/cuFDEH+XOf2P6WGjrgcDHOQm598Sp4NZh/B2UtrZ3dvfK+5WD6uHRce2k2rE6M5S1qRba9GJimeCKtR13gvVSw4iMBevG07t53n1mxnKtHl2eskiSseIJp8R5q5M3BjK7HNbquIkXQpsQrqAOK7WGta/BSNNMMuWoINb2Q5y6qCDGcSrYrDLILEsJnZIx63tURDIbFYtpZ+jCOyOUaOOPcmjh/n5REGltLmN/UxI3sevZ3Pwv62cuuYkKrtLMMUWXHyWZQE6j+epoxA2jTuQeCDXcz4rohBhCnS+o4ksI11fehM5VM8TN8AFDGc7gHBoQwjXcwj20oA0UnuAF3uA90MFr8LGsqxSsejuFPwo+fwDbeI1m</latexit><latexit sha1_base64="EJKxt+MYQKmoWArB7wVF4fK+CPU=">AAAB4nicbZBLSwMxFIXv1FetVatbN8Ei1E3JuNGl4MZlBfuAdiiZNNPG5jEkGWEY+h/cuFDEH+XOf2P6WGjrgcDHOQm598Sp4NZh/B2UtrZ3dvfK+5WD6uHRce2k2rE6M5S1qRba9GJimeCKtR13gvVSw4iMBevG07t53n1mxnKtHl2eskiSseIJp8R5q5M3BjK7HNbquIkXQpsQrqAOK7WGta/BSNNMMuWoINb2Q5y6qCDGcSrYrDLILEsJnZIx63tURDIbFYtpZ+jCOyOUaOOPcmjh/n5REGltLmN/UxI3sevZ3Pwv62cuuYkKrtLMMUWXHyWZQE6j+epoxA2jTuQeCDXcz4rohBhCnS+o4ksI11fehM5VM8TN8AFDGc7gHBoQwjXcwj20oA0UnuAF3uA90MFr8LGsqxSsejuFPwo+fwDbeI1m</latexit><latexit sha1_base64="55ZB0PWtCwOg8KyHIN8yfz90HPc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJex60WPQi8cI5gHJEmYns8mYeSwzs8Ky5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1vf2NzaLu2Ud/f2Dw4rR8dto1JNaIsornQ3woZyJmnLMstpN9EUi4jTTjS5nfmdJ6oNU/LBZgkNBR5JFjOCrZPaWa0v0otBperX/TnQKgkKUoUCzUHlqz9UJBVUWsKxMb3AT2yYY20Z4XRa7qeGJphM8Ij2HJVYUBPm82un6NwpQxQr7UpaNFd/T+RYGJOJyHUKbMdm2ZuJ/3m91MbXYc5kkloqyWJRnHJkFZq9joZMU2J55ggmmrlbERljjYl1AZVdCMHyy6ukfVkP/Hpw71cbN0UcJTiFM6hBAFfQgDtoQgsIPMIzvMKbp7wX7937WLSuecXMCfyB9/kDAV2Oug==</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit>

µ = 10
<latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit>

µ = 30
<latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit>

µ = 50
<latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit>

k = 80
<latexit sha1_base64="1Ib/iafPDxV9N4FHPtbEMELyOV4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIYC9C0YvHCvYD2lA22027ZLMJuxuhhP4ILx4U8erv8ea/cdPmoNUHA4/3ZpiZF6SCa4Pxl1NZW9/Y3Kpuuzu7e/sHtcOjrk4yRVmHJiJR/YBoJrhkHcONYP1UMRIHgvWC6Lbwe49MaZ7IBzNLmR+TieQhp8RYqRddN7HruqNaHTfwAugv8UpShxLtUe1zOE5oFjNpqCBaDzycGj8nynAq2NwdZpqlhEZkwgaWShIz7eeLc+fozCpjFCbKljRoof6cyEms9SwObGdMzFSveoX4nzfITNj0cy7TzDBJl4vCTCCToOJ3NOaKUSNmlhCquL0V0SlRhBqbUBGCt/ryX9K9aHi44d1f1ls3ZRxVOIFTOAcPrqAFd9CGDlCI4Ale4NVJnWfnzXlftlaccuYYfsH5+Abc5o3u</latexit><latexit sha1_base64="1Ib/iafPDxV9N4FHPtbEMELyOV4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIYC9C0YvHCvYD2lA22027ZLMJuxuhhP4ILx4U8erv8ea/cdPmoNUHA4/3ZpiZF6SCa4Pxl1NZW9/Y3Kpuuzu7e/sHtcOjrk4yRVmHJiJR/YBoJrhkHcONYP1UMRIHgvWC6Lbwe49MaZ7IBzNLmR+TieQhp8RYqRddN7HruqNaHTfwAugv8UpShxLtUe1zOE5oFjNpqCBaDzycGj8nynAq2NwdZpqlhEZkwgaWShIz7eeLc+fozCpjFCbKljRoof6cyEms9SwObGdMzFSveoX4nzfITNj0cy7TzDBJl4vCTCCToOJ3NOaKUSNmlhCquL0V0SlRhBqbUBGCt/ryX9K9aHi44d1f1ls3ZRxVOIFTOAcPrqAFd9CGDlCI4Ale4NVJnWfnzXlftlaccuYYfsH5+Abc5o3u</latexit><latexit sha1_base64="1Ib/iafPDxV9N4FHPtbEMELyOV4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIYC9C0YvHCvYD2lA22027ZLMJuxuhhP4ILx4U8erv8ea/cdPmoNUHA4/3ZpiZF6SCa4Pxl1NZW9/Y3Kpuuzu7e/sHtcOjrk4yRVmHJiJR/YBoJrhkHcONYP1UMRIHgvWC6Lbwe49MaZ7IBzNLmR+TieQhp8RYqRddN7HruqNaHTfwAugv8UpShxLtUe1zOE5oFjNpqCBaDzycGj8nynAq2NwdZpqlhEZkwgaWShIz7eeLc+fozCpjFCbKljRoof6cyEms9SwObGdMzFSveoX4nzfITNj0cy7TzDBJl4vCTCCToOJ3NOaKUSNmlhCquL0V0SlRhBqbUBGCt/ryX9K9aHi44d1f1ls3ZRxVOIFTOAcPrqAFd9CGDlCI4Ale4NVJnWfnzXlftlaccuYYfsH5+Abc5o3u</latexit><latexit sha1_base64="1Ib/iafPDxV9N4FHPtbEMELyOV4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIYC9C0YvHCvYD2lA22027ZLMJuxuhhP4ILx4U8erv8ea/cdPmoNUHA4/3ZpiZF6SCa4Pxl1NZW9/Y3Kpuuzu7e/sHtcOjrk4yRVmHJiJR/YBoJrhkHcONYP1UMRIHgvWC6Lbwe49MaZ7IBzNLmR+TieQhp8RYqRddN7HruqNaHTfwAugv8UpShxLtUe1zOE5oFjNpqCBaDzycGj8nynAq2NwdZpqlhEZkwgaWShIz7eeLc+fozCpjFCbKljRoof6cyEms9SwObGdMzFSveoX4nzfITNj0cy7TzDBJl4vCTCCToOJ3NOaKUSNmlhCquL0V0SlRhBqbUBGCt/ryX9K9aHi44d1f1ls3ZRxVOIFTOAcPrqAFd9CGDlCI4Ale4NVJnWfnzXlftlaccuYYfsH5+Abc5o3u</latexit>
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Model Problem

State variable y(µ)
<latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="EJKxt+MYQKmoWArB7wVF4fK+CPU=">AAAB4nicbZBLSwMxFIXv1FetVatbN8Ei1E3JuNGl4MZlBfuAdiiZNNPG5jEkGWEY+h/cuFDEH+XOf2P6WGjrgcDHOQm598Sp4NZh/B2UtrZ3dvfK+5WD6uHRce2k2rE6M5S1qRba9GJimeCKtR13gvVSw4iMBevG07t53n1mxnKtHl2eskiSseIJp8R5q5M3BjK7HNbquIkXQpsQrqAOK7WGta/BSNNMMuWoINb2Q5y6qCDGcSrYrDLILEsJnZIx63tURDIbFYtpZ+jCOyOUaOOPcmjh/n5REGltLmN/UxI3sevZ3Pwv62cuuYkKrtLMMUWXHyWZQE6j+epoxA2jTuQeCDXcz4rohBhCnS+o4ksI11fehM5VM8TN8AFDGc7gHBoQwjXcwj20oA0UnuAF3uA90MFr8LGsqxSsejuFPwo+fwDbeI1m</latexit><latexit sha1_base64="EJKxt+MYQKmoWArB7wVF4fK+CPU=">AAAB4nicbZBLSwMxFIXv1FetVatbN8Ei1E3JuNGl4MZlBfuAdiiZNNPG5jEkGWEY+h/cuFDEH+XOf2P6WGjrgcDHOQm598Sp4NZh/B2UtrZ3dvfK+5WD6uHRce2k2rE6M5S1qRba9GJimeCKtR13gvVSw4iMBevG07t53n1mxnKtHl2eskiSseIJp8R5q5M3BjK7HNbquIkXQpsQrqAOK7WGta/BSNNMMuWoINb2Q5y6qCDGcSrYrDLILEsJnZIx63tURDIbFYtpZ+jCOyOUaOOPcmjh/n5REGltLmN/UxI3sevZ3Pwv62cuuYkKrtLMMUWXHyWZQE6j+epoxA2jTuQeCDXcz4rohBhCnS+o4ksI11fehM5VM8TN8AFDGc7gHBoQwjXcwj20oA0UnuAF3uA90MFr8LGsqxSsejuFPwo+fwDbeI1m</latexit><latexit sha1_base64="55ZB0PWtCwOg8KyHIN8yfz90HPc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJex60WPQi8cI5gHJEmYns8mYeSwzs8Ky5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1vf2NzaLu2Ud/f2Dw4rR8dto1JNaIsornQ3woZyJmnLMstpN9EUi4jTTjS5nfmdJ6oNU/LBZgkNBR5JFjOCrZPaWa0v0otBperX/TnQKgkKUoUCzUHlqz9UJBVUWsKxMb3AT2yYY20Z4XRa7qeGJphM8Ij2HJVYUBPm82un6NwpQxQr7UpaNFd/T+RYGJOJyHUKbMdm2ZuJ/3m91MbXYc5kkloqyWJRnHJkFZq9joZMU2J55ggmmrlbERljjYl1AZVdCMHyy6ukfVkP/Hpw71cbN0UcJTiFM6hBAFfQgDtoQgsIPMIzvMKbp7wX7937WLSuecXMCfyB9/kDAV2Oug==</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit>

µ = 10
<latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit>

µ = 30
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Model Problem

22 Mark Kärcher et al.

domain is ⌦ = (�1, 1)2 and we assume homogeneous Dirichlet boundary con-
ditions on the lower boundary �D and homogeneous Neumann boundary con-
ditions on the remaining boundary �N . The Péclet number serves as our pa-
rameter, i.e., we have µ = Pe 2 D = [10, 50]. The bilinear form a is thus given
by

a(w, v;µ) =
1

µ

Z

⌦
rw ·rv dx+

Z

⌦
(� ·rw)v dx, (66)

and the velocity field is �(x) = (sin(⇡x1) cos(⇡x2),� cos(⇡x1) sin(⇡x2))T . The
domain ⌦ with measurement sites as well as the velocity field are sketched in
Figure 1. Our model problem is motivated by the source reconstruction of a
(possibly) accidental release of an agent, where the velocity field is known [27,
26]. Although we consider a fixed velocity field here, our problem formulation
also directly applies to (a�nely) parametrized velocity fields. This might even
allow to account for uncertainties in the velocity field.

We do not consider an additional forcing term and thus set f ⌘ 0. The
inner product on Ye = {v 2 H

1(⌦) : v|�D ⌘ 0} is defined as (w, v)Y =
1
2a(w, v;µ

ref) + 1
2a(v, w;µ

ref) for the reference parameter µref = 30. Since � is
divergence-free and � · n ⌘ 0 on � , one can show that a is coercive and that
the symmetric part of a is given by 1/µ

R
⌦ rw ·rv dx. Hence we can use the

min-theta approach to construct a coercivity lower bound: ↵LB(µ) := µ
ref

/µ.
For details, we refer to Appendix B.3 of [22].
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Fig. 1 Left: Sketch of the computational domain with measurement locations ⌦1, . . . ,⌦5.
The centers of the sensors are located at (±0.6,±0.6)T and (0, 0)T ; their width and height is
0.1. The colors match those in Figure 3. Right: Plot of the Taylor-Green vortex velocity field.
The blue dot indicates the center (�0.1, 0.8)T of the Gaussian serving as initial condition.

We choose the time interval I = [0, 8] and a time step size ⌧ = 0.04 resulting
in K = 200 time steps. For the space discretization we introduce a spatial
mesh with an element size of h = 0.04 and corresponding linear finite element

Assumptions: 
• Data generated with true initial condition 
• Uncertainty due to noise,  

unknown parameter, and model error 

!193

Contaminant transport 
• “Gaussian” initial condition, 
• Known Taylor-Green vortex velocity field 
• Parameter 

• FE dimension 

ū0
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<latexit sha1_base64="myHuGsGYS1dzVEG1yi6UZjdTuuM=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgopQZH+imUHTjsoJ9QGcomTTThiaZIckIZZgvcOOvuHGhiFvX7vwb03YW2nrgwuGce5N7TxAzqrTjfFuFldW19Y3iZmlre2d3z94/aKsokZi0cMQi2Q2QIowK0tJUM9KNJUE8YKQTjG+mfueBSEUjca8nMfE5GgoaUoy0kfp2xeMJrHuSp02SeVTAnutULxy/Cr0AydS4Wf3M6dtlp+bMAJeJm5MyyNHs21/eIMIJJ0JjhpQyr8baT5HUFDOSlbxEkRjhMRqSnqECcaL8dHZOBitGGcAwkqaEhjP190SKuFITHphOjvRILXpT8T+vl+jwyk+piBNNBJ5/FCYM6ghOs4EDKgnWbGIIwpKaXSEeIYmwNgmWTAju4snLpH1ac52ae3deblzncRTBETgGJ8AFl6ABbkETtAAGj+AZvII368l6sd6tj3lrwcpnDsEfWJ8/P0uaUA==</latexit><latexit sha1_base64="myHuGsGYS1dzVEG1yi6UZjdTuuM=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgopQZH+imUHTjsoJ9QGcomTTThiaZIckIZZgvcOOvuHGhiFvX7vwb03YW2nrgwuGce5N7TxAzqrTjfFuFldW19Y3iZmlre2d3z94/aKsokZi0cMQi2Q2QIowK0tJUM9KNJUE8YKQTjG+mfueBSEUjca8nMfE5GgoaUoy0kfp2xeMJrHuSp02SeVTAnutULxy/Cr0AydS4Wf3M6dtlp+bMAJeJm5MyyNHs21/eIMIJJ0JjhpQyr8baT5HUFDOSlbxEkRjhMRqSnqECcaL8dHZOBitGGcAwkqaEhjP190SKuFITHphOjvRILXpT8T+vl+jwyk+piBNNBJ5/FCYM6ghOs4EDKgnWbGIIwpKaXSEeIYmwNgmWTAju4snLpH1ac52ae3deblzncRTBETgGJ8AFl6ABbkETtAAGj+AZvII368l6sd6tj3lrwcpnDsEfWJ8/P0uaUA==</latexit><latexit sha1_base64="myHuGsGYS1dzVEG1yi6UZjdTuuM=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgopQZH+imUHTjsoJ9QGcomTTThiaZIckIZZgvcOOvuHGhiFvX7vwb03YW2nrgwuGce5N7TxAzqrTjfFuFldW19Y3iZmlre2d3z94/aKsokZi0cMQi2Q2QIowK0tJUM9KNJUE8YKQTjG+mfueBSEUjca8nMfE5GgoaUoy0kfp2xeMJrHuSp02SeVTAnutULxy/Cr0AydS4Wf3M6dtlp+bMAJeJm5MyyNHs21/eIMIJJ0JjhpQyr8baT5HUFDOSlbxEkRjhMRqSnqECcaL8dHZOBitGGcAwkqaEhjP190SKuFITHphOjvRILXpT8T+vl+jwyk+piBNNBJ5/FCYM6ghOs4EDKgnWbGIIwpKaXSEeIYmwNgmWTAju4snLpH1ac52ae3deblzncRTBETgGJ8AFl6ABbkETtAAGj+AZvII368l6sd6tj3lrwcpnDsEfWJ8/P0uaUA==</latexit><latexit sha1_base64="myHuGsGYS1dzVEG1yi6UZjdTuuM=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgopQZH+imUHTjsoJ9QGcomTTThiaZIckIZZgvcOOvuHGhiFvX7vwb03YW2nrgwuGce5N7TxAzqrTjfFuFldW19Y3iZmlre2d3z94/aKsokZi0cMQi2Q2QIowK0tJUM9KNJUE8YKQTjG+mfueBSEUjca8nMfE5GgoaUoy0kfp2xeMJrHuSp02SeVTAnutULxy/Cr0AydS4Wf3M6dtlp+bMAJeJm5MyyNHs21/eIMIJJ0JjhpQyr8baT5HUFDOSlbxEkRjhMRqSnqECcaL8dHZOBitGGcAwkqaEhjP190SKuFITHphOjvRILXpT8T+vl+jwyk+piBNNBJ5/FCYM6ghOs4EDKgnWbGIIwpKaXSEeIYmwNgmWTAju4snLpH1ac52ae3deblzncRTBETgGJ8AFl6ABbkETtAAGj+AZvII368l6sd6tj3lrwcpnDsEfWJ8/P0uaUA==</latexit>



4DVAR

Weak-constraint 4DVAR 
  

• Account for inexact model by adding a model error term, where 

the model error in each time step 

covariance of the model error 

• Allows to consider longer analysis windows

uk
<latexit sha1_base64="ZZkG8rFux6Uv/YFUaDsbpymWpwY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5zf3OE2rDI/VgpzH6ko4UDzmjNpeSx0llUK25dXcOskq8gtSgQHNQ/eoPI5ZIVJYJakzPc2Prp1RbzgTOKv3EYEzZhI6wl1FFJRo/nd86I2eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDaz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/CWX14l7Yu659a9+8ta46aIowwncArn4MEVNOAOmtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/ks+N6g==</latexit><latexit sha1_base64="ZZkG8rFux6Uv/YFUaDsbpymWpwY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5zf3OE2rDI/VgpzH6ko4UDzmjNpeSx0llUK25dXcOskq8gtSgQHNQ/eoPI5ZIVJYJakzPc2Prp1RbzgTOKv3EYEzZhI6wl1FFJRo/nd86I2eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDaz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/CWX14l7Yu659a9+8ta46aIowwncArn4MEVNOAOmtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/ks+N6g==</latexit><latexit sha1_base64="ZZkG8rFux6Uv/YFUaDsbpymWpwY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5zf3OE2rDI/VgpzH6ko4UDzmjNpeSx0llUK25dXcOskq8gtSgQHNQ/eoPI5ZIVJYJakzPc2Prp1RbzgTOKv3EYEzZhI6wl1FFJRo/nd86I2eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDaz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/CWX14l7Yu659a9+8ta46aIowwncArn4MEVNOAOmtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/ks+N6g==</latexit><latexit sha1_base64="ZZkG8rFux6Uv/YFUaDsbpymWpwY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5zf3OE2rDI/VgpzH6ko4UDzmjNpeSx0llUK25dXcOskq8gtSgQHNQ/eoPI5ZIVJYJakzPc2Prp1RbzgTOKv3EYEzZhI6wl1FFJRo/nd86I2eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDaz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/CWX14l7Yu659a9+8ta46aIowwncArn4MEVNOAOmtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/ks+N6g==</latexit>

⌃
<latexit sha1_base64="81wH4y+8N7xfBZbebHoUtMstTNA=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V7Qe0S8mm2TY0yS5JVihLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWLa8Fg92mnCAklGikecEuukTv+BjySpDKo1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTY/d4bPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DrIuEpSyxRdLIpSgW2M89/xkGtGrZg6Qqjm7lZMx0QTal1CeQj+8surpH1R9726f39Za9wUcZThBE7hHHy4ggbcQRNaQGECz/AKbyhBL+gdfSxaS6iYOYY/QJ8/ocKPFw==</latexit><latexit sha1_base64="81wH4y+8N7xfBZbebHoUtMstTNA=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V7Qe0S8mm2TY0yS5JVihLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWLa8Fg92mnCAklGikecEuukTv+BjySpDKo1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTY/d4bPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DrIuEpSyxRdLIpSgW2M89/xkGtGrZg6Qqjm7lZMx0QTal1CeQj+8surpH1R9726f39Za9wUcZThBE7hHHy4ggbcQRNaQGECz/AKbyhBL+gdfSxaS6iYOYY/QJ8/ocKPFw==</latexit><latexit sha1_base64="81wH4y+8N7xfBZbebHoUtMstTNA=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V7Qe0S8mm2TY0yS5JVihLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWLa8Fg92mnCAklGikecEuukTv+BjySpDKo1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTY/d4bPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DrIuEpSyxRdLIpSgW2M89/xkGtGrZg6Qqjm7lZMx0QTal1CeQj+8surpH1R9726f39Za9wUcZThBE7hHHy4ggbcQRNaQGECz/AKbyhBL+gdfSxaS6iYOYY/QJ8/ocKPFw==</latexit><latexit sha1_base64="81wH4y+8N7xfBZbebHoUtMstTNA=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V7Qe0S8mm2TY0yS5JVihLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWLa8Fg92mnCAklGikecEuukTv+BjySpDKo1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTY/d4bPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DrIuEpSyxRdLIpSgW2M89/xkGtGrZg6Qqjm7lZMx0QTal1CeQj+8surpH1R9726f39Za9wUcZThBE7hHHy4ggbcQRNaQGECz/AKbyhBL+gdfSxaS6iYOYY/QJ8/ocKPFw==</latexit>

min
u2U

1

2

KX

k=1

�t||uk||2⌃ +
�

2

KX

k=1

�t||Cyk � ykd ||
2

D
<latexit sha1_base64="+txB9sYxldWkSGp3wanXEaCCTn0="></latexit><latexit sha1_base64="+txB9sYxldWkSGp3wanXEaCCTn0="></latexit><latexit sha1_base64="+txB9sYxldWkSGp3wanXEaCCTn0="></latexit><latexit sha1_base64="+txB9sYxldWkSGp3wanXEaCCTn0="></latexit>

s.t. m(yk+1, ⌫) = m(yk, ⌫)��t a(yk, ⌫;µ) +�t f(⌫) +�t m(uk, ⌫),
<latexit sha1_base64="4zh894mDinL5m0RSMRjkNCKw3o0="></latexit><latexit sha1_base64="4zh894mDinL5m0RSMRjkNCKw3o0="></latexit><latexit sha1_base64="4zh894mDinL5m0RSMRjkNCKw3o0="></latexit><latexit sha1_base64="4zh894mDinL5m0RSMRjkNCKw3o0="></latexit>

8 ⌫ 2 Y, k = 1, . . . ,K
<latexit sha1_base64="tL0+HOGCH8gi7sVhBY6cNHhcheE=">AAACC3icbVDLSgMxFM34rPU16tJNaBFclDIjgkIRim4ENxXsQzpDyaRpG5rJDMkdoQzdu/FX3LhQxK0/4M6/MW1noa0HAodz7iH3niAWXIPjfFtLyyura+u5jfzm1vbOrr2339BRoiir00hEqhUQzQSXrA4cBGvFipEwEKwZDK8mfvOBKc0jeQejmPkh6Uve45SAkTp2wetFigjhVbAnE+xxie9L2KsML9yS141Al246dtEpO1PgReJmpIgy1Dr2l0nSJGQSqCBat10nBj8lCjgVbJz3Es1iQoekz9qGShIy7afTW8b4yChdbJYyTwKeqr8TKQm1HoWBmQwJDPS8NxH/89oJ9M79lMs4ASbp7KNeIjBEeFIM7nLFKIiRIYQqbnbFdEAUoWDqy5sS3PmTF0njpOw6Zff2tFi9zOrIoUNUQMfIRWeoiq5RDdURRY/oGb2iN+vJerHerY/Z6JKVZQ7QH1ifP/hsmRI=</latexit><latexit sha1_base64="tL0+HOGCH8gi7sVhBY6cNHhcheE=">AAACC3icbVDLSgMxFM34rPU16tJNaBFclDIjgkIRim4ENxXsQzpDyaRpG5rJDMkdoQzdu/FX3LhQxK0/4M6/MW1noa0HAodz7iH3niAWXIPjfFtLyyura+u5jfzm1vbOrr2339BRoiir00hEqhUQzQSXrA4cBGvFipEwEKwZDK8mfvOBKc0jeQejmPkh6Uve45SAkTp2wetFigjhVbAnE+xxie9L2KsML9yS141Al246dtEpO1PgReJmpIgy1Dr2l0nSJGQSqCBat10nBj8lCjgVbJz3Es1iQoekz9qGShIy7afTW8b4yChdbJYyTwKeqr8TKQm1HoWBmQwJDPS8NxH/89oJ9M79lMs4ASbp7KNeIjBEeFIM7nLFKIiRIYQqbnbFdEAUoWDqy5sS3PmTF0njpOw6Zff2tFi9zOrIoUNUQMfIRWeoiq5RDdURRY/oGb2iN+vJerHerY/Z6JKVZQ7QH1ifP/hsmRI=</latexit><latexit sha1_base64="tL0+HOGCH8gi7sVhBY6cNHhcheE=">AAACC3icbVDLSgMxFM34rPU16tJNaBFclDIjgkIRim4ENxXsQzpDyaRpG5rJDMkdoQzdu/FX3LhQxK0/4M6/MW1noa0HAodz7iH3niAWXIPjfFtLyyura+u5jfzm1vbOrr2339BRoiir00hEqhUQzQSXrA4cBGvFipEwEKwZDK8mfvOBKc0jeQejmPkh6Uve45SAkTp2wetFigjhVbAnE+xxie9L2KsML9yS141Al246dtEpO1PgReJmpIgy1Dr2l0nSJGQSqCBat10nBj8lCjgVbJz3Es1iQoekz9qGShIy7afTW8b4yChdbJYyTwKeqr8TKQm1HoWBmQwJDPS8NxH/89oJ9M79lMs4ASbp7KNeIjBEeFIM7nLFKIiRIYQqbnbFdEAUoWDqy5sS3PmTF0njpOw6Zff2tFi9zOrIoUNUQMfIRWeoiq5RDdURRY/oGb2iN+vJerHerY/Z6JKVZQ7QH1ifP/hsmRI=</latexit><latexit sha1_base64="tL0+HOGCH8gi7sVhBY6cNHhcheE=">AAACC3icbVDLSgMxFM34rPU16tJNaBFclDIjgkIRim4ENxXsQzpDyaRpG5rJDMkdoQzdu/FX3LhQxK0/4M6/MW1noa0HAodz7iH3niAWXIPjfFtLyyura+u5jfzm1vbOrr2339BRoiir00hEqhUQzQSXrA4cBGvFipEwEKwZDK8mfvOBKc0jeQejmPkh6Uve45SAkTp2wetFigjhVbAnE+xxie9L2KsML9yS141Al246dtEpO1PgReJmpIgy1Dr2l0nSJGQSqCBat10nBj8lCjgVbJz3Es1iQoekz9qGShIy7afTW8b4yChdbJYyTwKeqr8TKQm1HoWBmQwJDPS8NxH/89oJ9M79lMs4ASbp7KNeIjBEeFIM7nLFKIiRIYQqbnbFdEAUoWDqy5sS3PmTF0njpOw6Zff2tFi9zOrIoUNUQMfIRWeoiq5RDdURRY/oGb2iN+vJerHerY/Z6JKVZQ7QH1ifP/hsmRI=</latexit>

y0 = u0
<latexit sha1_base64="n0H4/bsV4+T+lG7T1k0uYNaTT7o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU9mIoBeh6MVjBfsBbVo22027dLMJuxshhP4ILx4U8erv8ea/cZvmoK0PBh7vzTAzz48F1wbjb6e0tr6xuVXeruzs7u0fVA+P2jpKFGUtGolIdX2imeCStQw3gnVjxUjoC9bxp3dzv/PElOaRfDRpzLyQjCUPOCXGSp10gG+SAR5Wa7iOc6BV4hakBgWaw+pXfxTRJGTSUEG07rk4Nl5GlOFUsFmln2gWEzolY9azVJKQaS/Lz52hM6uMUBApW9KgXP09kZFQ6zT0bWdIzEQve3PxP6+XmODay7iME8MkXSwKEoFMhOa/oxFXjBqRWkKo4vZWRCdEEWpsQhUbgrv88ippX9RdXHcfLmuN2yKOMpzAKZyDC1fQgHtoQgsoTOEZXuHNiZ0X5935WLSWnGLmGP7A+fwBiRKPBw==</latexit><latexit sha1_base64="n0H4/bsV4+T+lG7T1k0uYNaTT7o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU9mIoBeh6MVjBfsBbVo22027dLMJuxshhP4ILx4U8erv8ea/cZvmoK0PBh7vzTAzz48F1wbjb6e0tr6xuVXeruzs7u0fVA+P2jpKFGUtGolIdX2imeCStQw3gnVjxUjoC9bxp3dzv/PElOaRfDRpzLyQjCUPOCXGSp10gG+SAR5Wa7iOc6BV4hakBgWaw+pXfxTRJGTSUEG07rk4Nl5GlOFUsFmln2gWEzolY9azVJKQaS/Lz52hM6uMUBApW9KgXP09kZFQ6zT0bWdIzEQve3PxP6+XmODay7iME8MkXSwKEoFMhOa/oxFXjBqRWkKo4vZWRCdEEWpsQhUbgrv88ippX9RdXHcfLmuN2yKOMpzAKZyDC1fQgHtoQgsoTOEZXuHNiZ0X5935WLSWnGLmGP7A+fwBiRKPBw==</latexit><latexit sha1_base64="n0H4/bsV4+T+lG7T1k0uYNaTT7o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU9mIoBeh6MVjBfsBbVo22027dLMJuxshhP4ILx4U8erv8ea/cZvmoK0PBh7vzTAzz48F1wbjb6e0tr6xuVXeruzs7u0fVA+P2jpKFGUtGolIdX2imeCStQw3gnVjxUjoC9bxp3dzv/PElOaRfDRpzLyQjCUPOCXGSp10gG+SAR5Wa7iOc6BV4hakBgWaw+pXfxTRJGTSUEG07rk4Nl5GlOFUsFmln2gWEzolY9azVJKQaS/Lz52hM6uMUBApW9KgXP09kZFQ6zT0bWdIzEQve3PxP6+XmODay7iME8MkXSwKEoFMhOa/oxFXjBqRWkKo4vZWRCdEEWpsQhUbgrv88ippX9RdXHcfLmuN2yKOMpzAKZyDC1fQgHtoQgsoTOEZXuHNiZ0X5935WLSWnGLmGP7A+fwBiRKPBw==</latexit><latexit sha1_base64="n0H4/bsV4+T+lG7T1k0uYNaTT7o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU9mIoBeh6MVjBfsBbVo22027dLMJuxshhP4ILx4U8erv8ea/cZvmoK0PBh7vzTAzz48F1wbjb6e0tr6xuVXeruzs7u0fVA+P2jpKFGUtGolIdX2imeCStQw3gnVjxUjoC9bxp3dzv/PElOaRfDRpzLyQjCUPOCXGSp10gG+SAR5Wa7iOc6BV4hakBgWaw+pXfxTRJGTSUEG07rk4Nl5GlOFUsFmln2gWEzolY9azVJKQaS/Lz52hM6uMUBApW9KgXP09kZFQ6zT0bWdIzEQve3PxP6+XmODay7iME8MkXSwKEoFMhOa/oxFXjBqRWkKo4vZWRCdEEWpsQhUbgrv88ippX9RdXHcfLmuN2yKOMpzAKZyDC1fQgHtoQgsoTOEZXuHNiZ0X5935WLSWnGLmGP7A+fwBiRKPBw==</latexit>
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4DVAR

A Posteriori Error Estimation 

where

8 µ 2 D
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Model Problem

Control error and bound
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Model Problem

Computation Time
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4DVAR Summary
Key points 

• Approximated solutions of the parametrized 4D-VAR problem using  
reduced basis methods 

• Developed a posteriori error bounds for the error in the control (initial condition or model 
error) as well as state and adjoint 

• Applied proposed methods to a simple parametrized convection-diffusion problem 
• Estimated unknown parameter, initial condition, and model error  

Issues and Perspectives 
• Convergence and error estimates for the parameter estimation problem 

• Introduce uncertainty in prior  
• Sensor placement 
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Data Assimilation + Sensor Placement

N. Aretz-Nellesen and M. Grepl

with 
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(Variational) Data Assimilation 
3D-/4D-VAR                                     [Lorenc '81], [Le Dimet '81], [Courtier '85], …   
                                       [Le Dimet & Talagrand '86], … [Navon et al] … 
+ Kalman Filter, Bayesian Methods      [Law & Stuart '15], [Reich '15], … 

MOR + Data Assimilation (+Sensor Placement) 
Gappy-POD         [Everson & Sirovich ’95], [Willcox '06] …  
GEIM            [Maday & Mula '13] … 
PGD (+ EIM )     [Nadal, Chinesta, Diez, Fuenmayor & Denia '15] … 
PBDW        [Maday, Patera, Penn & Yano ’14, ’15], [Taddei ’17],   
           [Maday & Taddei ’17(p)], [Taddei & Patera ’18],  
           [Hammond, Chaqir, Bourquin & Maday ’18(p)] 
OMP                        [Binev, Cohen, Mula & Nichols ’18] 

MOR + Optimal Control  
RB + OC          [Negri, Rozza, Manzoni, Quarteroni '13],  
           [Tröltzsch & Volkwein '09], [Kärcher, Tokoutsi, Grepl & V. '18]  

Background
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4DVAR

4DVAR (µ)

Solve for      and the estimate µ⇤
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Modified Formulation 

3D-VAR

where
model bias 
misfit between state and “data" 
state 
"data" 
regularisation parameter 
is the best- knowledge model of the physics.
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3D-VAR
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Variational Data Assimilation  
• Prevalent in meteorology and oceanography 

[Law & Stuart 2015], [Reich 2015],… 

• Given a best knowledge model and data 
  find (allowed) perturbations     to the model 

  such that     and the misfit     are as small as possible. 
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Issues  
• Bias in boundary conditions  
• Error in model form 
• Unknown or uncertain parameters 
• Noisy data  
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Issues  
• Bias in boundary conditions  
• Error in model form 
• Unknown or uncertain parameters 
• Noisy data  
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Relation to Optimal Control                      [Nellesen '18(MS)] 
• Distributed optimal control (+ minimization problem) 
•             represents permitted corrections to the model 
• Optimality leads to saddle point structure 
• Use RB approximation, error bounds in [Kärcher, Tokoutsi, Grepl & V. '17] 

• Difference: Measurement space  

b(u, v)

T ⇢ Y

s.t. a(y(µ), v;µ) = f(v;µ) + b(u(µ), v) 8v 2 Y

(y(µ) + d(µ), ⌧)Y = (yd, ⌧)Y 8⌧ 2 T ⇢ Y
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Modified Formulation 

3D-VAR + RB
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Reduced Basis Approximation                   [Nellesen '18(MS)] 
• Introduce reduced spaces for control, state, and adjoints 
• Galerkin projection onto reduced basis spaces 
• A posteriori error bounds for control, state, adjoint, and misfit 
• Offline / online decomposition 
• Greedy algorithm to construct approximation spaces 
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Residuals 
To obtain an a posteriori error bound for each error term 

we define the residuals 

whose norms can be computed in an offline-online procedure. 

3D-VAR + RB Error Estimation
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eu := u⇤ � u⇤
N , ey := y⇤ � y⇤N , ed := d⇤ � d⇤N , ep := p⇤ � p⇤N ,

(control) (state) (misfit) (adjoint)

ru : U ! R ru(�) := b+ µ(�, p⇤N )� (u⇤
N ,�)U

rp : Y ! R rp( ) := �( , d⇤N )Y � aµ( , p⇤N )

ry : Y ! R ry( ) := fµ( ) + bµ(u⇤
N , )� aµ(y⇤N , )

            (control)                         (state)                           (misfit)                          (adjoint) 



A Posteriori Error Bounds 
Define further 

3D-VAR + RB Error Estimation
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Then 

Similar a posteriori error bounds in [Kärcher, Tokoutsi, Grepl & V. '18] 
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Modified Formulation 

3D-VAR
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How do we optimally select the measurements? 

s.t. a(y(µ), v;µ) = f(v;µ) + b(u(µ), v) 8v 2 Y

(y(µ) + d(µ), ⌧)Y = (yd, ⌧)Y 8⌧ 2 T ⇢ Y
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How do we optimally select the measurement space  
where     is the space spanned by the Riesz representation  

of the measurement functionals? 

Stability analysis 
[Maday, Patera, Penn & Yano ’14] 

s.t. a(y(µ), v;µ) = f(v;µ) + b(u(µ), v) 8v 2 Y
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<latexit sha1_base64="5NptYfcL58hjz86p/RxOnQvhjSE=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIVdCUFNy4r9AVtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo9cDA4Zx7mXNPmAhu0PO+nNLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7j0wbrmQLZwkLYjKWPOKUoJX6g5jghBKRtebDas2rewu4f4lfkBoUaA6rn4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3TOrjNxIafskugv150ZGYmNmcWgn84hm1cvF/7x+itFNkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968l/Suaj7l3Xv4arWuC3qKMMJnMI5+HANDbiHJrSBgoIneIFXB51n5815X46WnGLnGH7B+fgGjKORaA==</latexit>

T
<latexit sha1_base64="5NptYfcL58hjz86p/RxOnQvhjSE=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIVdCUFNy4r9AVtKJPppB06mQkzN0IJ/Qw3LhRx69e482+ctFlo9cDA4Zx7mXNPmAhu0PO+nNLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7j0wbrmQLZwkLYjKWPOKUoJX6g5jghBKRtebDas2rewu4f4lfkBoUaA6rn4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3TOrjNxIafskugv150ZGYmNmcWgn84hm1cvF/7x+itFNkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968l/Suaj7l3Xv4arWuC3qKMMJnMI5+HANDbiHJrSBgoIneIFXB51n5815X46WnGLnGH7B+fgGjKORaA==</latexit>



One can show that 

                                                                 with positive stability constants. 

The stability constants are “better-behaved” for            [Nellesen et al. '18(p)]  

 as large as possible.  Here,

3D-VAR     : Stability Analysis
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⌘(µ) := inf
(u,y)2H0(µ)

kykY
kukU

!
> 0 �T (µ) := inf

y2Yµ

sup
⌧2T

(y,⌧)Y
kykYk⌧kY

!
> 0

k(u⇤
µ, y

⇤
µ)(�)kU⇥Y 6 Cµ

1 (�)kydkY + Cµ
2 (�)kfbk,µkY0

kp⇤µ(�)kY 6 Cµ
3 (�)kydkY + Cµ

4 (�)kfbk,µkY0

(µ)

H
0(µ) := { (u, y) 2 U ⇥ Y : aµ(y, ) = bµ(u, ) 8 2 Y },

Yµ := { y 2 Y : 9 u 2 U s.t. aµ(y, ) = bµ(u, ) 8 2 Y }.
<latexit sha1_base64="EgTWo8DH+dsBh8mIF/JQ5hd7OtA="></latexit>



One can show that 

                                                                 with positive stability constants. 

The stability constants are “better-behaved” for            [Nellesen et al. '18(p)]  

 as large as possible.  Here,

3D-VAR     : Stability Analysis
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⌘(µ) := inf
(u,y)2H0(µ)

kykY
kukU

!
> 0 �T (µ) := inf

y2Yµ

sup
⌧2T

(y,⌧)Y
kykYk⌧kY

!
> 0

k(u⇤
µ, y

⇤
µ)(�)kU⇥Y 6 Cµ

1 (�)kydkY + Cµ
2 (�)kfbk,µkY0

kp⇤µ(�)kY 6 Cµ
3 (�)kydkY + Cµ

4 (�)kfbk,µkY0

(µ)

H
0(µ) := { (u, y) 2 U ⇥ Y : aµ(y, ) = bµ(u, ) 8 2 Y },

Yµ := { y 2 Y : 9 u 2 U s.t. aµ(y, ) = bµ(u, ) 8 2 Y }.
<latexit sha1_base64="EgTWo8DH+dsBh8mIF/JQ5hd7OtA="></latexit>
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s.t. a(y(µ), v;µ) = f(v;µ) + b(u(µ), v) 8v 2 Y

(y(µ) + d(µ), ⌧)Y = (yd, ⌧)Y 8⌧ 2 T
<latexit sha1_base64="CMbSxLZaHAIMxseXb/3iaG37uc0="></latexit>

✓
min
µ2D

◆
min
u2U

1
2ku(µ)k

2
U + �

2 kd(µ)k
2
Y

<latexit sha1_base64="W4QX/RyX6n9fpjDJWd2536OklHs="></latexit>

Modified Formulation 



3DVAR + RB
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Assume that                                                           [Nellesen, Grepl & V. '18(p)] 

Then 

ky � yNkY 6 "µkykY where 0 6 "µ ⌧ 1

�T (µ) > (1� "µ)�T ,N (µ)� "µ

✓
min
µ2D

◆
min
u2U

1
2kuN (µ)k2U + �

2 kdN (µ)k2Y

s.t. a(yN (µ), v;µ) = f(v;µ) + b(uN (µ), v) 8v 2 YN

(yN (µ) + dN (µ), ⌧)Y = (yd, ⌧)Y 8⌧ 2 T
<latexit sha1_base64="beUa+fbz0iX4NvfjP3bFd8jmrE8="></latexit>

Modified Formulation 
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Procedure 
Recall optimality conditions                                       [Nellesen, Grepl & V. '18] 

(u⇤
µ,�)U � bµ(�, p⇤µ) = 0 8 � 2 U

aµ( , p⇤µ)� �( , d⇤µ)Y = 0 8  2 Y

aµ(y⇤µ, )� bµ(u⇤
µ, ) = fbk,µ( ) 8  2 Y

(y⇤µ + d⇤µ, ⌧)Y = (yd, ⌧)Y 8 ⌧ 2 T .
<latexit sha1_base64="98SpSsSGqYo2cEvc+y+vSROBX5s="></latexit>

control 

adjoint 

state 

misfit 



Construction of RB Spaces
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Procedure 
Recall optimality conditions                                       [Nellesen, Grepl & V. '18] 

UN�����!Yy,N�����!T �����!Yp,N �����! YN = Yy,N + Yp,N

(u⇤
µ,�)U � bµ(�, p⇤µ) = 0 8 � 2 U

aµ( , p⇤µ)� �( , d⇤µ)Y = 0 8  2 Y

aµ(y⇤µ, )� bµ(u⇤
µ, ) = fbk,µ( ) 8  2 Y

(y⇤µ + d⇤µ, ⌧)Y = (yd, ⌧)Y 8 ⌧ 2 T .
<latexit sha1_base64="98SpSsSGqYo2cEvc+y+vSROBX5s="></latexit>

control 

adjoint 

state 

misfit 

Given a low dimensional approximation to the space 
of model corrections (i.e., control)
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Procedure 
Recall optimality conditions                                       [Nellesen, Grepl & V. '18] 

UN�����!Yy,N�����!T �����!Yp,N �����! YN = Yy,N + Yp,N

(u⇤
µ,�)U � bµ(�, p⇤µ) = 0 8 � 2 U

aµ( , p⇤µ)� �( , d⇤µ)Y = 0 8  2 Y

aµ(y⇤µ, )� bµ(u⇤
µ, ) = fbk,µ( ) 8  2 Y

(y⇤µ + d⇤µ, ⌧)Y = (yd, ⌧)Y 8 ⌧ 2 T .
<latexit sha1_base64="98SpSsSGqYo2cEvc+y+vSROBX5s="></latexit>

control 

adjoint 

state 

misfit 

Construct an RB space for the state 
Note that      is not yet required!T



Construction of RB Spaces
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Procedure 
Recall optimality conditions                                       [Nellesen, Grepl & V. '18] 

UN�����!Yy,N�����!T �����!Yp,N �����! YN = Yy,N + Yp,N

(u⇤
µ,�)U � bµ(�, p⇤µ) = 0 8 � 2 U

aµ( , p⇤µ)� �( , d⇤µ)Y = 0 8  2 Y

aµ(y⇤µ, )� bµ(u⇤
µ, ) = fbk,µ( ) 8  2 Y

(y⇤µ + d⇤µ, ⌧)Y = (yd, ⌧)Y 8 ⌧ 2 T .
<latexit sha1_base64="98SpSsSGqYo2cEvc+y+vSROBX5s="></latexit>

control 

adjoint 

state 

misfit 

Select optimal measurements via  
greedy algorithm in the parameter domain + 
orthogonal matching pursuit [Binev et al. '18]



Construction of RB Spaces
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Procedure 
Recall optimality conditions                                       [Nellesen, Grepl & V. '18] 

UN�����!Yy,N�����!T �����!Yp,N �����! YN = Yy,N + Yp,N

(u⇤
µ,�)U � bµ(�, p⇤µ) = 0 8 � 2 U

aµ( , p⇤µ)� �( , d⇤µ)Y = 0 8  2 Y

aµ(y⇤µ, )� bµ(u⇤
µ, ) = fbk,µ( ) 8  2 Y

(y⇤µ + d⇤µ, ⌧)Y = (yd, ⌧)Y 8 ⌧ 2 T .
<latexit sha1_base64="98SpSsSGqYo2cEvc+y+vSROBX5s="></latexit>

control 

adjoint 

state 

misfit 

Construct an RB space for the adjoint



Thermal Block  
           

• State space 
      FE-discretization of  

• Bilinear form 

• Parameter domain 

Numerical Experiment

!221

Y
<latexit sha1_base64="lruijRM5jVgt/xbnZJiLjN7Pkro=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooCcpePFYwdZKE8pmu2mXbjZh90UopX/DiwdFvPpnvPlv3LQ5aOvAwjDzHm92wlQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkgNl0LxFgqUvJNqTuNQ8odwdJP7D09cG5GoexynPIjpQIlIMIpW8v2Y4pBRSR5JpVetuXV3BrJMvILUoECzV/3y+wnLYq6QSWpM13NTDCZUo2CSTyt+ZnhK2YgOeNdSRWNugsks85ScWKVPokTbp5DM1N8bExobM45DO5lnNIteLv7ndTOMroKJUGmGXLH5oSiTBBOSF0D6QnOGcmwJZVrYrIQNqaYMbU15Cd7il5dJ+6zundfdu4ta47qoowxHcAyn4MElNOAWmtACBik8wyu8OZnz4rw7H/PRklPsHMIfOJ8/tIaQyQ==</latexit>

Ye := {y 2 H
1(⌦) : y|�D = 0}

<latexit sha1_base64="Kt/pyJKxksbw6MKpYdDOGR727rU="></latexit>

C := [0.1, 10]2
<latexit sha1_base64="Q0zeO4+vyTRMCpSI9pPsILDq9bs=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgQsKkCoqgFLpxWcE+II1lMp20QyeTMDMRSilu/BU3LhRx61e482+ctFlo64ELh3Pu5d57goQzpRH6thYWl5ZXVgtrxfWNza1te2e3oeJUElonMY9lK8CKciZoXTPNaSuRFEcBp81gUM385gOVisXiTg8T6ke4J1jICNZG6tj77QjrPsEcVuHlFfSQ4564yL8vFzt2CTloAjhP3JyUQI5ax/5qd2OSRlRowrFSnosS7Y+w1IxwOi62U0UTTAa4Rz1DBY6o8keTF8bwyChdGMbSlNBwov6eGOFIqWEUmM7sYDXrZeJ/npfq8MIfMZGkmgoyXRSmHOoYZnnALpOUaD40BBPJzK2Q9LHERJvUshDc2ZfnSaPsuKcOuj0rVa7zOArgAByCY+CCc1ABN6AG6oCAR/AMXsGb9WS9WO/Wx7R1wcpn9sAfWJ8/tmqUYQ==</latexit>

aµ(y, w) :=
2X

i=0

µi

Z

⌦i

ry ·rw dx
<latexit sha1_base64="YuCs0dQ35Mrnhacw/Gz5dCi/Yr8="></latexit>
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Thermal Block  
           

• Source term 
    

                where 

• BK-model source term 

• Model correction 

              (polynomial space) 

Numerical Experiment
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u 2 L2(�in)
<latexit sha1_base64="QO2T8drkEuCF/4knb6o1Rj4AYz0=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiRV0JUUXOjCRQX7gCaGyXTSDp2ZhJmJUEJXbvwVNy4Uces3uPNvnLRdaOuBC4dz7uXee8KEUaUd59taWFxaXlktrBXXNza3tu2d3aaKU4lJA8cslu0QKcKoIA1NNSPtRBLEQ0Za4eAy91sPRCoaizs9TIjPUU/QiGKkjRTYByn0qIA391VY9q4Q5wgGmSc5pGJ0XAzsklNxxoDzxJ2SEpiiHthfXjfGKSdCY4aU6rhOov0MSU0xI6OilyqSIDxAPdIxVCBOlJ+N3xjBI6N0YRRLU0LDsfp7IkNcqSEPTSdHuq9mvVz8z+ukOjr3MyqSVBOBJ4uilEEdwzwT2KWSYM2GhiAsqbkV4j6SCGuTXB6CO/vyPGlWK+5Jxbk9LdUupnEUwD44BGXggjNQA9egDhoAg0fwDF7Bm/VkvVjv1sekdcGazuyBP7A+fwAUipby</latexit>

b(u, ·) 2 Y 0, b(u,w) :=

Z

�in

uw dS,
<latexit sha1_base64="3S5kKw9HFq+fdTWr3iSxVfG5R3E="></latexit>

fbk,µ = b(ubk, ·), ubk ⌘ 1
<latexit sha1_base64="foZ3Y2BoAj6DVr+8CC34p9mbSnY=">AAACKnicbZDLSsNAFIYnXmu9RV26GSxCBSmJCrpRKm5cVrAXaEKYTCft0JkkzqVQQp/Hja/ipguluPVBnF4UbT0w8PP953Dm/GHKqFSOM7KWlldW19ZzG/nNre2dXXtvvyYTLTCp4oQlohEiSRiNSVVRxUgjFQTxkJF62L0b+/UeEZIm8aPqp8TnqB3TiGKkDArs2wgGWeYJDsPu4BR6XA/gNQyL2uBv6uFWok6MCfUPhB550rQH3XxgF5ySMym4KNyZKIBZVQJ76LUSrDmJFWZIyqbrpMrPkFAUMzLIe1qSFOEuapOmkTHiRPrZ5NQBPDakBaNEmBcrOKG/JzLEpezz0HRypDpy3hvD/7ymVtGVn9E41YrEeLoo0gyqBI5zgy0qCFasbwTCgpq/QtxBAmFl0h2H4M6fvChqZyX3vOQ8XBTKN7M4cuAQHIEicMElKIN7UAFVgMEzeAVv4N16sYbWyPqYti5Zs5kD8Keszy+oPaTt</latexit>

U = P3
<latexit sha1_base64="8GXYLOzmZlvvWjh2xqHvgKdubQk=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIr6EYpuHFZwbSFNoTJdNIOnTyYmQgldOPGX3HjQhG3/oM7/8ZJmoW2Hhg4c8693HuPn3AmlWV9G0vLK6tr65WN6ubW9s6uubfflnEqCHVIzGPR9bGknEXUUUxx2k0ExaHPaccf3+R+54EKyeLoXk0S6oZ4GLGAEay05JlH/RCrEcEcOegKFR/fz1pT5DVQ1TNrVt0qgBaJXZIalGh55ld/EJM0pJEiHEvZs61EuRkWihFOp9V+KmmCyRgPaU/TCIdUullxxRSdaGWAgljoFylUqL87MhxKOQl9XZmvKee9XPzP66UquHQzFiWpohGZDQpSjlSM8kjQgAlKFJ9ogolgeldERlhgonRweQj2/MmLpH1Wtxt16+681rwu46jAIRzDKdhwAU24hRY4QOARnuEV3own48V4Nz5mpUtG2XMAf2B8/gDaS5bX</latexit>



Parameter Estimation Problem Statement  
             Approximate the unknown variables  

•    

•    

•    

      with the 3D-VAR solution. 

Numerical Experiment
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µtrue = (7, 0.3) 2 C
<latexit sha1_base64="HL/LR95/QMk9QKx3LzJrgnlj5tg=">AAACFnicbVDLSsNAFJ3UV42vqEs3g0WooCWxQt0ohW5cVrAPaEqYTKft0JlJmIdQQr/Cjb/ixoUibsWdf2PSdqGtBy4czrmXe+8JY0aVdt1vK7eyura+kd+0t7Z3dvec/YOmiozEpIEjFsl2iBRhVJCGppqRdiwJ4iEjrXBUy/zWA5GKRuJej2PS5WggaJ9ipFMpcM59bmCQ+JLDREtDJhN4DYuVM7dUPoU+FdDnSA8xYrAGbTtwCm7JnQIuE29OCmCOeuB8+b0IG06Exgwp1fHcWHcTJDXFjExs3ygSIzxCA9JJqUCcqG4yfWsCT1KlB/uRTEtoOFV/TySIKzXmYdqZHakWvUz8z+sY3b/qJlTERhOBZ4v6hkEdwSwj2KOSYM3GKUFY0vRWiIdIIqzTJLMQvMWXl0nzouSVS+7dZaF6M48jD47AMSgCD1RAFdyCOmgADB7BM3gFb9aT9WK9Wx+z1pw1nzkEf2B9/gA8oZw1</latexit>

utrue(x) ⇡ 1.5 + 0.3 sin(2⇡x), x 2 �in
<latexit sha1_base64="Ycafa8x3s6/DcEn8T3kuwS9KcCE="></latexit>

ytrue = yµtrue(utrue)
<latexit sha1_base64="QGApZCBlMW+QKBxzwZygQ22yeEM=">AAACIXicbZDLSsNAFIYnXmu9RV26GSxC3ZREBbtRCm5cVrAXaEOYTKft0JkkzEUIIa/ixldx40KR7sSXcdJmYVt/GPj5zjmcOX8QMyqV43xba+sbm1vbpZ3y7t7+waF9dNyWkRaYtHDEItENkCSMhqSlqGKkGwuCeMBIJ5jc5/XOMxGSRuGTSmLicTQK6ZBipAzy7Xrip33BYaqEJlkGb2EOuIYLOINVvQAuyr5dcWrOTHDVuIWpgEJN3572BxHWnIQKMyRlz3Vi5aVIKIoZycp9LUmM8ASNSM/YEHEivXR2YQbPDRnAYSTMCxWc0b8TKeJSJjwwnRypsVyu5fC/Wk+rYd1LaRhrRUI8XzTUDKoI5nHBARUEK5YYg7Cg5q8Qj5FAWJlQ8xDc5ZNXTfuy5l7VnMfrSuOuiKMETsEZqAIX3IAGeABN0AIYvIA38AE+rVfr3fqypvPWNauYOQELsn5+AUuipCs=</latexit>



Parameter Estimation Problem Statement  
             Approximate the unknown variables  

•    

•    

•    

      with the 3D-VAR solution. 

Numerical Experiment
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µtrue = (7, 0.3) 2 C
<latexit sha1_base64="HL/LR95/QMk9QKx3LzJrgnlj5tg=">AAACFnicbVDLSsNAFJ3UV42vqEs3g0WooCWxQt0ohW5cVrAPaEqYTKft0JlJmIdQQr/Cjb/ixoUibsWdf2PSdqGtBy4czrmXe+8JY0aVdt1vK7eyura+kd+0t7Z3dvec/YOmiozEpIEjFsl2iBRhVJCGppqRdiwJ4iEjrXBUy/zWA5GKRuJej2PS5WggaJ9ipFMpcM59bmCQ+JLDREtDJhN4DYuVM7dUPoU+FdDnSA8xYrAGbTtwCm7JnQIuE29OCmCOeuB8+b0IG06Exgwp1fHcWHcTJDXFjExs3ygSIzxCA9JJqUCcqG4yfWsCT1KlB/uRTEtoOFV/TySIKzXmYdqZHakWvUz8z+sY3b/qJlTERhOBZ4v6hkEdwSwj2KOSYM3GKUFY0vRWiIdIIqzTJLMQvMWXl0nzouSVS+7dZaF6M48jD47AMSgCD1RAFdyCOmgADB7BM3gFb9aT9WK9Wx+z1pw1nzkEf2B9/gA8oZw1</latexit>

utrue(x) ⇡ 1.5 + 0.3 sin(2⇡x), x 2 �in
<latexit sha1_base64="Ycafa8x3s6/DcEn8T3kuwS9KcCE="></latexit>

ytrue = yµtrue(utrue)
<latexit sha1_base64="QGApZCBlMW+QKBxzwZygQ22yeEM=">AAACIXicbZDLSsNAFIYnXmu9RV26GSxC3ZREBbtRCm5cVrAXaEOYTKft0JkkzEUIIa/ixldx40KR7sSXcdJmYVt/GPj5zjmcOX8QMyqV43xba+sbm1vbpZ3y7t7+waF9dNyWkRaYtHDEItENkCSMhqSlqGKkGwuCeMBIJ5jc5/XOMxGSRuGTSmLicTQK6ZBipAzy7Xrip33BYaqEJlkGb2EOuIYLOINVvQAuyr5dcWrOTHDVuIWpgEJN3572BxHWnIQKMyRlz3Vi5aVIKIoZycp9LUmM8ASNSM/YEHEivXR2YQbPDRnAYSTMCxWc0b8TKeJSJjwwnRypsVyu5fC/Wk+rYd1LaRhrRUI8XzTUDKoI5nHBARUEK5YYg7Cg5q8Qj5FAWJlQ8xDc5ZNXTfuy5l7VnMfrSuOuiKMETsEZqAIX3IAGeABN0AIYvIA38AE+rVfr3fqypvPWNauYOQELsn5+AUuipCs=</latexit>

Prior Knowledge: 
         can be approximated in                 sufficiently 
Measurement Space: 
A small number of measurements may be chosen from a library of 
     gaussian functionals with std. dev. 0.01 and centers within                          

utrue U := P3
<latexit sha1_base64="I3+s46WRsiaBHka2MXuoxnfF2mo=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwVRIrKIJScOOygmkLbQiT6aQdOnkwMxFK6MaNv+LGhSJu/Qd3/o2TNoi2Hhg4c8693HuPn3AmlWV9GQuLS8srq6W18vrG5ta2ubPblHEqCHVIzGPR9rGknEXUUUxx2k4ExaHPacsfXud+654KyeLoTo0S6oa4H7GAEay05JkH3RCrAcEcOejiEv38GsirlT2zYlWtCdA8sQtSgQINz/zs9mKShjRShGMpO7aVKDfDQjHC6bjcTSVNMBniPu1oGuGQSjebXDFGR1rpoSAW+kUKTdTfHRkOpRyFvq7Mt5SzXi7+53VSFZy7GYuSVNGITAcFKUcqRnkkqMcEJYqPNMFEML0rIgMsMFE6uDwEe/bkedI8qdq1qnV7WqlfFXGUYB8O4RhsOIM63EADHCDwAE/wAq/Go/FsvBnv09IFo+jZgz8wPr4BWmWWhQ==</latexit>

(0.02, 0.98)2 ⇢ ⌦
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Selection of the Measurement Space  
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3D- VAR model correction  
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3D- VAR model correction  
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Reduced Basis Spaces 

Space dimensions:  
       

Computational time: 

U Yy Yy YR T
dim 4 64 95 159 16

UN�����!Yy,N�����!T �����!Yp,N �����! YN = Yy,N + Yp,N

Parameter estimation: roughly 25-28 mins.
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A Posteriori Error Bounds  
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A Posteriori Error Bounds  
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We developed a certified RB method for 3D & 4D variational data assimilation 
• model order reduction for state, adjoint, and control variables 
• a posteriori bounds for error in RB approximation 
• determination of unknown parameters 

• estimation of model bias

Here, we focused on: 
• Selection of measurements through stability-based greedy-OMP algorithm 

• Reduce sensitivity to experimental noise  
• Step-wise construction of RB spaces 

• Application to 3D-VAR 

Next steps:  
• Extension to 4D-VAR  

• Selection of model modifications 
• Application to large-scale problems
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PART III
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Applications and Future Work

D. Degen, M. Grepl, F. Wellmann (RWTH)

with 

M. Baragona, V. Lavezzo, R. Maessen, Z. 
Tokoutsi, N. Vaidya (Philips)
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Industrial Applications

Source: akselos.com

The reduced basis method is useful for the
many-query, real-time, and slim-computing contexts.

6/65

The reduced basis method is useful for the 
many-query, real-time, and slim-computing contexts.



Application: Geosciences

Courtesy of Prof. Scheck-Wenderoth, GFZ Postdam.
Upper boundary condition

Upper Rhine Graben (Germany)

Model 
Thermal diffusion with radiogenic heat 
production

⌫r2T + S = 0
<latexit sha1_base64="rHzLifwFuQ8Dwb57ac6vaxt/blk=">AAAB/nicbVDLSsNAFJ34rPUVFVduBltBEEqSjW6EghuXFfuCJpab6aQdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG9rZXVtfWOzsFXc3tnd27cPDpsqySShDZLwRLZDUJQzQRuaaU7bqaQQh5y2wuHNxG89UqlYIup6lNIghr5gESOgjdS1j8u+yLAvIOTwkHvj+sX9tVPu2iWn4kyBl4k7JyU0R61rf/m9hGQxFZpwUKrjOqkOcpCaEU7HRT9TNAUyhD7tGCogpirIp+eP8ZlRejhKpCmh8VT9PZFDrNQoDk1nDHqgFr2J+J/XyXR0FeRMpJmmgswWRRnHOsGTLHCPSUo0HxkCRDJzKyYDkEC0SaxoQnAXX14mTa/iOhX3zitVvXkcBXSCTtE5ctElqqJbVEMNRFCOntErerOerBfr3fqYta5Y85kj9AfW5w8We5Qz</latexit><latexit sha1_base64="rHzLifwFuQ8Dwb57ac6vaxt/blk=">AAAB/nicbVDLSsNAFJ34rPUVFVduBltBEEqSjW6EghuXFfuCJpab6aQdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG9rZXVtfWOzsFXc3tnd27cPDpsqySShDZLwRLZDUJQzQRuaaU7bqaQQh5y2wuHNxG89UqlYIup6lNIghr5gESOgjdS1j8u+yLAvIOTwkHvj+sX9tVPu2iWn4kyBl4k7JyU0R61rf/m9hGQxFZpwUKrjOqkOcpCaEU7HRT9TNAUyhD7tGCogpirIp+eP8ZlRejhKpCmh8VT9PZFDrNQoDk1nDHqgFr2J+J/XyXR0FeRMpJmmgswWRRnHOsGTLHCPSUo0HxkCRDJzKyYDkEC0SaxoQnAXX14mTa/iOhX3zitVvXkcBXSCTtE5ctElqqJbVEMNRFCOntErerOerBfr3fqYta5Y85kj9AfW5w8We5Qz</latexit><latexit sha1_base64="rHzLifwFuQ8Dwb57ac6vaxt/blk=">AAAB/nicbVDLSsNAFJ34rPUVFVduBltBEEqSjW6EghuXFfuCJpab6aQdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG9rZXVtfWOzsFXc3tnd27cPDpsqySShDZLwRLZDUJQzQRuaaU7bqaQQh5y2wuHNxG89UqlYIup6lNIghr5gESOgjdS1j8u+yLAvIOTwkHvj+sX9tVPu2iWn4kyBl4k7JyU0R61rf/m9hGQxFZpwUKrjOqkOcpCaEU7HRT9TNAUyhD7tGCogpirIp+eP8ZlRejhKpCmh8VT9PZFDrNQoDk1nDHqgFr2J+J/XyXR0FeRMpJmmgswWRRnHOsGTLHCPSUo0HxkCRDJzKyYDkEC0SaxoQnAXX14mTa/iOhX3zitVvXkcBXSCTtE5ctElqqJbVEMNRFCOntErerOerBfr3fqYta5Y85kj9AfW5w8We5Qz</latexit><latexit sha1_base64="rHzLifwFuQ8Dwb57ac6vaxt/blk=">AAAB/nicbVDLSsNAFJ34rPUVFVduBltBEEqSjW6EghuXFfuCJpab6aQdOpmEmYlQQsFfceNCEbd+hzv/xuljoa0HLhzOuZd77wlTzpR2nG9rZXVtfWOzsFXc3tnd27cPDpsqySShDZLwRLZDUJQzQRuaaU7bqaQQh5y2wuHNxG89UqlYIup6lNIghr5gESOgjdS1j8u+yLAvIOTwkHvj+sX9tVPu2iWn4kyBl4k7JyU0R61rf/m9hGQxFZpwUKrjOqkOcpCaEU7HRT9TNAUyhD7tGCogpirIp+eP8ZlRejhKpCmh8VT9PZFDrNQoDk1nDHqgFr2J+J/XyXR0FeRMpJmmgswWRRnHOsGTLHCPSUo0HxkCRDJzKyYDkEC0SaxoQnAXX14mTa/iOhX3zitVvXkcBXSCTtE5ctElqqJbVEMNRFCOntErerOerBfr3fqYta5Y85kj9AfW5w8We5Qz</latexit>

• Parameter Estimation 
• Model Calibration 
• Inverse Problems 
• Sensitivity Analysis 
• Data Assimilation

 [Degen, Wellmann, …]
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Motivation

Thermal Ablation Treatment Planning

• Thermal Ablation: destroy target tissue by 
increasing temperature above threshold.
 [Chu and Dupuy , 2014] Tumor

Healthy tissue

Blood 
vessel
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Motivation

Thermal Ablation Treatment Planning

• Thermal Ablation: destroy target tissue by 
increasing temperature above threshold. 
 [Chu and Dupuy , 2014] 

• Treatment Planning: 
– Determine placement parameters for 
ablation probes. 
– Determine device power settings. 

Tumor

Healthy tissue

Blood 
vessel

p
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Motivation

Thermal Ablation Treatment Planning

• Thermal Ablation: destroy target tissue by 
increasing temperature above threshold. 
 [Chu and Dupuy , 2014] 

• Treatment Planning: 
– Determine placement parameters for 
ablation probes. 
– Determine device power settings. 

Bioheat Equation [Pennes, 1948] 

Heat Diffusion in living tissue following the Pennes Bioheat model
�k�T + ⇢Cw(T � Tcore) = Q, in ⌦

kr⌫T + h(T � Tcore) = 0 on �

Tumor

Healthy tissue

Blood 
vessel

p
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Motivation

Thermal Ablation Treatment Planning

• Thermal Ablation: destroy target tissue by 
increasing temperature above threshold. 
 [Chu and Dupuy , 2014] 

• Treatment Planning: 
– Determine placement parameters for 
ablation probes. 
– Determine device power settings. 

Bioheat Equation [Pennes, 1948] 

Non-dimensional Bioheat Equation
�k�y + cy = u, in ⌦

kr⌫y + hy = 0 on �

Tumor

Healthy tissue

Blood 
vessel

p
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Treatment Planning Algorithm
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Treatment Planning Algorithm

Start

Input: Domain Segmantation

User choice of constraints and
prescription of weights

Solve the optimal control problem to
determine the optimal heat source

Is the ablation
zone estimation

satisfactory?

Initialize:
- one ablation probe
- target function: optimal heat source

- Increase number of needles by one
- Update target and cost function

Solve optimization problem to
determine the optimal placement

parameters and power contol

NO YES NO

YES

PA
R

T
I
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Treatment Planning Algorithm

Part I: Optimal Heat Source

min
u2Uad

Jheat(y, u;µ) :=
3X

i=1

�i

2
ky � ydk2L2(⌦i)

+
�

2
kuk2L2(⌦)
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Treatment Planning Algorithm

PA
R

T
II

Is the heat
approximation
satisfactory?

Optimize the power of each probe
based on the target temperature
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Treatment Planning Algorithm

Part II: Optimize Placement and Power

min
(p,P )

Jplac(p, P ) :=
1

2
kQG(x; p, P )� u⇤(x)k2L2(⌦).
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Treatment Planning Algorithm

Is the heat
approximation
satisfactory?

Optimize the power of each probe
based on the target temperature

End

PART II
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Treatment Planning Algorithm

Part III: Power Control

min
P�0

Jpower(P1, · · · , PnP ) :=
3X

i=1

�i

2

��y � yd
��2
L2(⌦i)
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Treatment Planning Algorithm

Part III: Power Control

min
P�0

Jpower(P1, · · · , PnP ) :=
3X

i=1

�i

2

��y � yd
��2
L2(⌦i)
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The Reduced Basis Method

Motivation - Real Time Updates:

• Adjust regularization weights 
• Adjust models with patient specific parameters 
• Update solution w.r.t. geometric parameters 

– shifted tumor location 
– power control w.r.t. final probe placement
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The Reduced Basis Method

Motivation - Real Time Updates:

• Adjust regularization weights 
• Adjust models with patient specific parameters 
• Update solution w.r.t. geometric parameters 

– shifted tumor location 
– power control w.r.t. final probe placement

• accurate 
• reliable 
• efficient surrogates 
• of small dimension 
to solutions of parametrized PDEs for the many query real-time contexts.

The Reduced Basis Method provides
•   
•   
• cost 
•    small

yN ⇡ y

�y
N � ky � yNkY

O(N⇤)

N
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The Reduced Basis Method

Start

Input: Domain Segmantation

User choice of constraints and
prescription of weights

Solve the optimal control problem to
determine the optimal heat source

Is the ablation
zone estimation

satisfactory?

Initialize:
- one ablation probe
- target function: optimal heat source

- Increase number of needles by one
- Update target and cost function

Solve optimization problem to
determine the optimal placement

parameters and power contol

NO YES NO

YES

PA
R

T
I

Is the heat
approximation
satisfactory?

Optimize the power of each probe
based on the target temperature

PART II
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The Reduced Basis Method

Problem Set Up

Bioheat Equation: 
Heat Diffusion in living tissue following the Pennes 
Bioheat model [Pennes, 1948], [Davidson and Sherar, 2003]

 Domain and mesh where created using Gmsh 
[Geuzaine and Remacle,  2009]

�k�y + cy = u, in ⌦(l )

kr⌫y + Bi(y � ycool) = 0 on �C

y = 0, on �D
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The Reduced Basis Method

Problem Set Up

Bioheat Equation: 
Heat Diffusion in living tissue following the Pennes 
Bioheat model [Pennes, 1948], [Davidson and Sherar, 2003]

 Domain and mesh where created using Gmsh 
[Geuzaine and Remacle,  2009]

�k�y + cy = u, in ⌦(l )

kr⌫y + Bi(y � ycool) = 0 on �C

y = 0, on �D

Parametrization: 
• Blood perfusion rate 
• Distance from urethra 
• cooling temperature

c

l

ycool
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The Reduced Basis Method

Optimal Control Problem (OCP)

For any           solveµ 2 D
min

y2Y,u2U
Jheat(y, u;µ) =

1

2
|y � yd|2D(µ) +

�

2
kuk2U(µ)

Optimal Heat Optimal Temperatureu⇤ y⇤
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The Reduced Basis Method

Optimal Control Problem (OCP)

For any           solveµ 2 D
min

y2Y,u2U
Jheat(y, u;µ) =

1

2
|y � yd|2D(µ) +

�

2
kuk2U(µ)

Optimal Heat Optimal Temperatureu⇤ y⇤
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The Reduced Basis Approximation

Error and Bounds  Details to appear in [T. et al., 2018]
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Non-Affine Problems

Is the heat
approximation
satisfactory?

Optimize the power of each probe
based on the target temperature
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Non-Affine Problems

Motivation

Can we update the device power control in real time for different ablation 
probe placements?
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Non-Affine Problems

Motivation

Can we update the device power control in real time for different ablation 
probe placements?

For any          µ 2 D
min

y2Y,P2RnP
Jpower(y, P ;µ) :=

1

2

��y � yd
��2
D

+
�

2

��P � Pd

��2
2
,
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Non-Affine Problems

Motivation

Can we update the device power control in real time for different ablation 
probe placements?

For any          µ 2 D
min

y2Y,P2RnP
Jpower(y, P ;µ) :=

1

2

��y � yd
��2
D

+
�

2

��P � Pd

��2
2
,

s.t.(y, u) 2 Y ⇥ RnP solves

�k�y + cy =
nPX

i=1

Pi g(x; pi), in ⌦

kr⌫y + hy = 0, on �
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Non-Affine Problems

EIM  [Barrault, Maday, Nguyen, Patera, 2004]

• Use EIM to construct collateral basis

• Affinely decomposable approximation

W g
M := span{ĝ1 = g(µ1), · · · , ĝM = g(µM )}

g(.;µ) ⇡ gM (., µ) =
MX

m=1

!m(µ)ĝm(x).
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Non-Affine Problems

EIM  [Barrault, Maday, Nguyen, Patera, 2004]

• Use EIM to construct collateral basis

• Affinely decomposable approximation

W g
M := span{ĝ1 = g(µ1), · · · , ĝM = g(µM )}

g(.;µ) ⇡ gM (., µ) =
MX

m=1

!m(µ)ĝm(x).

• Estimate interpolation error  [Eftang, Grepl, Patera , 2010]

"gM (µ) := kg(.;µ)� gM (.;µ)kL1(⌦)  "̂gM (µ)
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Non-Affine Problems

Relative Errors and Error Estimates

EIM tol M FE time RB time
1e� 6 256 1.1 s 0.1� 10 ms
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Outlook and Conclusions

Overview:

• Introduction to treatment planning problems. 
• Discussed an algorithm for thermal treatment planning. 
• Motivated the need for real-time responsive simulations. 
• Applied the reduced basis method and reviewed test cases.
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Outlook and Conclusions

Overview:

• Introduction to treatment planning problems. 
• Discussed an algorithm for thermal treatment planning. 
• Motivated the need for real-time responsive simulations. 
• Applied the reduced basis method and reviewed test cases.

• Apply our work to model reduction for time dependent power control.

Ongoing Work:
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Outlook and Conclusions
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Questions or comments? 
E-mail: veroy@aices.rwth-aachen.de 


