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My background

Goals

Limitations
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Overview

Part I: Introduction to the Reduced Basis Method

Part ll: The RB Method and Data

Part lll: Applications

Exercises (by James Nichols)
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Overview

Part I: Introduction to the Reduced Basis Method
Motivation

RB for the Simplest Case

Generalizations

Part ll: RB + Data

Part lll: Applications + Exercises
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Motivation - A Geosciences Example

Groundwater flow

Saturated zone
Groundwater flow

(groundwater)

Bl 2 | oy

Aquifer

Source: Environment and Climate Canada
https://www.ec.gc.ca/eau-water

Given:
e Parametrized PDE-model

Issues:

Parameters unknown
Model, but possibly erroneous

Boundary or initial conditions uncertain

Measurements, possibly noisy

Groundwater Flow:
e Groundwater management
e Contaminant transport
Goal:
e Predict hydraulic head
* Predict pollutant concentration

Aquifers and wells

|
~ Confini
et e

Confined aquifer

Unconfined
aquifer
Water table well
{In unconfined aquifer;

Source: Environment and Climate Canada
https://www.ec.gc.ca/eau-water
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Brief Introduction to the Reduced Basis Method
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Notation

In the following:

{4 parameter

S output

Yy  state,and y(u) = y(x; 1)
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Objective

Problem: Compute s(u) = f(y(u); 1) where

a(y(p),vip) = f(v;p), Vove)Y PDE

In multi-query, real-time, or slim computing settings.

Goal: Compute approximations

y(u) ~ yn (1)
s(p) = sn(p) == flyn(p); 1)

that are (certifiably-)accurate and (online-)inexpensive.
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The Reduced Basis Method

A
>
HIGH-DIMENSIONAL
FE SPACE
a(y(p),v;p) = f(v;p), forallve)
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The Reduced Basis Method

A
SNAPSHOTS
y(pi)
=
HIGH-DIMENSIONAL
FE SPACE
yN:span{ y(pi), i=1,...,N }
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The Reduced Basis Method

A
EXACT SOLUTION
y(1)
SNAPSHOTS
y(p:)
>
HIGH-DIMENSIONAL
FE SPACE
a(y(p),v; ) = f(v;u), forall ve Y.
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The Reduced Basis Method

EXACT SOLUTION
y(1)

SNAPSHOTS

(i) ° yn (1)

(1) APPROXIMATION

HIGH-DIMENSIONAL
FE SPACE

a(yn (1), v; ) = f(v;p), for all v € Y.
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The Reduced Basis Method

EXACT SOLUTION

y(1)

- -
-
-
-
-
-
—
-
-
—
-
—
- -
-—
—
-
-
-
-—
—
-—
-—
—
-—
-

SNAPSHOTS
y(m)

(2) ERROR BOUND
AN(M)
HIGH-DIMENSIONAL

FE SPACE
ly(n) —yn(Wlly < An(p).
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The Reduced Basis Method

EXACT SOLUTION

y(1)

- -
-
-
-
-
-
-
-—
Lo
-
-
-
-
-
.

SNAPSHOTS o
y(M@) yN(M)

(2) ERROR BOUND
AN(M)
HIGH-DIMENSIONAL

FE SPACE
(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPQOSITION
a(w,v; ) = Y 6 (1) al(w,v), Yw,ve)y
q=1 N " N’
Jt- DEPENDENT JU- INDEPENDENT
COEFFICIENTS BILINEAR FORMS
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The Reduced Basis Method

EXACT SOLUTION

y(1)

SNAPSHOTS
y(M@)

- -
-
-
-
-
-
—
-
-
—
-
—
- -
-—
—
-
-
-
-—
—
-—
-—
—
-—
-

(2) ERROR BOUND
AN(M)
HIGH-DIMENSIONAL

FE SPACE
(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPQOSITION
(4) GREEDY ALGORITHM
_ Ax(p)
JiN41 = argmax
neD |y~ (p)]ly
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The Reduced Basis Method

EXACT SOLUTION

y(1)
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The Reduced Basis Method

The reduced basis method seeks to provide, for any p € D

accurate ynv () = y(u) (1) APPROX

reliable ly(p) —yn(Wlly =2 An(p)  (2) ERRES

efficient surrogates cost (Q*, N*)  (3) DECOMP
small N (4) GREEDY

to solutions of parametrized PDEs
for the many-query, real-time,

and slim-computing contexts.

[Prud'homme, et al., 2002], [Maday, et al., 2002], ...
[Hesthaven, Rozza & Stamm, 2015], [Quarteroni, Manzoni & Negri, 2015]
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Motivation - A Geosciences Example

Groundwater flow
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Groundwater flow
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Bl 2 | oy

Aquifer
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Simplest Case: Poisson Problem

Strong Form

Find y such that

2 . 3 :
PDE —kV7y = f In QCR domain
BC y = 0 on I, boundary
Geology
SNl SR W e 4,16
o g e S 50000 2,};
. zm 9
h ]. lIl QO ‘ -100000 g ;g& 1
p— 5.7e+6 9,21-™
Were T Yk i i=1...P R
1 () e 54e+6y m) ’
. 5.3e+6
.Ze+6
Upper Rhine Graben (Germany)
Courtesy of Prof. Scheck-Wenderoth, GFZ Postdam.
- D Cc R” t
Let u={Kk1,...,kp} €D C parameter
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Simplest Case: Poisson Problem

Weak Form

Findy =y(u) € Y s.t.

p
ROZ/Q Vy-VoudQ) = /qudﬂ, Voe,
1=0 @

and compute s(u) = / y(p) dS) .
Q

Abstract Form

Find y =y(pn) € Y st

a(y(p),vsp) = flosp), Yove,

and compute s(u) = f(y(u);p).
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Simplest Case: Poisson Problem

General Form

Find y(u) € Y s.t.

a(y(p),vip) = f(v;p)

Yve)

Questions:

Matrix Form

Find y, (1) € RV s.t.

A, (my,(n) = f,(1),
where A, € RNV >N f. € RN

How can we compute an approximation yn (i) to y(x)?

How do we know the error is small?

How do we know what value of /V to take?

How do we compute yn (1), sy (u) efficiently online?

How do we choose the sample points u; optimally?
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Simplest Case: Poisson Problem

General Form

Find y(u) € Y s.t.

a(y(p),vip) = f(v;p)

Yve)

Questions:

Matrix Form

Find y, (1) € RV s.t.

A, (my,(n) = f,(1),
where A, € RNV >N f. € RN

How can we compute an approximation yn (1) toy()?

How do we know the error is small?

How do we know what value of /V to take?

How do we compute yn (1), sy (u) efficiently online?

How do we choose the sample points u; optimally?
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Simplest Case: Poisson Problem

General Form

Find y(u) € Y s.t.
a(y(p),vip) = f(v;p)

Yve)

Matrix Form

Find y, (1) € RV s.t.

AWy, (1) = F, (),
where A, € RNV >N f. € RN

26

Introduction to Reduced Basis Methods: Theory and Applications |

Karen Veroy-Grepl | “Sparsity for Physics, Signal and Learning” Summer School |

INRIA - Paris | 24-27June 2019

Aachen Institute for

n Advanced Study in

a Computational
Engineering Science

RWTH




Simplest Case: Poisson Problem

General Form

Find yn (1) € VN sit.

a(yn(p),v;p) = f(v;p)

VUGyN

Matrix Form

Find y, (1) € RY sit.

AN (N)YN (:u) — fN (:u)v
where A, € RV*Y f e RY
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Simplest Case: Poisson Problem

General Form

Find yn (1) € VN sit.

Matrix Form

Find y, (1) € RY sit.

a(yn (1), vip) = flo;p) A (Wyy(p) = £(p),
Voveln where A, € RV*Y f e RY
Let yN(,LL) [ yN = Span{\y(ul)y ce 7y(’LLN)J } = span{\gm, e e ey QO]\L }
snaasrhots orthogo?(al basis
N
ynv() = > (yy)i @i
1=1
Find yn (1) € Vn sit.
a(yn(p),vspn) = flvsp),  VveIn
* Karon Veroy-Grepl. | -Sparsiy for Physics, Signal and Leaming: Summer Sohool | (Y} Aectenrstuer | IRNNITTH]
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Simplest Case: Poisson Problem

General Form

Find y(u) € Y s.t.
a(y(p),vip) = f(v;p)

Yve)

Matrix Form

Find y, (1) € RV s.t.

AWy, (1) = F, (),
where A, € RNV >N f. € RN
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Simplest Case: Poisson Problem

Problem: Find y (1) € RV s.t. vI A (y, (1) = vl f (1), Yo, € RV
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Simplest Case: Poisson Problem

. i N T I & N
Problem: Find y (1) € RY st v A (w)y, (n) = v . f, (1), Vv, €R
Let y, (1) €spanf{ ¢;,....ox },and W, = [ @ ..., N |

N
Yo () = > (va)iln) @i =Wy,
N—— i1 ——
approximation coefficients  snapshots
toy, (1)
Similarly, let v,, = W, v,
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Simplest Case: Poisson Problem

Problem: Find y (1) € RV s.t. vI A (y, (1) = vl f (1), Yo, € RV

Let y, (1) €span{ ¢;,....ox }and W, = [¢;,..., 0N ]

N

Yo () = > (va)iln) @i =Wy,
N—— i1 \ s =
approximation coefficients snapshots

toy, (1)

Similarly, let v, = W, v,

Find y_ (1) € colsp W, sit.
vl A(p) y, (1) = vl f(u), Vo, €colsp W,

= VIW!I AW, ya (1) = vEW! f(p), Vv, € RY

Advanced Study in
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Simplest Case: Poisson Problem

coefficients in expansion
in terms of the basis
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Simplest Case: Poisson Problem

General Form
Find yn (1) € Yn s.t.

a(yn(p),vipn) = f(v;p)

\V/UGyN

Questions:

Matrix Form

Find y, (1) € RY sit.

AN (M)YN (:u) — fN (ﬂ)?
where A, € RV*Y f e RY

How can we compute an approximation yx (1) to y(pu)?

How do we know the error is small?

How do we know what value of NV to take?

How do we compute ¥y~ (1), sn(u) efficiently online?

How do we choose the sample points p; optimally?
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Simplest Case: Poisson Problem

Problem: Find y(u) € YV s.t. a(y(u),v; ) = f(oju), Yvey

(Lax-Milgram) Let ) be a Hilbert space, and for all u € D, assume

« a(-,*; 1) is continuous and coercive,

a(v, w; 1)
a := Ssup sup < o0
Tell) =SS oyl
o (p) ;= inf a(v,v;,u) > 0
vey  |jvlf5,
 f is bounded, f(v)
[fllyr := sup < 0.
vey [|vlly

Then there exists a unique solution y(u) satisfying

aq(p)
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Simplest Case: Poisson Problem

Consider the following

a(y(p),v; 1)

= f(v;p),

YVve,

FE problem

a(yn(p),v; ) = f(osp), VveEIn. RB approximation
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Simplest Case: Poisson Problem

Consider the following

a(y(p),vip) = flvspu), Vved, FE problem
alyn(p),v; 1) = f(vsp), Yve€Vy.  RBapproximation
Define the error en (1) = (1) — yn () and the residual
r(wsyn(p);p) == flosp) —alyn(p),vip), for veY
= a(y(p), v; p) — alyn(p), v; p)

= a(y(u) —yn(p),v; 1)

= alen(p), v; p)
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Simplest Case: Poisson Problem

From the error-residual equation

alen(p),vipn) = r(vsyn(p), i)
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Simplest Case: Poisson Problem

From the error-residual equation

alen(p),vipn) = r(vsyn(p), i)

and the Lax-Milgram Theorem, we have that

I Gy (), )l

len()lly <
0o (1)
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Simplest Case: Poisson Problem

From the error-residual equation
alen(p),vsp) = r(v;yn(p), 1)

and the Lax-Milgram Theorem, we have that

(5 yn (1), 1) |y
O‘a(:u) .

len(u)lly <

Assume we have a computable lower bound o= (1) < ag(p), ¥ pu € D.

(5 yn () ||y

Then len()]ly < An(p) =
NIy =~ ANH alB (1)) ERR BOUND
a M
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Simplest Case: Poisson Problem

General Form
Find yn (1) € Yn s.t.

a(yn(p),vipn) = f(v;p)

\V/UEyN

Questions:

Matrix Form

Find y, (1) € RY sit.

AN (M)YN (:u) — fN (ﬂ)?
where A, € RV*Y f e RY

How can we compute an approximation yn(u) to y(u)?

How do we know the error is small?

How do we know what value of N to take?

How do we compute yn (1), sv(u) efficiently online?

How do we choose the sample points p; optimally?
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Simplest Case: Poisson Problem

General Form
Find yn (1) € Yn s.t.

a(yn(p),vipn) = f(v;p)

\V/UGyN

Questions:

Matrix Form

Find y, (1) € RY sit.

AN (M)YN (:u) — fN (ﬂ)?
where A, € RV*Y f e RY

How can we compute an approximation yn(u) to y(u)?

How do we know the error is small?

How do we know what value of NV to take?

How do we compute yn (1), sn(1) efficiently online?

How do we choose the sample points p; optimally?
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Simplest Case: Poisson Problem

Problem: How can we compute Y, (1) efficiently?
We have A | (1) yy (1) = £, (n)where
A (p) = WSA (1) W, and £, (1) = WIF, (1)

Assume that A, (p) and f,, (1) are affine in the parameter, i.e.

Qa Qy
_ q q _ q q
Ac(p) =Y 04w AL and  f (p) = > 0% fL.
=1 —~ g=1
M-dependent [tL-independent
coefficients matrices
For our Poisson example P
Ez(w, V; 'U’Z = E Kq / Vw - Vo df2
v q:O v \Qq P
P Vv
T — q T A4
v, A (1) w, = E 07 () v Al w,
q=0
* wetal;c;?lu\igﬁgyfg rRe?)(lj U|C?g pBaarigtSy I\;Io(artrl:]’%cj/ss:i cj:,]eSci)g?r/w: In: néiplf)(lelgfr::?wgs Slu mmer School | n :352:2;3 ssttl::l:;; it:r Rm
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Simplest Case: Poisson Problem

We thus obtain:

Oa Qa
Al = W (om0 Az Jw = Y on) (WEag W) - Zeq
q=1 g=1

H-independent
matrices of size N x N

Q Q
Similarly, f, Z 0% (1) ) WIEFL) = Z 0% (n)f?
q=1

q=1
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Simplest Case: Poisson Problem

We thus obtain:

O Qa Qa
A = W (Z a0 Aﬁ) W = D10 (WAL W) = Do) AL
g=1 g=1 S g d qg=1

M-independent
matrices of size N x N

Q Q
Similarly, £, (1) = > 0%(u) (WY £L) = > 0% (wf?
qg=1

g=1
Offline stage: Online stage:
« compute snapshot-basis W, Forany pu €D
- compute and store A? , 7 » assemble A (1), (1)
[ o
at cost (V°, N*) - solve for y, (i) at cost(N®)
* ll?etarrc(i,cliu\%i?(;]yfc()BrRe?)(ljulc?g‘.pE’e::]rig’[SyI\f/loertrF]’ct:c)j/Ss:ic;g,“asci)gr;)rlw:In:n'i\iplf)(leigI(?Irzii?wg§ Slummer School | n :ZS:::J:?:E:;; i:)r R“Tl"
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Simplest Case: Poisson Problem

How can we compute Ay (1) efficiently?

N

where we assume we have «

LB
a

(). SCM
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Simplest Case: Poisson Problem

How can we compute Ay (1) efficiently?

N

where we assume we have a”°(u). SCM

Let [[v]|3 = v' Y v
The dual norm of the residual is then

IrCiyn (), w3 = (F(k) = Ay, ()" Y7 (F(1) — Alw)y, (b))
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Simplest Case: Poisson Problem

How can we compute Ay (1) efficiently?

N

where we assume we have a”°(u). SCM

Let [[v]|3 = v' Y v

The dual norm of the residual is then

IrCiyn (), w3 = (F(k) = Ay, ()" Y7 (F(1) — Alw)y, (b))

= 'Y lfF-2f' YAy +(Ay )T Y Ay,
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Simplest Case: Poisson Problem

How can we compute Ay (1) efficiently?

N

where we assume we have a”°(u). SCM

Let [[v]|3 = v' Y v

The dual norm of the residual is then

IrCiyn (), w3 = (F(k) = Ay, ()" Y7 (F(1) — Alw)y, (b))

= 'Y lfF-2f' YAy +(Ay )T Y Ay,

(Zeq JA W,y ( ) (ZH‘I Aqu())

which permits a similar offline-online decomposition
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Simplest Case: Poisson Problem

General Form

Find y(u) € Y s.t.

a(y(p),vip) = f(v;p)

Yve)

Questions:

Matrix Form

Find y, (1) € RV s.t.

A, (my,(n) = f,(1),
where A, € RNV >N f. € RN

How can we compute an approximation yn (i) to y(x)?

How do we know the error is small?

How do we know what value of /V to take?

How do we compute yn (1), sy (u) efficiently online?

How do we choose the sample points (t; optimally?
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Simplest Case: Poisson Problem

How can we choose the snapshots optimally?

Greedy algorithm

Given the samples S = {11, ..., un } and space of snapshots

Yy =span{ y(u;), i=1,...,N }, we want to choose

ly (i) — yn(p)]ly

UN4+1 = INaxX

ned  ly(p)lly
51 Introduction to Reduced Basis Methods: Theory and Applications | Abchicn hiaittate §
Karen Veroy-Grepl | “Sparsity for Physics, Signal and Learning” Summer School | n Azﬁaﬁgesss{u‘;fi,?' me
INRIA - Paris | 24-27June 2019 @ S g:;?g:;?it;;ng::ience



Simplest Case: Poisson Problem

How can we choose the snapshots optimally?

Greedy algorithm

Given the samples S = {11, ..., un } and space of snapshots

Yy =span{ y(u;), i=1,...,N }, we want to choose

I ly(e) —yn(W)]ly
neD  fly(p)lly

In practice, we choose

A N () «—— error bound
UN+1 = ImMaxX

L BER lyn ()]ly
rainin
samplg T— approximation
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(Weak) Greedy Algorithm

Given ), = span{y(u1),y(us2)}, how do we choose (i3?

An_A A
1yl M3 = argmax 2(1)
neD ||ua(p)|y
V3 = span{u(p1), u(pe), w(ps)}
,LL1 M3 M2

(see, e.g., [VEROQY, et al., 2003], [BINEV, et al., 2011])

Key points:
« An(u)is sharp and inexpensive to compute (online)

e Error bounds enable choice of good approximation spaces
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Simplest Case: Poisson Problem

Algorithm: Offline
Choose training sample D C D and first snapshot parameter i, € D.
For N =1 to Npyax

Solve a(y(pn),v;un) = f(v;un), YVved.

Compute and store for q,¢ = 1,...,Q
Al = WIAW,, T = (AW)T Y (A" W,)T

and other U -independent quantities

: _ An ()
Find UN+1 = a‘rgmal})( H ( )H
neD |y, (W)lly
Set N=N+1
end
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Simplest Case: Poisson Problem

Algorithm: Online

For given u € D,

Assemble A Z 0% (1) Al and, similarly, £ (1)

Solve A (1) yn (1) = £y (1),

LB
Compute o~ (1),
. 2 _ qq’
Ir(syn () llyr = oo + E Yy (1) Ty, (1)
A o “T(,yN(M),/L)"y/
g (1)
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Simplest Case

What about the output of interest?

Assume  s(u) = f(y(w))-

Then sn(p) = flyn(p) = yy (1) f,,

= yl(p) W f.)
N—— N——
online offline

One can show that for

5 — 3 17 (5 yn (1) )13
n(p) < im

which also permits an offline-online decomposition.
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The Reduced Basis Method

EXACT SOLUTION

y(1)

SNAPSHOTS
y(M@)

- -
-
-
-
-
-
—
-
-
—
-
—
- -
-—
—
-
-
-
-—
—
-—
-—
—
-—
-

(2) ERROR BOUND
AN(M)
HIGH-DIMENSIONAL

FE SPACE
(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPQOSITION
(4) GREEDY ALGORITHM
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Simplest Case

Problem: Compute s(u) = f(y(u); ) where
a(u(p),vip) = f(u;p),

where f is a bounded linear form.

YVove),

a IS a coercive, continuous bilinear form.

a, f are affinein .

What about more complex cases?
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More Complex Cases

Part I: Introduction to the Reduced Basis Method

Simplest Case (Coercive, Compliant, Elliptic, Affine)

e Noncompliant

Parabolic

Noncoercive

Saddle Point

Non-affine / Non-linear
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Noncompliant Problems
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Noncompliant Case

Problem: Compute s(u) = £(y(u); 1) where
a(y(p),vip) = flo;p),  Voe)

with £ # f.
One can show that
[s(n) — sn ()|l = €y(p) —yn(p); 1)
< 1€Cs )y ly () — yn (W)l

< 16C5 1) [y An (1)

61 Introduction to Reduced Basis Methods: Theory and Applications | Abchicn hiaittate §
Karen Veroy-Grepl | “Sparsity for Physics, Signal and Learning” Summer School | n Aﬂﬁaﬁgeﬂi{u‘gfif’ me
INRIA - Paris | 24-27June 2019 a g:gz:;?it;gng::ience



Noncompliant Case

One can also show that

() = s 0] < =g I Gy I om0l

a

where rP' is the primal residual (as before), and the dual residual is
r (o) = =l(v;p) —alv,Pn(p)ip) Yo e
and () € YW approximates (1) € ) where

a(v,P(p)ip) = =llvip), Vvey
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Parabolic Problems
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Parabolic Case

Problem: Given u € D, evaluate

s(tspu) = Ly(z,t; 1) p)

where ¥(z,t; 11) satisfies y* = y(z,th; )

gk — k1
m( N ,v;u> +aly,v;p) = f(v;p)g(?)

A
We assume that m and a are
. e N tk: .
yN (85; o) yk (t%; pear) - symmetric
=0
N (k. .
Yy (%5 pa) - continuous
e coercive
X./\/
L — K bilinear forms for all p € D.
o Karan Vormy et Gt o i e e amniig” dummer School | B e | RRINNTH
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Parabolic Case

For a given i; € D, let
Pr = PODy({y*(n),1 <k <K}, R)

represent the R largest POD modes with respect to the )-inner product, s.t.
1 K Y1/2

Pr = arginf — inf Hyk(,u)—vHZ
YrCspan{y”®,k=1...K} kI;UEXR Y

A

« Compute an SVDy,
N (ks o) - yN (5 par)

Y
Nk L —0 * Choose largest mode(s).
Yy (% p)
* In practice, do POD on error instead of
xN directly on data.
k=K

o Karon Veroy-Grep! | Sporsity or Phyaics, Signal and Leaming® Summer School | Al s | RNNTH
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Noncoercive Problems
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Noncoercive Problems

Problem: Find y(¢t) € Y such that

a(y(p),vip) = flusp), Yvey

Assume that

, a(w,v; p)
/B(M) — lnf sup
weY ey |[w]|yllv]ly

RB Approximation: Find yn (i) € Y~ such that

> o >0

a(yn(p),vip) = flvip), Vv eIn

Is the RB Problem well-posed?
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Noncoercive Problems

Problem: Find y € )1 such that

a(y,v) = f(v) Vvels
where a : Y1 X Vo — R is a continuous bilinear form

f: Yo — R is a continuous linear functional
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Noncoercive Problems

Problem: Find y € )1 such that
a(y,v) = f(v) Vvels
where a : Y1 X Vo — R is a continuous bilinear form
f: Yo — R is a continuous linear functional

Banach-Necas-Babuska Thm: The problem is well-posed if and only if:

- a(w, v) (BNB1)

3 3, > 0 such that inf sup > 3

Pe e o Tl Tolys = Ker{A} =0
Voeds (alw,v)=0, Ywe )= (v=0) Ke<rB{NA%2}>: ;

Moreover,
1
ylly, < BHnyé Ve,
. invoduclon o Recuced Bass etiods: Theoyandgplcatons | - pygye st | RNNTH
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Noncoercive Problems

Recall that

. . a(v,v) . v Av
a = Inf o = min ————
vey |v]l3; veRN v1Y v

In other words « is the minimum eigenvalue of

Ap = AY p

How can we interpret the inf-sup constant 37
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Noncoercive Problems

Riesz Representation Theorem

Let ) be a Hilbert space, and f € ). Then there exists a

unique element p € ) such that

flv) = (v,p)y Vvel.

Furthermore
f(v)
Iflly = sup = |lplly
vey [[v]ly
Forgiven w € )V, let f(v) = a(w,v) ...
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Noncoercive Problems

If a is continuous, then for a givenw € )/,

. a(w,-) €)'
- there exists a unique element 7, € )V s.t.
(%,U)y — CL(’LU,U),

e furthermore

Tw = arg sup

Yve)y

a(w,v)

vey  [[vlly
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Noncoercive Problems

If a is continuous, then for a givenw € )/,

. a(w,-) €)'

- there exists a unique element 7, € )V s.t.

(%,U)y — CL(’LU,U), Vv

e furthermore

Tw = arg sup
vey |[vlly

In matrix form, Y7+ = Awor T, = Y 1 Aw

cy

a(w,v)
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Noncoercive Problems

Recall that
. 1 .
B0) = inf sup a(w, v;w) _ inf (sup a(w,vaﬂ))
weY pey |wlylvlly  wey |lwlly \vey lvlly
inf a(w,Tw;,u) — ||TwHy
weY |[w]|y||Twlly wlly
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Noncoercive Problems

Recall that

B(pn) = inf sup — inf sup
weY ey lwlylvlly  wey wlly \vey llvlly

a(w, v; w) 1 ( a(wav;u))

Tw; Tw
e o Tyip) || Twlly
wey lwlyl[Twlly — [lwly

In matrix form,

/BQ(N) — 1in WTA(M>TY_1A(/'L)W

wERN wliYw
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Noncoercive Problems

Recall that
: 1
B(p) = inf sup alw, v; w) = inf (su
wey ey [[wyllvlly  wey |lwlly \vey
Tw; Tw
e o Tyip) || Twlly
weY |wl|y||Tw|ly |wlly
In matrix form,
TAWTY 1A
B(y) = min AW () w

wERN WTYW

In other words, 3*(w) is the minimum eigenvalue of

A Y A()e = XY

a(w, v; 1)

o]y

)
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Noncoercive Problems

Problem: Find y(¢t) € Y such that

a(y(p),vip) = flusp), Yvey

Assume that

, a(w,v; p)
/B(M) — lnf sup
weY ey |[w]|yllv]ly

RB Approximation: Find yn (i) € Y~ such that

> o >0

a(yn(p),vip) = flvip), Vv eIn

Is the RB Problem well-posed?
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Noncoercive Problems

One can show that for

Yn = span{ y(m),...,y(un) },

Vi = span{ T,y(pin), n=1,...,N },
where

(Tuy(pn), v )y = aly(pn),vi s 1), Yo €Y

then the following reduced basis problem:

Find yn (1) € Y~ such that
a(yn(p),v;p) = flo;p), VoeVk

is well-posed with Sn (1) > B(p) .
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Saddle Point Problems

with
A.-L. Gerner
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Saddle Point Problems

Problem Structure

SO CIS LI P
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Saddle Point Problems

Applications
* Mixed finite element methods

» Optimization and optimal control

Example: Stokes flow

2 Lo()
/ (A=14,1)
fin M1 f‘out
" Q|
(070) 7 X1
Lo(p)
[GERNER & VEROY, 2012]
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Saddle Point Problems

RB Approximation

Find (yn, An) € Vv X Zp such that (1)
<AyN7U> + <BU7>‘N> — <f,’U> VUEyN
(Byn, q) = (9,9 VqeZy

Issues:

 Well-posedness of the approximate problem

 Efficiently computable bounds for the errors

ly —ynlly and [[A—=An]z
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Saddle Point Problems
Status:

 Approximation

— methods for construction of provably stable spaces
but often requires many velocity basis functions

[BREZZI, 1974]
[ROVAS, 2003], [ROZZA & VEROY, 2007]

 Error Estimation
— error bounds, but for the combined variable Y = (y, )\)
and with high offline cost

[VEROY, PRUD'HOMME, ROVAS & PATERA, 2003]
[ROZZA, HUYNH & MANZONI, 2013]

Motivation:
» Construct stable and efficient approximation spaces

e Develop separate and offline-inexpensive error bounds
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Saddle Point: Approximation

Status:

The spaces )Yy, Zn constitute a stable pair if for all L € D

B
By(p) := inf sup By, q) > 0 [BREZZI]

qEZN vEYN ||U||3?||CIHZ

Forany g € Zx, YN must contain “supremizing” functions.
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Saddle Point: Approximation

Status:

The spaces )Yy, Zn constitute a stable pair if for all L € D

B
() = inf sup SDUI0A) g
qEZN vEYN ||v||3?||CIHZ

Forany g € Zx, YN must contain “supremizing” functions.
Pressure Space:
For u, € D,v=1,...,N,and

Zn = span{\(u;), i =1 to N}

[BREZZI]
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Saddle Point: Approximation

Status:

The spaces )Yy, Zn constitute a stable pair if for all L € D

B
By(p) := inf sup B(p)v.q) >0 [BREZZI]

qEZN vEYN ||v||y||QHZ

Forany g € Zx, YN must contain “supremizing” functions.

Pressure Space:
For u, € D,v=1,...,N,and
Zn = span{\(u;), i =1 to N}

Velocity Space:
Option 0: The Naive Choice

VX :=span{y(u;), i =1 to N}
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Saddle Point: Approximation

Status:

The spaces )Yy, Zn constitute a stable pair if for all L € D

B
By(p) := inf sup By, q) > 0 [BREZZI]

qEZN vEYN ||U||y||QHZ

Forany g € Zx, YN must contain “supremizing” functions.

Pressure Space: . Reduced Basis Error vs [NV
‘ ‘ ? ‘ % —‘e—vel‘ it
For Mg = D, 1= ]_, ce ,N, and 10° L | ; | —°—preosc;u¥eé
Zn = span{\(u;), i =1 to N} Gl |
10° |
Velocity Space: 10714
Option 0: The Naive Choice 107
Yy = span{y(u;), i =1 to N’} 07
10

0 5 10 15 20 25 30 35 40
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Saddle Point: Approximation

Velocity Space
Fori=1,....Nandg=1,...,Q
* Option 1* = provably stable

*[ROVAS, 2003], [ROZZA & VEROY, 2007] T[GERNER & VEROY, 2012]
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Saddle Point: Approximation

Velocity Space
Fori=1,....Nandg=1,...,Q
* Option 1* = provably stable
Y = span{ y(pi) , TIN(1:)}

where

B4
T9p = arg sup (B, p)
veyn ][y

and

Qb
B = 3% 63(n) B

*[ROVAS, 2003], [ROZZA & VEROY, 2007] T[GERNER & VEROY, 2012]
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Saddle Point: Approximation

Velocity Space & Ve'OCitye"orVSNtOt?‘lOt_ :
[~ Optond
Fori=1,....Nandg=1,...,Q w0l opions
* Option 1* = provably stable | | | | | |
Yy :=span{ y(u;) , TIMpi) }
Qp SUPRT;I\/IIZERS

F Pressure error vs Niotal
- [Zoptiont
——QOption 2

-{——Option 3

105

0 50 100 150 200 250 300 350 400 450 500

*[ROVAS, 2003], [ROZZA & VEROY, 2007] T[GERNER & VEROY, 2012]
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Saddle Point: Approximation

Velocity Space g Velocityermorvs Neota
: ——Option 1

. ——Qption 2
Fori=1,...,Nandg=1,...,Q | Opiion 3

* Option 1* = provably stable

Vi = span{ y(us) . TAws) )

Qp SUPREMIZERS
« Option of = justifiably stable 0 50 100 150 200 250 300 350 400 450 500
F Pressure error vs Niotal
2 . : - }+Obtion}1
Yy =span{ y(p:) , T AMpi) } ~+Opion
N 7 sl A on &

SUPREMIZER SNAPSHOTS

*[ROVAS, 2003], [ROZZA & VEROY, 2007] T[GERNER & VEROY, 2012]
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Saddle Point: Approximation

Velocity Space ¢ Velocity error vs Niotal

s [“Optiont
. & : +O ti 2
Fori=1,....Nandg=1,...,Q, ok ~Option 3
- Option 1* — provably stable T I\ K W S S -
y1 L _ TN 14 10° Mmoo b S -

N - Span{ y(:uz) y N (,uz )J } : ;

D' 10‘4, I 1V S R R O O I D

Qp SUPREMIZERS
L o s e Ve VY O VO
« Option of = justifiably stable 0 50 100 150 200 250 300 350 400 450 500
¢ Pressure error vs Niotal

2 . ‘ ‘ ‘ | ‘ | ‘ }+Or‘)t|on}1

Yy =span{ y(pi) , T AM(ps) } ~=~Opion
N ~ 7 —Option 3

SUPREMIZER SNAPSHOTS U T T O U T N O

* Option 3! = empirically stable &\ o
3 . / SO\ VS O

Vi =spanf{y(us),  y(w)  } ~ e
,,,,,,, m-‘ e S
VELOCITY SNAPSHOTS 0 50 100 150 200 250 300 350 400 450 500

*[ROVAS, 2003], [ROZZA & VEROY, 2007] T[GERNER & VEROY, 2012]
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Saddle Point: Error Estimation

1. Treat entire system as a general noncoercive problem
AU (p), Vip) =F(Vip), YVekX
Let R(V; 1) be the residual, [BANACH-NECAS-BABUSKA]

1U(n) ~ Un ()] < ”Réé;(ﬂg)‘i»«'

[VEROY, PRUD’'HOMME, ROVAS & PATERA, 2003]
and, e.g., [ROZZA, HUYNH & MANZONI, 2013]

= AR ()

2. Treat the system as a saddle point problem [BREZZI]

Tl / 7“2 !

QLB QLB B

173 |l 27
A= Anllx < ;;g: +}EEA?\[

:Af‘v

[GERNER & VEROY, 2012]
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Saddle Point: Error Estimation

Pressure Error Bound Velocity Error Bound
10° ; - 102 . .

0 == [le /1AL 0 —=lle’[| / Iyl
. ~= A /A i —~ AV / |y
10 = AP /Al 10 —— AP/ |ly]| |

10" 10"
1072} 1021
107} 1071
10} 10"}
107} 107}
10°} 10°}
-7 -
10 = ' ' ' ' : 10 7L - - - -
2 20 40 60 80 100 120 > 20 40 60 100
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Saddle Point: Error Estimation

Pressure Error Bound Velocity Error Bound
102 - - - - - N 102 .
IREAN ==l /1A o —=lle’ll / Iyl |
MW =AY/ . =AY/ |y
107 by ey = A /AN 10 =A%/ |y |
10" ° 10"}
102} T
10°} 107}
107} 10*}
10°} 10°}
10°} 10°}
107 L - - ' ' ' 107 L - ' ' ' '
2 20 40 60 80 100 120 2 20 40 60 80 100 120
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Saddle Point: Error Estimation

Pressure Error Bound Velocity Error Bound
2
10 - - - - ; 10° -

o I [l / A1l | ey el / Iyl |
MW & /|| N v /[y
100 F A —— AP /M 100 —= AP /gl |

10" “ 107}
107} 107}
107} 10°}
10} 107}
107} 10°}
10°} 10°}
107 L - - ' ' ' 107 L - ' ' ' '
2 20 40 60 80 100 120 2 20 40 60 8 100 120

Key Result:
We provide separate error bounds for yn, An

that depend only on 3% not on 3.
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Non-Affine Problems
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Contaminant Transport [Gre(05]
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Concentration y(t; 1) of pollutant in 2 governed by scalar

convection-diffusion equation

&?J
with source term modeled by

PS (4 ) = 20 ¢~ 00(m =)+ (za—e)?),

Goal: Identify source location = parameter p = (k, 2], 75).

)

(tp) +U-Vytsp) = e Vy(tp) + ¢ (@p) 9@t),  yla,t
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Contaminant Transport — Sample Solutions

Field variable: 1 = (0.05,2.9,0.3) (N = 3720)

t=1At t=40 At

t=80At t=120 At

D)

t=160 At t=200 At

e
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Contaminant Transport — Sample Solutions

Field variable: 1 = (0.05,3.1,0.5) (N = 3720)

t=1481 t=40At
t=80At t=120 At

]

t=160 At t=200At

S e
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Contaminant Transport — Truth Problem Statement

Given € D C IRY, evaluate Vk € K
s(t*; ) = L(y(t"; )
where y(t*; 1) € X satisfies y(t%; 1) =0
y(t* p) —y(@*p)
m( At 7/07 M —|_

5 aly(t; ) +y(t* = ), vs )
= b(v; ) 5 (9(t%) + g(t"1)), Yo € X,

for b(v; ) = / g7 (x5 p) v dQ with gF'S nonaffine.
Q

2 2
PS ..\ _ 20 50((z1—2)2 4 (w2 —2)?)
g(zip)=—e .
T
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Nonaffine Source Term

Evaluation of RB quantities (v=2C, 1 <7< Npax):

b(Cip) = /Q g"S (i 1) G,

o0

T JO

e=50((w1=p2)"+(w2—12)”) ¢,

requires even in the online stage

O(NN) operations.

Difficulty:

There is no ( \/-independent) affine representation of ¢>(z; ).

102 Introduction to Reduced Basis Methods: Theory and Applications | Abchicn hiaittate §
Karen Veroy-Grepl | “Sparsity for Physics, Signal and Learning” Summer School | n Aﬂﬁaﬁgeﬂss{u‘;fi,?’ me
INRIA - Paris | 24-27June 2019 a S ggggzsfgic;ng::ience




Empirical Interpolation Method [BMNP04, GMNPO07]

Main Idea

e p) = gar (@) = Y pum(p) (@)

EIM Collateral RB

Recall: b(C;;;,u) = /QQPS(SUW)Q%/QQJF\?@?;M)Q

g

— % @Mm(ﬂ)/gqu(ﬂ?) Gi s

m=1

If we can calculate the @ (1) efficiently, we can again follow an offline-online
computational procedure, but
* how do we calculate the ¢,,(x)and the @ prm (1) ?

e what is the interpolation error introduced?
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Greedy Approach [MNPPO07]

Empirical Interpolation: Greedy approach for constructing both
* interpolation points 13, = {af c Q.. .,:z:jj\} € Q} and

- sample set 59, = {u] € D,...,u9, € D} and associated

discrete spaces V; = span{qi,...,qun}-
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Greedy Approach [MNPPO07]

Empirical Interpolation: Greedy approach for constructing both
+ interpolation points Ty = {z] € ,...,x}, € Q}and

- sample set 59, = {u] € D,...,u9, € D} and associated

discrete spaces V; = span{qi,...,qun}-
Greedy Procedure:
We first choose i € D and compute

&1 = g(x; M%)-
The first interpolation point is

) = arg max [§; ()

and we set ¢1 = &1 (x)/&1(x1)and Bi, = 1.
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Example / Demo

We consider the nonaffine function
10 1 ( T —p )2
€, = 2
g(x; 1) o

for x € Q= (0,1 and p € D = |0.4,0.6].

4

0
0
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Greedy Approach

We then proceed by induction to generate S5,, W{,, and T);:

For 1 < M < M,,.x, we first solve the interpolation problem

gm (T 1) ZBWSOMQ =g(xisp), 1<i1< M,

where Bi\f = q;(x;),1 < 1,5 < M, then compute
M

g (x5 p) = Z © M m (1) gm (),

m=1

and evaluate the interpolation error

em (i) = llg(Cs ) — gne (5 1) || Loe ()

=9
forall p € ={,. ;-
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Greedy Approach

We then determine

Har1 = arg  nax em (1)

and compute {ar41 = g ) -
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Greedy Approach

We then determine

Harr = arg max en(p)
UES

and compute {ar41 = g ) -

To generate the interpolation points we solve the linear system
M
Z UJM qj(vi) = Epmr1(zs), 1<i<M
j=1

M
and we set 7y 11(7) = () — Z UJM q; ().
j=1

The next interpolation point is
Ty = arg max |rara1(x)]
€S

and qar+1(2) = ry41 () /Tar+1(Tar41).

109 Introduction to Reduced Basis Methods: Theory and Applications | Abchicn hiaittate §
Karen Veroy-Grepl | “Sparsity for Physics, Signal and Learning” Summer School | n Aﬂﬁaﬁﬂeﬂss,'u‘f,fi:' Rm
INRIA - Paris | 24-27June 2019 E gorr)puta}ionsal'
ngineering science



A Posteriori Error Estimation

We have two options:

* Method 1: “Next Point” Estimator [BMNP04, GMNP07]
* Very inexpensive to evaluate
— one additional evaluation of g(x; i) at a single point in €2.
* In general not a rigorous upper bound for the error

—> requires the saturation hypothesis.

* Method 2: Rigorous Estimator [EGP10]
 Higher offline cost, since we require
= analytical upper bounds for parametric derivatives
= EIM approximation error at finite set of points in D.

* Provides rigorous upper bound for the error
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Nonaffine "Truth” Problem Statement

Given u € D C RP, evaluate () = (-

where y(z;u) € )V satisfies
a(y(p),v; p) = f(vsg(xs ), Yoved.

We consider the particular form

a’(wvv;:u’) :ao(w,v)+a1(w,v;g(x;u)), Vw,v € .

where g(x; ) € L°°() is nonaffine.
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Hypotheses

We assume

* ap : Y XY — IR isbilinear and parameter independent

ap(w,v) = /VwV’U, Yw,v €)Y
Q

* a; Y xYXxL*®Q)— IR istrilinear

al(w,v,z):/wvz, Vw,v €)Y, z € L>(Q)

Q
[ ) 3 . — 3 1 1
and f(v; g(z; pn)) = / v g(x; ) is alinear form.
Q
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Coercivity & Continuity

We also assumethat a: Y XY XD —- R is

* coercive

a(w, w; 1)

(0 <) a(p) = inf
wey |lwll3,

 and continuous

(1) = sup sup LA ()

weyvey [[wlyllvlly

and that a; satisfies

a1 (w, v, 2) < Yo, [|[w|ly 0]y 2] L (@)
Vw,v € Y, z € L=(Q).
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Reduced Basis Sample and Space

Parameter samples:
Sv={ueD,....n.N €D}, 1< N < Npyax,

with
1 CSy... CD.

max

Si1C S, C...C Sy

max

Lagrangian reduced basis spaces:

VN = Span{ y(lun) , 1 <n< N}, I1<NLZ Nmaxa
N——
with “snapshots’/

V1 CYoC ... CIYNpor—1 C YN, (T V).
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Reduced Basis Approximation

Given u €D C RP, evaluate

sn,m () = €(yn,ar(1); 1)
where yn v (x; ) € Yy C Y satisfies

ao(yn,m (1), v) + a1 (yn,ar (i), v; gur (s p)) =
fsgm(zsp)), Vve DN,

where Y
g (@) = Y onrm(1)gm (),
m=1
and
ZBJ on () =g(zsp), 1<i<M.

Admits offline-online treatment: online cost O(M? + M N? + N?)
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Error Residual Equation

The error, e(p) = y(u) — yn(u) € Y, satisfies

ao(e(p),v) + ar(e(p), vi g(z; p)) =
r(v;p) + f(vs g(@; 1) — g (23 1))
—a1(yn,m (1), v g(z; ) — g (3 1)),
Voed,

where the residual is defined as
r(v;p) = f(v;gm(z; p))

—ag(yn(p),v) —ar(yn (), v; gar (s 1)),
Yove.
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Energy Norm & Output Bound

Energy norm bound [Ngu07]

1 .
Ay 1) = —( 1)y +€M(M)<I>R?(u)),
) aLB (/’L) N ~ _y g ~ —y
affine nonaffine
contribution to error bound
where arp (1) Lower bound of coercivity constant,
||"“('5 M) Hy’ dual norm of residual
Em (1) interpolation induced error
and F(vsansn) — an )
3 o » U3
(I)R?(,U) — sup UM +1 A1\YN,M qnM+1
vey o]y
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Output Error Bound

Note

 the output error bound:
Nz (1) = [[€Cs )y Ao (1)
Ay ()

- and the output effectivity: 1 (®) =

() — s ()]
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Output Error Bound

Note

 the output error bound:

N () = 1605 )|y Anar ()

AS
- and the output effectivity: 7 (1) = [s(p) Niu)(uﬂ
— oN

Proposition (Output Error Bound)
Forany N =1,..., Npax @andany M =1,..., M. , the

s(p) — sy ()|, satisfies

s(p) —sn(w)] < Anap(w),  VpeD.

error,
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Model Problem

We consider the model problem with

g(x;p) = Vi

1

T1 — pe1y)? + (T2 — p2))?

for € 2=]0,1[% and u € D =[-1,-0.01]°.

Maximum relative error and bounds in field variable and output [N]|

N | M Egnax,rel A?rjrllabx,rel ﬁu Efnax,rel Afnax,rel 778

4 115 || 1.20EE—-02 | 1.35E —02 | 1.16 || 5.96E — 03 | 1.43E — 02 | 11.32

8 [ 20 || 1.14dEE —-03 | 1.23EE—03 | 1.01 || 2.42E — 04 | 1.30E — 03 | 13.41

12 | 25 || 2.54E —-04 | 2.77E—04 | 1.08 || 1.76E — 04 | 2.92E — 04 | 17.28

16 | 30 || 3.82E — 05 | 3.93E —05 | 1.00 || 7.92E — 06 | 4.15E — 05 | 20.40
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Model Problem

Maximum relative error in the field variable

-1
10 ¢ i
-2
10 AN 1
fo— r >
] H S
L.'\ 4
-
= 10 °¢ E
aed :
W !
107" —=— M=8 e |
| —— M =14
(| v M =20
| —e— M =26
—— M = 32
1 0_5 I I | i | i | i |
2 4 6 8 10 12 14 16 18 20
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Contaminant Transport

- z-z-Z - <2 <2 < D e — <— < o

- - - - - - - = e e S S T T T T At a—a—a— - -

—— _‘&\\\\ AN \

PIP R - -~ . - o R
—-.y//,,’.—,”.—*« M -~~~ ~ - - e \\%g 4“\‘

W LT // en s A PP E I
U R R x \ \ - /,._,“Q::“: e A 7S PP MG
FRALALAL VL VN A . TR I
M \\\\\“Z::;:.’ =X \ \\\> o, TN
H\\\ AN —"_"’\ \\\ = - NN N e

Lo [ e et % TTIIIIITIe ()

NN ::%;,tg K W// - Tl S
SasSsso— —>—>—>—> —— e > - e diediedidindindiodied -

> e e P P P = — _,_,_>_>_>_>_>_J, — e - - - - - .

t ffff?HHHh
,////ffffHHn

. .. B N , A ——
”!IIII///II’ - - e
NI IS A s ara—a—a T TR TN TS S - - / ?‘\\§ \ \\“4—*“’4"—‘4_\\\
W) ] ) 1 A o s i 2t ‘\‘\‘\‘\«4—/ \ N e e AN AR
IS S S A o \t:::‘"’//////‘/ \ \ b
W P e - -
WL/ ,,/~\‘~‘\‘\\~/‘/ ZCl, 2

/7 777 / T

Concentration y(t; 1) of pollutant in 2 governed by scalar

convection-diffusion equation

0
S + U - Vy(tp) = £ V() + 97 (@ 1) 9(8),

with source term modeled by

T; 1)

Goal: Identify source location = parameter p = (k, 2], 75).

g7 (1) = 5770 e—50((@1—27)*+ (w2 —25)%).
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Energy Norm & Output Bound

Energy norm bound [Gre05]

1
k 2
2At / 2
yk _ 2 A2 na /1 k' .
AN ar(p) = E HT (5 )3 + €3 (1) E PR (Y s )
arp (@ —
afline nonaffine
contribution to error bound
where arp(p) ... lower bound of coercivity constant,
HTN (o) || x dual norm of residual
Env (1) ... interpolation induced error.
Output bound
{(v)
sk _ y k
AN () = (SUP Ay (k).
vey [|v]| L2
1% E;rrc;cri]us;i:)gyfg rRe%(ljU|C?gpBaarggtSyl\;lo(artg%cj/ss:i;?%?&:P:n%pfggfr:ii?wgf Slummer School | .n :352:2;35;:3:;; if:r Rm
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Contaminant Dispersion - Convergence: Energy Norm

10’ 10'
10° ~ ~ ~ ~ ~ ~ E 10° |
- \v‘x -1 ‘:&\\
10 — — — — — 4 10} Ny
E : s | ittt telvietiotebel el
X \@\ <>§ : ‘\'7‘\
£ 1072} R ST E 107}
2_ N 2. b ~,
>Z ——M=10 AN | =7 ——M=10 L
B e e e M = L <] | Y I &
10 M = 20 TV RSP SRR 10} M =20 e
----- M =30 e ] = =M=30 e
1ol ——M=40 ST 10l ——M=40 hal
-e-M =50 -e-M=50
» M = 60 el M = 60
10 - - - - 10 - - - -
50 100 150 200 250 0 50 100 150 200 250
N N
Results for random sample =rest € D of size 2000.
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Truth Problem Statement

Given € D evaluate VE e K
s (1) = £(y" (n))

where " (1) € Y,1 < k < K, satisfies v (1) =0
1

~g () = " (), v) + ay® (), vi )

T / g (" (): s 1) 0 = b(o)y(ER), Vo € V.
Q

Assumptions:

— gl :Rx QO xD—R continuous;
— ¢ (1) < 9™ (y2s s ), Y1 < s

—Vy eR, yg"'(y; ;1) >0, forany z € Q, pu € D.
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Standard RB Approach

Sample Computation:

N

We expand yn (¢ ,,LL Z 7M Gy

and obtain (v=_C, 3, € N)
Qg(yn (% p); s p) ¢ =

/ Zng ) Gy | G

= N-dependent online cost.
Note

« Standard RB-Galerkin recipe suffices for (at most) quadratic
nonlinearities: O(N*) online cost ((vPP03, VP05, NVP05]...)

* Higher order or nonpolynomial nonlinearities — EIM
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Empirical Interpolation Method

Interpolation Points and Spaces :
T3, {zf eQ,....2t, €Q} and
Wi, = span{{,, 1 <m < M}
= span{qi,...,qun}, 1< M < Mpax,
&m are chosen by PODy — Greedy , procedure.

Approximation : for given w”(u) € Y

nl,wl’C

g (W (p); 5 ) ~ gy (w5 p) = :

v (1) @m (),

iNgE

M
> am(@l) O (1) = g™ (w(ay 55 p)ialsp), 1< n < M.

m=1

Note: gpéﬂwm(,u) = SDMm(th {t) function of (discrete) time th,
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Galerkin Projection

Given u € D, evaluate Vk € K

siv,r (1) = £y nr (1))
where y]k\;,M(u) c W3, 1 <k <K, satisfies y?V,M(,u) =0

1 _
AR (1) = YN (1), 0) + a(yRae (1), vi )

Computational Procedure:

* Admits an offline-online treatment
- Online cost' is O(MN? + N3) and thus independent of N

TCost per Newton iteration per timestep.
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Energy Norm & Output Bound

Energy norm bound [Gre12a]

k 5
2Nt R
AE () = (Zs (1) +ﬁ?\4226§“\4(u)2) |

aLB e/ —1
linear nonlinear

contribution to error bound

where arp () ... Lower bound of “a“ - coercivity constant,
k .
ena(B) . dual norm of residual,
R () . .
SDUAVE ... interpolation induced error.
Output bound

/(v
}SV,M(thM) = (SUP (v) )AN (1)
vey ||V]| L2
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Model Problem

Given u = (p1, o) € D = [0.01, 10]?, evaluate 0
s"(n) = /Q Y (1)

where yfﬁv,M(,u) €Y, 1<k <K, satisfies 3°(p) =0

| / g™ (4" (1); 23 1) v = b(v) sin(2nt*), Vv ey,
Q0

eh2y" (1) _

with 9" (5" (1); 2 1) = pa
M2

Truth Approximation
- Space: Y C Y°® = H, () with dimension N = 2601;
. Time: I = (0,2], At = 0.01, and thus K = 200.

:]Ov 1[2
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Sample Results

Truth solution y(¢*; 1) at time t* = 25A¢ and

= (0.01,0.01) u = (10, 10)

Solution for u = (0.01,0.01), =25 At Solution for u = (10,10), t=25At

T
A RN
o R r70s 00y 0 00 OSSNSO
0.5 0.5 I
= A5 = O RSS2,
4 AN T QLXK P
Z 0 S SN 2 ol
x~ LS Il'/'“t‘\\\\ \ X X N 7
> 0.5 N\ LRSI \\\X}Wﬁ” > 0.5 W\\\\\\ >
—u. < \ Y - AW N un;
\ SN XA,
-1 e, -1 S IO
NS NS CEEIIS
1.5 ) S 15 &
- 1.0 R —-1.0:l 3225

b(v) =100 [ v sin(27x1) cos(2mxs)
Q
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Convergence: Energy Norm

—_
—_

10 10
10° b 10°
107'H\ 10~
2 \ 2
) 10 \'\\ © 10
é -3 “‘_ é 3
£10 W ;ﬁ 10
>Z 4|—M=10 T===-=-=====-=====-=-=-1 >Z -4
10 - -M=20 \\“ < 10
10781 - m = gg “% ....... S 10°°
10°H-e-M =80 B S 107°
, M = 100
10 : : : : : ‘ ‘ ‘ ‘ ‘ 10_7 : ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
O 5 10 15 20 25 30 35 40 45 50 55 O 5 10 15 20 25 30 35 40 45 50 55
N N
Results for random sample =iest € D of size 225.
* “Plateau” in curves for M fixed.
« “Knees’ reflect balanced contribution of both error terms.
« Sharp bounds require conservative choice of M.
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PART Il
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Overview

Part I: Introduction to the Reduced Basis Method
Motivation

RB for the Simplest Case
Generalizations

EIM for Non-Affine and Nonlinear Problems

Part lI: RB + Data Assimilation

Part Ill: Applications + Exercises (James Nichols)
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Overview

Part I: Introduction to the Reduced Basis Method

Part lI: RB + Data Assimilation

Generalized EIM

Parametrized Background Data Weak Method (PBDW)
(Optimal Control)

4DVAR - Data Assimilation

3DVAR - Data Assimilation + Sensor Placement

Part lll: Applications + Exercises (James Nichols)
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EIM Greedy Approach

We then proceed by induction to generate S5,, W{,, and T);:

For 1 < M < M,,.x, we first solve the interpolation problem

gm (T 1) ZBWSOMQ =g(xisp), 1<i1< M,

where Bi\f = q;(x;),1 < 1,5 < M, then compute
M

g (x5 p) = Z © M m (1) gm (),

m=1

and evaluate the interpolation error

em (i) = llg(Cs ) — gne (5 1) || Loe ()

=9
forall p € ={,. ;-
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EIM Greedy Approach

We then determine

Harr = arg max en(p)
UES

and compute {ar41 = g ) -

To generate the interpolation points we solve the linear system
M
Z UJM Qj(ifi) = 5M+1(513z'), 1<i< M
j=1

M
and we set 7y 11(7) = () — Z UJM q; ().
j=1

The next interpolation point is
Ty = arg max |rara1(x)]
€S

and qar+1(2) = ry41 () /Tar+1(Tar41).
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GEIM

Function space interpolation

Approximate the function A set of functions, e.g.
solutions from different models

+ with different parameters

p el
with its interpolation
M Interpolation functions
T — M ~‘./
M ] a;” (¢)g;
=1 N Interpolation coefficients
where the coefficients &j-” () are chosen such that

oi(Imlp)) == oi(p)

Linear functionals Data, e.g., measurements
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Analysis and Numerics of Partial Differential Equations pp 221-235 | Cite as

i A Generalized Empirical Interpolation Method:
e Application of Reduced Basis Techniques to Data
Assimilation
Authors Authors and affiliations

Yvon Maday ], Olga Mula

How can we choose the measurement functionals from a library?

How can we choose the interpolating functions?

What about well-posedness of this formulation?
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GEIM

State Estimation
Given measurement data d; = o;(y,u.) Of SOMe unknown state ..
Assume 1y, Can be expected to be close to a set F' of candidate states

Approximate ;,4e USING

M M
Youe © Y@ (9)G;  where  di=Y Moy(g), Yi=1,....M
i=1 =1

This corresponds to:

y€espan{ ¢, t=1,...,M } suchthat o;(y)=d;, i=1,...,M
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GEIM

Initialization
@1 = arg 2)16313( o] Generating function
01 = arg Igleag o (1) First measurement functional
- P _ . . .
d1 '= — =~ First interpolating basis function
o1(p1)
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GEIM

Iterative Procedure

Suppose {Gi,..-,4m—1} and {o1,...,00m_1} have been constructed.

Oy = argmax ||o — Zasr—1]p]l] Function that is currently
peF approximated the worst

oy = argsup |o(on — Zar—1]p])] Next measurement functional
oe
dr = oM — IM—l[W] Next interpolation function

o1(On — Iar—1lp))
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PBDW

Unlimited-observations PBDW statement

Find yy €Y, 2xy € Zn, vy €Y s.t.

% * * . 2
(Yns 2N N) = arg inf Il
yn € YV
ZN € ZN
NN €Y
Subject to
(yn,v) = (NN, v) + (2n,v) Vo €,
. true
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PBDW

Unlimited-observations PBDW statement

Introduce library of observation functionals

L={ey|t=1)

where (for example) /(> (v) = Gauss (v;x

Let Tas = span{Ry f;l}M M=1,...

m=1"

where (v, Ry ¢, ) = 0, (v) Yve)

T )

s Minax, - - -
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PBDW

Limited-observations PBDW statement

Find (yn.ar € Vs 2hom € 2N, v € Y)

* * * . 2
(yN,Ma ZN,M: 77N,M) — arg inf H77N,MH
YNM € Y
ZN.M € ZN
NN M €Y
subject to
(Ynam5v) = (N, 0) + (2v,m,v0) Yo €D,
(ot
(yn,as0) = (¥, 0) Vo € T
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PBDW

Unlimited-observations PBDW statement

The PBDW approximation error satisfies

* * . . true
HUN_nN,MH < inf inf Hy —z—ql||,
qETMﬂZJ%, 2€EZN
* * 1 . . true
HZN—ZMMH < —— inf inf Hy —z—q|,

BN.M q€TmNZ5: 2€2N

Y

, 1 | |
o™ =yl < (1 i @V—M) qe%\?ﬁzﬁ zggN ly "™ —2—q

where the stability constant Sy s is defined by

By = inf sup (Z’—Q)
2€2n g |IZlll4l]
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PBDW

Unlimited-observations PBDW statement

The PBDW approximation error satisfies

* * . . true
HUN_nN,MH < inf inf Hy —z—ql||,
qETMﬂZJ%, 2€EZN
* * 1 . . true
HZN—ZMMH < —— inf inf Hy —z—q|,

BN.M q€TmNZ5: 2€2N

Y

, 1 | |
o™ =yl < (1 i @V—M) qe%\?ﬁzﬁ zggN ly "™ —2—q

where the stability constant Sy s is defined by

By = inf sup (Z’—Q)
2€2n g |IZlll4l]
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PBDW

Unlimited-observations PBDW statement

The PBDW approximation error satisfies

* * . . true
HUN_nN,MH < inf inf Hy —z—ql||,
qETMﬂZJ%, 2€EZN
* * 1 . . true
HZN—ZMMH < —— inf inf Hy —z—q|,

BN.M q€TmNZ5: 2€2N

Y

, 1 | |
o™ =yl < (1 i @V—M) qe%\?ﬁzﬁ zggN ly "™ —2—q

where the stability constant Sy s is defined by

By = inf sup (Z’—Q)
2€2n g |IZlll4l]
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PBDW

Unlimited-observations PBDW statement

The PBDW approximation error satisfies

* * . . true
HUN_nN,MH < inf inf Hy —z—ql||,
qETMﬂZJ%, 2€EZN
* * 1 . . true
HZN—ZMMH < —— inf inf Hy —z—q|,

BN.M q€TmNZ5: 2€2N

Y

, 1 | |
o™ =yl < (1 i @V—M) qe%\?ﬁzﬁ zggN ly "™ —2—q

where the stability constant Sy s is defined by

By = inf sup (Z’—Q)
2€2n g |IZlll4l]
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PBDW

Unlimited-observations PBDW statement

The PBDW approximation error satisfies

* * . . true
HUN_nN,MH < inf inf Hy —z—ql||,
qETMﬂZJ%, 2€EZN
* * 1 . . true
HZN—ZMMH < —— inf inf Hy —z—q|,

BN.M q€TmNZ5: 2€2N

Y

, 1 | |
o™ =yl < (1 i @V—M) qe%\?ﬁzﬁ zggN ly "™ —2—q

where the stability constant Sy s is defined by

By = inf sup (Z’—Q)
2€2n g |IZlll4l]
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Optimal Control

with

M. Karcher and M. Grepl
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Optimal Control

Problem Formulation

min J (y,u) =

s.t. (Ay,v) =

Desired state
Distributed control

PDE-constraint

_Hy deLQ(D)"I' HUHU
(Cu,v) + (f,v), Vvey,

yq(z), © € €
u(x), x €

state y is governed by a -PDE
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Optimal Control

Reduced Basis Approximation

. 1 2 T 2
uinelgn J(ynaun) — §||yn — yd||L2(D) T 5”’&””(]

s.t. (Apyn,v) = (Cpup,v) + (fn,v), YveY,,

RB approximation as surrogate Yn, Un

Error estimation |u® —u ||l < A

() = J(up)] < Ay
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Optimal Control

Status

e Order Reduction for

- sharp (POD) error bounds, but requires FE-solves

[TROLTZSCH & VOLKWEIN, 2009]

- online-efficient but non-rigorous error estimates

[DEDE, 2010a], [DEDE, 2012]

- online-efficient, rigorous error bounds

[GREPL & KARCHER, 2011], [KARCHER & GREPL, 2014]
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Optimal Control

Status: Distributed optimal control
e Perturbation Bound in [KARCHER, 2011]

- based on [TV09], [GK11], [KG14]

- online-efficient, separate error bounds for state, control, and adjoint

1 *k
[u® —umllo < An = —lI7(up, —ua) = B'pyllo + %Ap
1
Ip° =polly < A% =—(Irpllv + CHAY)
a
1
1y° —unlly < A% = —||rylly
g,

- depends only on ¢, Ve, and Cp

- bound for error in u contains terms which scale as

",
~ — T /
T yll¥
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Optimal Control

Status: Distributed optimal control

e BNB Bound in [NEGRI, ROZZA, MANZONI & QUARTERONI, 2013]

- based on the Banach-Necas-Babuska Theorem
and RB for general non-coercive problems

- consider the entire optimality system

"M 0 A 1Tyl [ M7
0 7D -C" uw | =| 7D
A ¢ 0 JLp]l L O |
and introduce = = (y,u,p) € Z to obtain
2° — a3llz < —— s 2
Ba

- online-efficient error bounds, but depends on (g,

- provides only combined bounds for state, control, adjoint
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Optimal Control

Motivation
* Analyze the optimal control problem as a saddle point problem
e Saddle point results not directly applicable:
- “A-block” is coercive only on kernel of the “B-block”
- online-efficient, rigorous error bounds on (y, u)

e But perhaps we can use some elements of the proof ...
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Optimal Control

* Alternative Bound in [KARCHER, GREPL & VEROY, 2014 (preprint)]

- by direct manipulation of the error residual equations, we obtain

1 gl
e P (O =3

2T a
2
1 Ve
b | (Il + 22l )
1
87 TC% 5 |2
+E Iyl gl + =Rl

bounds for error in ¥y, P, asin perturbation bound
online-efficient, separate error bounds for state, control, and adjoint

depends only on o, V., and Cp

bound for error in u contains terms which scale as

~ — /
7y lly
T
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Model Problem

:BzA
53
4/- : (“19 2)
- -X%--} -+
G| |k
/ Lo _d1____4 /
2 7t
927’/"’2
11
Qlaﬁll
i i i i >
0 1 2 3 4 5 <1

e Steady heat conduction with conductivities (K1, K2, K3)

e FE Dimension dim(Y") ~ 18, 000
» State y4 = 1in 25 andyy = 0 in Q3

* Regularization parameter: 7 = 0.1

Y

* Input parameter: 1 = (11, u2) € D = [3,4]°.
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Sample Solutions (7 =0.1)

control

state
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Control: Error and Bounds

Max. rel. Control Error and Bound

10° —
—Per || Timings:
1 _
10 L _KGV E L

—Errorf . tgp € [1.2,4.8]ms
L. tRB,A € |2, 7|ms
Speedups:

* RB: 256-1025

e RB+Bound: 176-615

Test set:
: : _
10_6 ! | | | | ! ! - ¢ |:teSt| — 20
) 10 15 20 25 30 35
M = N/2
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Control: Average Effectivity

Average Control Bound Effectivities

—Per
‘ ‘ ‘ | —KGV
o S S S .~

5 10 15 20 25 30 35

M =N/2
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Combined Error and Bounds

Max. rel. Z—Norm Error & Bounds

10* ! ! ! ! ! ! '

3 —Per
10" | —KGV
10° —BNB

—Error

10 5 10 15 20 25
M = N/2

30

35
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Effectivities: Influence of 7

Average Effectivities of Control Error Bound

1055 T T T | T T T T T T L | T T T rrrrT
; | | - |——Per |

. —-—KGV |
10 ——BNB |
——TV :

0_

107" 107 107 10”7 10°
regularization parameter A
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Optimal Control (1)

Summary

We developed an online-efficient certified reduced basis method

for distributed optimal control problems.

The approach provides separate bounds for the error

in the state, control, and adjoint variables.

The error bounds are efficiently computable

and depend only weakly on the regularization parameter.
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Data Assimilation

with

S. Boyaval, M. Grepl, and M. Karcher
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Motivation - A Geosciences Example

Groundwater flow

Saturated zone
(groundwater) Groundwater flow

Bl 2 | oy

Aquifer

Source: Environment and Climate Canada
https://www.ec.gc.ca/eau-water

Given:

e Parametrized PDE-model

Issues:

Parameters unknown

Model, but possibly erroneous
Boundary or initial conditions uncertain

Groundwater Flow:
e Groundwater management
e Contaminant transport
Goal:
e Predict hydraulic head
* Predict pollutant concentration

Aquifers and wells

|
. Confini
(|mp.rm':; Unconfined
aquifer
Confined aquifer Water :able w’ell
{In unconfined aquifer;

* Measurements, possibly noisy Source: Environment and Climate Canada
https://www.ec.gc.ca/eau-water
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Background

(Variational) Data Assimilation

3D-/4D-VAR [Lorenc '81], [Le Dimet '81], [Courtier '85], ...
[Le Dimet & Talagrand '86], ... [Navon et al] ...
+ Kalman Filter, Bayesian Methods [Law & Stuart '15], [Reich '15], ...
MOR + Data Assimilation (+Sensor Placement)
Gappy-POD [Everson & Sirovich ’95], [Willcox '06] ...
GEIM [Maday & Mula '13] ...
PGD (+ EIM ) [Nadal, Chinesta, Diez, Fuenmayor & Denia '15] ...
PBDW [Maday, Patera, Penn & Yano ’14, '15], [Taddei '17],

[Maday & Taddei ’17(p)], [Taddei & Patera 18],
[Hammond, Chaqir, Bourquin & Maday '18(p)]
OMP [Binev, Cohen, Mula & Nichols 18]

MOR + Optimal Control

RB + OC [Negri, Rozza, Manzoni, Quarteroni '13],
[Troltzsch & Volkwein '09], [Karcher, Tokoutsi, Grepl & V. 18]
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4DVAR

4DVAR (1)

1
min min

A R 2
gy -l - 33 aden il

st m(y*,v) =m(y* " v) — At a(y®, v p) + At f(v),

VveY k=1,....K

Y’ =u

Solve for 1*and the estimate (u* (1), y™(1*)).
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Optimal Control

Problem Formulation

min J (y,u) =

s.t. (Ay,v) =

Desired state
Distributed control

PDE-constraint

_Hy deLQ(D)"I' HUHU
(Cu,v) + (f,v), Vvey,

yq(z), © € €
u(x), x €

state y is governed by a -PDE
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4DVAR

4DVAR (1)

1
min min

A R 2
gy -l - 33 aden il

st m(y*,v) =m(y* " v) — At a(y®, v p) + At f(v),

VveY k=1,....K

Y’ =u

Solve for 1*and the estimate (u* (1), y™(1*)).
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4DVAR

Reduced Order 4DVAR  (11)

. . 1 2 )\ s 2
/5%1%u1€11€1£{1N §HUN—ubHu + 5};At”0y§“\,—y’jHD

s.t. myn.v) =myy V) — At alyy,vip) + At f(v),
VveYn, k=1,.... K

0 _
Yn — uUnN

Solve for ft"and the estimate (u* (™), y™ (u*)).
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4DVAR

Reduced Order 4DVAR  (11)

K
1 2 A L k2
min min —lluny —u + = At||Cyn —
nED un EUN 2” N olle 2}; H YN deD
s.t. myn.v) =myy V) — At alyy,vip) + At f(v),
VveYn, k=1,.... K

YN = un
Solve for ft"and the estimate (u* (™), y™ (u*)).
Order Reduction for
 PDE governing model dynamics
e QOptimization space

[Robert, Durbiano, Blayo, Verron, Blum, Le Dimet 2005], [Chen, Navon, Fang 2009],

[Dimitriu, Apreutesei, Stefanescu 2010], [Nadal, Chinesta, Diez, Fuenmayor & Denia '15] ...
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4D-Var

4D-Var
(1)

Solve
1 2 A " L k2
min min o [u(s) = wlly + 3 ;AtHCy (1) il p
st m(y" Tt v) = m(y",v) — Ata(y®,v; p) + At f(v),
5 VveY, 1<k<K

Yo =u

for *and the corresponding (u* (1), y* (u™)).

Lagrangian

K
1 > A
L(y,p,u; 1) = —Hu —wplly + 5 ZAtHCyk —yillb

k 1
+Zm m(y*~1, p*) + Ata(y®, p¥) — Atf(pF),
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4D-Var

Reduced Optimality Conditions

1

(@) = alyn,6) — iomun —uy o) = 0 L,

1
MCyx — v, Cp)p — rym(e Py — ™) +ale i) = 0 L,
m(¢7p}V) T (U’N — ubaw)U — 0 £u

forall ¢ € Yn, ¢ € YN, ¥ € Un, where

CONTROL Un =span{ u"(y;), i=1,...,N}
STATE/ADJOINT Yy = span{ POD(y" (1)), POD(p™ (1)),
i=1,...,N}
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4DVAR

Reduced-Order 4DVAR (1)

. . 1 2 A k k(|2
Solve L%l%u]{fnelill]v §HUN — ubHu + § I;AtHCyN — yd”p

s.t. myn,v) =myy ) — At alyy,vip) + At f(v),
VveYn, k=1,....K
YN = UN

for ;1"and the estimate (u™ (™), y™ (u™)).

Can we quantify the error for a given 4 ?
CONTROL ™ () = un (W)l < Ax (1)
STATE ly* (1) — yn (W)l < A (1)
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4D-Var

Reduced Optimality Conditions

F(8) — alyh, 6 m) — ek — vk 6) =0 £

|
MNHYY =y, He)p — mle,py — PN +ale o) =0 L,
m(wap}\f) o (U’N — Ubﬂﬂ)bt =0 Eu

¢€YN7¢€YN7wEMN

180 Introduction to Reduced Basis Methods: Theory and Applications | i h Institute for
Karen Veroy-Grepl | “Sparsity for Physics, Signal and Learning” Summer School | .n Advanced Stu dy Rm
INRIA - Paris | 24-27June 2019 .E Co mp t _t

Engineering Science



4D-Var

Reduced Optimality Conditions

1

f(¢) o a(y]k\fa ¢7 :u) o Ktm(yjk\/' T y?\f_la ¢) =0 £p
1

MNHYY =y, He)p — mle,py — PN +ale o) =0 L,
m(wap}\f) o (uN —UbﬂP)M =0 Eu
¢€YN7¢€YN7wEMN

CONTROL Un =span{u™(u;)), 1 =1,...,N}
STATE/ADJOINT YN = span {POD(Z/*(M)), POD(p*(M)%
i=1,...,N}
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4D-Var

Error
STATE er(p) =
ADJOINT ey
CONTROL e
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4D-Var

Error
STATE ey (1) == y™* (1) — yn' (1)
ADJOINT  ep(p) == p** () — pi* (1)
CONTROL  ef(p) :=u™*(p) — uy’ (1)
Error Residual Equations
1 _
STATE ry (@i 1) = aley, di p) + Zmley — ey 0)
1
ADJOINT  15(sp, 1) == A(Hey, Ho)p + om(ip, ey — e ™) + ale, ;1)
CONTROL  7u() := (eu, V) — m(1), ep)
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4DVAR

A Posteriori Error Estimation

We can show that

[l (1) — un (Wl < AR (1) = er(p) + Ver ()2 + ez ()

with non-negative terms

cvim Sl + Ry 2= (2R, R,+ 0
\/ O Qg (ag®)?
% 1/2
_ ko2 k k :
where Ry, =|7> |lry I, | andr;,r;, 7, are the residuals
k=1
In the state, adjoint, and control equations.
[Karcher, Boyaval, Grepl, V., 2018]
i Karen Veroy-Grepl | -Sparsity for Physios, Signal and Leaming® Summer School | [} fectenvstwetor | IRNNTTTH]

INRIA - Paris | 24-27June 2019 §) Computational

Engineering Science



Model Problem

1 | ! I
/ //,_.:::.\;;;:::\\\ \
I ENIAART R .
SRRt H'H L4 111 ] Contaminant transport
AN N RN « e . —
N2 R R R R « “Gaussian” initial condition, Ug
\\-\q___.(// AR \\\._.._.,//
Of- oo Bh o * Known Taylor-Green vortex velocity field
=N N Ve _
IS 2 FEI e Parameter ;4 = Pe € [10,50], z = 30
FERAMRREREEEEEERAR R . .
R TR BN e e FE dimension (A = 13000, K = 200)
A RN ’
\ \\\:_.,/// 1 \\\-\__,// 7

1
—_
[a)
—_

Assumptions:
e Data generated with true initial condition

* Uncertainty due only to noise and “unknown”
parameter

outputs Cy* (u*1°)

e Prioris exact

-0.2 L ! L
0 50 100 150 200
time-step k
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Model Problem

PSRN AN
Ik
..{.\1_\:_ SAEN :"H L s '/Zf'r Contaminant transport
NN N R RN y e e » —
WAlZzozibiaznnlt « “Gaussian” initial condition, U
Op === lH » Known Taylor-Green vortex velocity field
=N N Ve _
VRIS 1l S EIENNNN e Parameter ;4 = Pe € [10,50], z = 30
J///l—lttt 11 t l—l\\\x . .
R IR RN ST e FE dimension (N = 13000, K = 200)
x\\ -_.///’1\\\\._- / J )
N \\'_.,/// t \\\\._'/// /
NSRBI BN
_1 NN h i
-1 0 1
1.2
Lr Assumptions:
P » Data generated with true initial condition
)
2 0 e Uncertainty due only to noise and “unknown”
= 04}
7 parameter
S 0.2 o
* Prior is exact
ol
0.2 - : :
0 50 100 150 200
time-step k
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Model Problem

State variable (/)

=30 @ = 50
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Model Problem

State variable y(/t)

=30 @ =50

i 1.2
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Model Problem

State variable y(u)

p =10 =30 =50

k=80

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0
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Model Problem

State variable (1)

k = 160
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Model Problem

Control error and bound

104 . . .

control error bound
control error

max. rel. error and bound
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Model Problem

Computation Time

B 1.9

g 7 ]
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¥ 1t -

=

o 0.8F 1
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©

o 0.2} -

=
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Model Problem

1 .
; j::::::.\ | ;;:::::: . Contaminant transport B
[ ,”.’ ERNNR Y A /j\.\\ Ng  “Gaussian” initial condition, U
SEEL ESSNNNRNRARL R -
IR } Jl { lt 1\ AP * Known Taylor-Green vortex velocity field
IR NN NP _
W D22 NN ST e Parameter ;4 = Pe € [10,50], z = 30
o - IT I gt T e FE dimension (N = 13000, K = 200)
EAns NN I IS Setanueh
/'/'//_-\\\\lff/,-_\\\\ : :
RESGREERSEREESRENR Assumptions:
S TP I BN - B0 : "
§ \\ \\.\ PN N RN /D//fjj } * Data generated with true initial condition
—_ — VAN AN BN ~— . .
AN N » Uncertainty due to noise,
-1 |
1 0 unknown parameter, and model error
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4DVAR

Weak-constraint ADVAR

min ZAtHukHE—I- ZAtHCy — 4l
k 1

’f+1,y) =m(y",v) — At a(y®,v; p) + At f(v) + At m(u®, v),
\V/VEY, kZl,,K

s.t. m(y

e Account for inexact model by adding a model error term, where
uk the model error in each time step
M covariance of the model error

e Allows to consider longer analysis windows
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4DVAR

A Posteriori Error Estimation
1/2

K
* * 2 A U
ALY o —u I, | < AR (k) = () + Ve (w)? + ca(p)
k=1

VueD

where
1 ~ \/i’yb ~
ci(p) =5 | But —15 Iy
a
2\/§ R ~ I )\’yg ~9
c2(p) = —5 |
LB Y "P 277y
g 2 (af?)
[Karcher, Boyaval, Grepl, V., 2018]
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Model Problem

Control error and bound

104 I I I I
o, control error bound
% control error
o 107
)
o
3
~ 100
o
—
~
(D)
S —2
< 10
—
-
S 104
0 20 40 60 80 100
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Model Problem

Computation Time
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4DVAR Summary

Key points
« Approximated solutions of the parametrized 4D-VAR problem using
reduced basis methods
« Developed a posteriori error bounds for the error in the control (initial condition or model

error) as well as state and adjoint

* Applied proposed methods to a simple parametrized convection-diffusion problem
- Estimated unknown parameter, initial condition, and model error

Issues and Perspectives
« Convergence and error estimates for the parameter estimation problem
* Introduce uncertainty in prior

« Sensor placement
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Data Assimilation + Sensor Placement

with

N. Aretz-Nellesen and M. Grepl
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Background

(Variational) Data Assimilation

3D-/4D-VAR [Lorenc '81], [Le Dimet '81], [Courtier '85], ...
[Le Dimet & Talagrand '86], ... [Navon et al] ...
+ Kalman Filter, Bayesian Methods [Law & Stuart '15], [Reich '15], ...
MOR + Data Assimilation (+Sensor Placement)
Gappy-POD [Everson & Sirovich ’95], [Willcox '06] ...
GEIM [Maday & Mula '13] ...
PGD (+ EIM ) [Nadal, Chinesta, Diez, Fuenmayor & Denia '15] ...
PBDW [Maday, Patera, Penn & Yano ’14, '15], [Taddei '17],

[Maday & Taddei ’17(p)], [Taddei & Patera 18],
[Hammond, Chaqir, Bourquin & Maday '18(p)]
OMP [Binev, Cohen, Mula & Nichols '18]

MOR + Optimal Control

RB + OC [Negri, Rozza, Manzoni, Quarteroni '13],
[Troltzsch & Volkwein '09], [Karcher, Tokoutsi, Grepl & V. '18]
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4DVAR

4DVAR (1)

1
min min

A R 2
gy -l - 33 aden il

st m(y*,v) =m(y* " v) — At a(y®, v p) + At f(v),

VveY k=1,....K

Y’ =u

Solve for 1*and the estimate (u* (1), y™(1*)).
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3D-VAR

Modified Formulation

1o A
L . - d 2
min o flufl + 5 lldly

s.t. a(y,v) = f(v) +blu,v) Yve)y (M)
(y+d,7)y = (ya,7)y VreT C)y

where
U model bias
d misfit between state and “data"
Yy state
Ya "data"
A\ regularisation parameter
M is the best- knowledge model of the physics.
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3D-VAR

Modified Formulation

1 A
min —[u]2 + 5|

d 2
ueld 2 | Hy

s.t. a(y,v) = f(v) +blu,v) Yve)y (M)
(y+d,7)y = (ya,7)y VreT C)y

Variational Data Assimilation

* Prevalent in meteorology and oceanography

[Law & Stuart 2015], [Reich 2015],...
« Given a best knowledge model and data

find (allowed) perturbations u to the model

such that 1 and the misfit d are as small as possible.

Aachen Institute for Rm
Advanced Study in
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Engineering Science
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3D-VAR

Modified Formulation

. o1 A
(1 ) min 5 )12 + 5 1013

weD ) ueld 2
st a(y(p),v;p) = flo;p) +blu(p),v) Vv ey
(y(n) +d(p), 7)y = (Ya, 7)y VreT C)
Issues Mo, y=0
%
. . - 0
 Bias in boundary conditions j % 2 ;
e Error in model form v ) ~ Ty
. Vy-n=0 1, /vy.nzo
« Unknown or uncertain parameters 7 %
4
- Noisy data 4 .  %om-1l
1
tt ? ttttt 1
Ciny Vy-n=u
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3D-VAR

Modified Formulation

. o1 A
(1 ) min 5 )12 + 5 1013

weD ) ueld 2
st a(y(p),v;p) = flo;p) +blu(p),v) Vv ey
(y(n) +d(p), 7)y = (Ya, 7)y VreT C)
Issues Mo, y=0
%
. . - 0
 Bias in boundary conditions j % 2 ;
e Error in model form v ) ~ Ty
. Vy-n=0 1, /vy.nzo
« Unknown or uncertain parameters 7 %
4
- Noisy data 4 .  %om-1l
1
tt ? ttttt 1
Ciny Vy-n=u
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3D-VAR

Modified Formulation

: . 1 2 A 2
(1) min 3 oI + 5 1013
st a(y(p),v;p) = flo;p) +blu(p),v) Vv ey
(y(w) +d(p), 7)y = (ya, 7)y VreT CY
Relation to Optimal Control [Nellesen '18(MS)]

* Distributed optimal control (+ minimization problem)

b(u, v) represents permitted corrections to the model

Optimality leads to saddle point structure

Use RB approximation, error bounds in [Karcher, Tokoutsi, Grepl & V. '17]

Difference: Measurement space 7 C Y
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3D-VAR + RB

Modified Formulation

. | A
<m1n) min —"UN(N)"21+§“dN(N)"§J

ueD un EUN 2
st a(yn(p),vip) = fvsp) +blun(p),v) Vv € Yy
(yn(p) +dn(p), )y = (Ya, 7)y vreT
Reduced Basis Approximation [Nellesen '"18(MS)]

* Introduce reduced spaces for control, state, and adjoints

Galerkin projection onto reduced basis spaces

A posteriori error bounds for control, state, adjoint, and misfit

Offline / online decomposition

Greedy algorithm to construct approximation spaces
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3D-VAR + RB Error Estimation

Residuals
To obtain an a posteriori error bound for each error term

*

ey 1= U — U, ey =Y — YN eq = d" — dy, ep =D — PN
(control) (state) (misfit) (adjoint)

we define the residuals

ro U >R ry(9) b+ (o, pi) — (U, ®)u

rp:Y =R () = AW, dy)y — au(, py)

Ty - Y —=R ry(w) fu(w) -+ bu(“?\hw) — aﬂ(y}k\r,w)

whose norms can be computed in an offline-online procedure.
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3D-VAR + RB Error Estimation

A Posteriori Error Bounds

Define further
Gu = rulle + 5 [bpllllrp |l ga = 5=yl
o i= %H%HJJ’H%HV + ﬁ“ry’@' ha = A% 7p Iy |7y [l + 4)\gu
Then
leully < Sgu+ /392 + eyl < 2 lirylly + Leljey |,

leally < 390+ /203 +ha  leplle < Zlrplly + 2 lealle

Similar a posteriori error bounds in [Karcher, Tokoutsi, Grepl & V. '18]
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3D-VAR

Modified Formulation

. 1 A
(1 ) min 5 )12+ 5 03

st a(y(p),v;p) = flo;p) +blu(p),v) Vv ey
(y(p) +d(p), 7)y = (Ya, )y VreT CY

How do we optimally select the measurements?
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3D-VAR

Modified Formulation

. o1 A
(1 ) min 5 )12+ 5 03

weD ) ueld 2
st a(y(p),v;p) = flo;p) +blu(p),v) Vv ey
(y(u) +d(p), 7)y = (ya, 7)y VreT CY

How do we optimally select the measurement space T
where T is the space spanned by the Riesz representation

of the measurement functionals?

— Stability analysis
[Maday, Patera, Penn & Yano '14]
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3D-VAR(1L): Stability Analysis

One can show that

1wy, y7) (M sy < CYN) lyally + Co (M) | forpaly

oy, (Mly < C5 (M) llyally + C4 ()] for,ll>

with positive stability constants.

The stability constants are “better-behaved” for [Nellesen et al. "18(p)]

— lully - — (y.r)y <
)= b Tl >0 Arlw)i= Inf sup s > 0

as large as possible. Here,

Ho(p) =1 (u,y) €U XV :a,(y,y) = bu(u, ) MAURSINUN S
Y, ={yeyY:FJuelst a,(y,v)=0b,(u,v) YYe)}.
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3D-VAR(1L): Stability Analysis

One can show that

1wy, y7) (M sy < CYN) lyally + Co (M) | forpaly

oy, (Mly < C5 (M) llyally + C4 ()] for,ll>

with positive stability constants.

The stability constants are “better-behaved” for [Nellesen et al. "18(p)]

— lully - — (y.r)y <
)= b Tl >0 Arlw)i= Inf sup s > 0

as large as possible. Here,

Ho(p) =1 (u,y) €U XV :a,(y,y) = bu(u, ) MAURSINUN S
Y, ={yeyY:FJuelst a,(y,v)=0b,(u,v) YYe)}.

213 Introduction to Reduced Basis Methods: Theory and Applications | Aachen Institute f
Karen Veroy-Grepl | “Sparsity for Physics, Signal and Learning” Summer School | n AZSaﬁzeL'ss,'u‘f,fi:' Rm
INRIA - Paris | 24-27June 2019 ® Computational
Engineering Science




3DVAR + RB

Modified Formulation

(mm)mmgm<mz+yummi

pneD cu

st a(y(p),vsp) = f(osp) +b(u(p),v) Yvey
(y(p) +d(pn), 7)y = (Ya,7)y VT eT

214 Introduction to Reduced Basis Methods: Theory and Applications | o h istituto for
Karen Veroy-Grepl | “Sparsity for Physics, Signal and Learning” Summer School | .n Advanced Stu dy Rm
INRIA - Paris | 24-27June 2019 .a g mp t 3
ngineering Science



3DVAR + RB

Modified Formulation

(mm) min 3l ()12 + 2l da ()13

nweD | ueld

s.t.alyn(p),vsp) = f(osp) +b(un(p),v) Vv € Yy
(yn (1) +dn(p)s 7))y = (Ya, 7)y vreT

Assume that [Nellesen, Grepl & V. '"18(p)]

Hy — yNHy < é“tuHy where 0 < en K 1

Then
Br(u) 2 (1 —eu)Br n(p) —epu
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Construction of RB Spaces

Procedure
Recall optimality conditions [Nellesen, Grepl & V. '18]

(u;ta Qb)u — b,u(gb,p;) = 0
au(%p:ﬁ) o )\(% d:;)y = 0
au(y;,?p) ( Z,%b) fbk,u(w)

oecl control
(DESINY adjoint

(DESINY state

<< < < <

* _ -
( + dj,, T)y = (Yd,7)y TeT. misfit
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Construction of RB Spaces

Procedure
Recall optimality conditions [Nellesen, Grepl & V. '18]
() @) — bpu(dyp;) = 0 V ol control
au(¢apz> — )\(lb, d;;)y = 0 V ey adjoint
aﬂ(y;7 w) ( U, ¢) — fbk,,u(w) \% w cy state
(Y, ,T)y = (ya,7)y V T17€T. misfit
z/[]\7 >)}y,N >T >)}p,N ? yN — yy,N + yp,N

Given a low dimensional approximation to the space
of model corrections (i.e., control)
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Construction of RB Spaces

Procedure
Recall optimality conditions [Nellesen, Grepl & V. '18]
() @) — bpu(dyp;) = 0 V ol control
a,(¥,p}) — AW, dy)y = 0 vV ey  adoint
Ay (y;7 ¢) ( U, ¢) — fbk,u(w) v lb SN state
(Y, T)y = (ya,7)y V TET. misfit
Un »Vy,N T >Vp,N » YN = VyN + Vp,N
Construct an RB space for the state
Note that 7 is not yet required!
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INRIA - Paris | 24-27June 2019 a S gg;?g:;?it;;ng::ience



Construction of RB Spaces

Procedure
Recall optimality conditions [Nellesen, Grepl & V. '18]
(W @) — buldypy) = 0 Y ¢eU  control
au(V,p}) — AN, dY)y, = 0 vV ey  adoint
au(Yps V) — ( Mﬂﬁ) = foxpu(¥) V Ye)y state
(Y, )y = (Wa,T)y V T€ET. misfit

Un »Vy, N \T »Vp,N
Select optimal measurements via

greedy algorithm in the parameter domain +
orthogonal matching pursuit [Binev et al. '18]

» YN = Vy N +Vp N
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Construction of RB Spaces

Procedure
Recall optimality conditions [Nellesen, Grepl & V. '18]
() @) — bpu(dyp;) = 0 V ol control
au(V,p5) — A, dY)y = 0 vV €y  adoint
aﬂ(y;7 w) ( U, ¢) — fbk,,u(w) \% w SN state
(Y, ,T)y = (ya,7)y V T17€T. misfit
z/{]\7 >)}y,N >T >)}p,N ? yN — yy,N + yp,N

N

Construct an RB space for the adjoint
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Numerical Experiment

Thermal Block

« State space
Y FE-discretization of

Ve :={y € H'(Q) : ylr, =0}
- Bilinear form M
5 Vy-n=0
au(y, w) == Zu/ Vy - Vuw dz
1=0 Q2

e Parameter domain

C :=[0.1,10)?

I—Dv Y= 0
/ QQ? H2 ;
/ ¥
/ %
/] 1,
’ s
; K
4 v
A Oy s
/ X, 0, Mo /

>
ttTtttrttr ot
I_,'n,v_y‘n:U

[y
Vy-n=0
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Numerical Experiment

Thermal Block

e Source term

b(u,-) €)', blu,w) := / uw dS,

Fin
where v € L?(T'yy) :
N
« BK-model source term Vy-n=0
fok,un = b(ubk, ), upk =1

* Model correction

U = P53 (polynomial space)

I—Dv Y= 0
/ QQ? H2 ;
/ ¥
/ %
/] 1,
’ s
; K
4 v
A Oy s
/ X, 0, Mo /

>
ttTtttrttr ot
I_,'n,v_y‘n:U

[y
Vy-n=0
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Numerical Experiment

Parameter Estimation Problem Statement

true state

Approximate the unknown variables
o Utrue — (7, 03) c C

cUtrue(T) =~ 1.5 + 0.3sin(27z), = € 'y,

*Ytrue = Ypirue (utrue)

with the 3D-VAR solution.
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Numerical Experiment

Parameter Estimation Problem Statement
true state Approximate the unknown variables

i o/,LtI-ue — (7, 03) < C

U elUgrue() & 1.5 4+ 0.3sin(27x), © € Ty

*Ytrue = Yuirue (utrue)

with the 3D-VAR solution.

Prior Knowledge:
Utrue can be approximated in U := P43 sufficiently
Measurement Space:
A small number of measurements may be chosen from a library of
gaussian functionals with std. dev. 0.01 and centers within (0.02, 0.98)2 C

Karen Veroy-Grepl | “Sparsity for Physics, Signal and Learning” Summer School | Advanced Study in
INRIA - Paris | 24-27June 2019 &Y Computational

Engineering Science
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Numerical Results

Selection of the Measurement Space

107 R

107

102 ¢ 3

107

10 —>—min G o) ]
i n‘win(u,,,) ﬁT’R(u,V) | | | |

0 2 4 6 8 10 12 14 16
dim(T)

inf-sup constants during measurement selection

NONNNNNNN N

L

NN N N

o o
T

chosen measurement centers

NN N NN
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Numerical Results

3D- VAR model correction

2 2
L —¥ |
1.8 ¥ ‘9&%
* X
4 SK
1.6+ /jé/ \éle %
v ! \ /)
/ 4
1 4 *, Fa
R s s S A
1ol start SN -5k |
= = Yy
—¥ noise free limit —¥ noise free limit
1 [ _+_ RB_3D_VAR (nOise'free" ........................................................ - 1 [ _+_ RB_3D_VAR (nOise'freer ........................................................ -
—— RB-3D-VAR (mean) —— RB-3D-VAR (mean)
RB-3D-VAR (noise) RB-3D-VAR (noise)
0-8 | | | | 0.8 | | | |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
I .
in in
=1 A =10
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Numerical Results

3D- VAR model correction

=¥ noise free limit
1 hau —+— RB_SD_VAR (noise_freer -------------------------------------------------------- -
—— RB-3D-VAR (mean)

RB-3D-VAR (noise)

[\

—¥ noise free limit

1 o —+— RB_3D_VAR (noise_freer -------------------------------------------------------- -
—— RB-3D-VAR (mean)
RB-3D-VAR (noise)

08 1 1 1 1 08 1 1 1 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
in in
A =100 A = 1000
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Numerical Results

Reduced Basis Spaces

Z/[N >J}y,N

» YN = Vy N+ Vo N

‘U‘yy‘yy‘yR‘T
dim | 4 | 64 | 95 | 159 | 16
Computational time:
RB-3D-VAR
AR, offline | online | error bound ey
7.08 s 463 s | 4.2 ms 1.3 ms 1..270
Parameter estimation: roughly 25-28 mins.
= Karan Veroy-Grepl | -Sparsiyfor Physics, Signal and Learning® Summer School| Y} Aecrnisvwerr | IRNNTTHI

INRIA - Paris | 24-27June 2019
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Numerical Results

A Posteriori Error Bounds

107

10710

|-G mean e, (I}, / Ilu I
i —e—meanu Au(”)/”uullu

3¢ lle Il /10,

max

e Ay g ) M,y

max

1 2

3

M=dmU g

Model Correction

10

10710

|-G mean, lig 6l /I,y 'S
: —©-mean A (u)/1ly,ll,
=3¢ 118y, il 1y, Iy
B g ) 1,y
1 2 3 4
M=dmU R
State
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Numerical Results

A Posteriori Error Bounds

100 T i 100 T 7
10° | T 10° | .
| : \ | | * S
=G mean [,k /1id Il \‘\ 1 =G meanullep(u)lk(/JIpullY
: -S-mean A () /[Id I, ‘\\\ -©-mean A (1) /1p, Il
10710 L7 Neabimad i 7, Ty " | (10 1|7 gl /e, Tl |
. max \x ) a
e Al 11, Il \ ' e A () I, Iy
0 1 2 3 4 5 0 1 2 3 4 5
M =dim U M=dim U,
Observable Difference Adjoint

200 random measurements, =X00.
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Summary

We developed a certified RB method for 3D & 4D variational data assimilation
e model order reduction for state, adjoint, and control variables
* a posteriori bounds for error in RB approximation
e determination of unknown parameters
» estimation of model bias

Here, we focused on:
» Selection of measurements through stability-based greedy-OMP algorithm
* Reduce sensitivity to experimental noise
o Step-wise construction of RB spaces
e Application to 3D-VAR

Next steps:
e Extension to 4D-VAR
* Selection of model modifications
* Application to large-scale problems
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Applications and Future Work

with
D. Degen, M. Grepl, F. Wellmann (RWTH)

M. Baragona, V. Lavezzo, R. Maessen, Z.
Tokoutsi, N. Vaidya (Philips)
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Industrial Applications

Source: akselos.com

The reduced basis method is useful for the

many-query, real-time, and slim-computing contexts.
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Application: Geosciences [Degen, Wellmann, ...]

x10°

Upper Rhine Graben (Germany)

0

o 3,15

7o ° : e so000 2 V7
Zm J 0
-100000 8’ 00 ™
5.7e+6 9,2]/:
10, 227
11, 23/

Y [m]

-100000
300000

Temperature [*C]

Courtesy of Prof. Scheck-Wenderoth, GFZ Postdam. A{m] X10°

Upper boundary condition

Model « Parameter Estimation
Thermal diffusion with radiogenic heat * Model Calibration
production « Inverse Problems
vV2T +S =0 * Sensitivity Analysis
« Data Assimilation
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Motivation

Thermal Ablation Treatment Planning

« Thermal Ablation: destroy target tissue by
increasing temperature above threshold. Blood A
[Chu and Dupuy , 2014] vessel Tumor
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Healthy tissue
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Motivation

Thermal Ablation Treatment Planning

« Thermal Ablation: destroy target tissue by

increasing temperature above threshold. A
[Chu and Dupuy , 2014] Blood Tumor
! vessel

* Treatment Planning:

— Determine placement parameters for a S

ablation probes.

— Determine device power settings. Healthy tissue
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Motivation

Thermal Ablation Treatment Planning

« Thermal Ablation: destroy target tissue by

increasing temperature above threshold.
[Chu and Dupuy , 2014]

* Treatment Planning:
— Determine placement parameters for
ablation probes.

— Determine device power settings. Healthy tissue

Bioheat Equation [Pennes, 1948]
Heat Diffusion in living tissue following the Pennes Bioheat model
—kAT 4+ pCw(T — Teore) = Q, in §
kN, T +h(T —Teore) =0 on T
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Motivation

Thermal Ablation Treatment Planning

« Thermal Ablation: destroy target tissue by

increasing temperature above threshold. QA
[Chu and Dupuy , 2014] Blood Tumor
’ vessel

* Treatment Planning:
- De’fermine placement parameters for a )
ablation probes.
— Determine device power settings. Healthy tissue

Bioheat Equation [Pennes, 1948]

Non-dimensional Bioheat Equation
—kAy+cy=u, in
EVoy+hy=0 onl
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Treatment Planning Algorithm

|

Initialize:
Input: Domain Segmantation

- one ablation probe
- target function: optimal heat source

] : Solve optimization problem to
User choice of constraints and determine the optimal placement
prescription of weights parameters and power contol

Solve the optimal control problem to

determine the optimal heat source Is the heat

approximation ‘ Optimize the power of each probe
based on the target temperature
satisfactory?

Is the ablation
zone estimation
satisfactory?

- Increase number of needles by one
- Update target and cost function
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Treatment Planning Algorithm

Initialize:
Input: Domain Segmantation

- one ablation probe
- target function: optimal heat source

. . Solve optimization problem to
User ch0|c:e (_)f constra.unts and determine the optimal placement
prescription of weights

parameters and power contol

Solve the optimal control problem to

determine the optimal heat source Is the heat

: : Optimize the power of each probe
approximation

: based on the target temperature
satisfactory?

Is the ablation
zone estimation
satisfactory?

- Increase number of needles by one
- Update target and cost function
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Treatment Planning Algorithm

Part |: Optimal Heat Source

L\ A
min Jneat(y, us 1) 1= D SllY = vallzz2iq, + 5 lull7
heat \Y, Uy ) += Y—YdllL2(Q,) L2(Q2)
1=1
Heat Q* [W/m?] 108 Temperature T* [° C] B
0.05 — 0.05
5 190
14 180
§ 3
0 0
2
1
0
-0.05 -0.05
-0.05 0 0.05 -0.05 0 0.05
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Treatment Planning Algorithm

!

Initialize:
Input: Domain Segmantation

- one ablation probe
- target function: optimal heat source

Solve optimization problem to
determine the optimal placement
parameters and power contol

User choice of constraints and
prescription of weights

PART Il

Solve the optimal control problem to
determine the optimal heat source

Is the heat
: : Optimize the power of each probe
approximation
: based on the target temperature
satisfactory?

Is the ablation
zone estimation
satisfactory?

- Increase number of needles by one
- Update target and cost function
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Treatment Planning Algorithm

Part ll: Optimize Placement and Power

1
in Jplac(p, P) == = 0, P) — ’ 22 .
gl}n) plac (P, P) QHQG@ p, P) —u"(z)|z ()

Heat Q(4*) IW/m?2 6 Heat Q(u* . 108

- eat Q(p*) [W/m*“] _ x10 o eat Q(p*) [W/m“] .
_25 '25
., 12

1.5

0.5

-0.05

-0.05

-0.05 0 0.05 -0.05 0 0.05
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Treatment Planning Algorithm

Initialize:
- one ablation probe
- target function: optimal heat source

Input: Domain Segmantation

. . Solve optimization problem to
User choice of constraints and determine the optimal placement
prescription of weights

parameters and power contol

Solve the optimal control problem to

determine the optimal heat source Is the heat

: : Optimize the power of each probe
approximation

: based on the target temperature
satisfactory?

Is the ablation
zone estimation
satisfactory?

- Increase number of needles by one
- Update target and cost function
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Treatment Planning Algorithm

Part lll: Power Control

3
min Jpovver(Pla T 7Pnp) = E &Hy — de22
P>0 — 2 L2(€2;)
_— Heat Q(1*) [Wlmz] _Xmﬁ _— Temperature T(u*) [° C] .
125
180
12

0.5
-0.05 -0.05
-0.05 0 0.05 -0.05 0 0.05
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Treatment Planning Algorithm

Part lll: Power Control

LA
mianower(Pla"' 7Pnp) = § ZHy_dein
P>0 L4 9 (£2:)
=1
2 6 *\ [o
H * 10 Temperature T c
45 eat Q(p*) [W/m*“] i 0.05 p (v*) [° C] =
i 2.5
180
12
0 1.5 0
1
0.5
-0.05 -0.05
-0.05 0 0.05 -0.05 0 0.05
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The Reduced Basis Method

Motivation - Real Time Updates:

* Adjust regularization weights
» Adjust models with patient specific parameters
» Update solution w.r.t. geometric parameters

— shifted tumor location

— power control w.r.t. final probe placement
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The Reduced Basis Method

Motivation - Real Time Updates:

* Adjust regularization weights
» Adjust models with patient specific parameters
» Update solution w.r.t. geometric parameters

— shifted tumor location

— power control w.r.t. final probe placement

The Reduced Basis Method provides

e accurate e« YN Y

- reliable « AN 2 |ly —ynlly
- efficient surrogates * cost O(N™)

» of small dimension e Nsmall

to solutions of parametrized PDEs for the many query real-time contexts.

250 Introduction to Reduced Basis Methods: Theory and Applications | Abchicn hiaittate §
Karen Veroy-Grepl | “Sparsity for Physics, Signal and Learning” Summer School | n Aﬁﬁaﬁﬁeﬂss{u‘;fi,ﬁ" Rm
INRIA - Paris | 24-27June 2019 E [§) Computational

Engineering Science



The Reduced Basis Method

Initialize:
- one ablation probe
- target function: optimal heat source

Input: Domain Segmantation

. . Solve optimization problem to
User ch0|c:e (_)f constra.unts and determine the optimal placement
prescription of weights

parameters and power contol

Solve the optimal control problem to

determine the optimal heat source Is the heat

: : Optimize the power of each probe
approximation

: based on the target temperature
satisfactory?

Is the ablation
zone estimation
satisfactory?

- Increase number of needles by one
- Update target and cost function
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The Reduced Basis Method

Problem Set Up

Bioheat Equation:

Heat Diffusion in living tissue following the Pennes
Bioheat model [pennes, 1948, [Davidson and Sherar, 2003]

—kAy + cy = u,

kvl/y + Bl(y — ycool) =0

y =0,

in (1) ‘
onl'¢ = | | urethra
on FD

~—

Domain and mesh where created using Gmsh
[Geuzaine and Remacle, 2009]
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The Reduced Basis Method

Problem Set Up

Bioheat Equation:

Heat Diffusion in living tissue following the Pennes
Bioheat model [pennes, 1948], [Davidson and Sherar, 2003]

—kAy +cy=u, in Q)
EV.,y + Bi(y — ycool) =0 onl'¢ = urethra
Yy = O, on FD '

Parametrization:
* Blood perfusion rate ¢
e Distance from urethra [

* cooling temperature Ycool

~—

Domain and mesh where created using Gmsh
[Geuzaine and Remacle, 2009]
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The Reduced Basis Method

Optimal Control Problem (OCP)

For any,, € Dsolve

. 1 2 A2
,Jnin Theat (¥, s 1) = 51y = Yalpy + 5 1wl

Optimal Heat u*

xis .00

- Q(W/mA3) | T(degC)
" l:5.65 let06 l6.853e+01
| 4.24e+6 157.734
2.83e+6 46.934
s i: ] .4 ] e+6 ¥ Axie 70 X Axis IE36‘ ] 34
0.000e+00 | 2.533e+01
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The Reduced Basis Method

Optimal Control Problem (OCP)

For any,, € Dsolve

min = Jpeat (Y, u; () =
i Jhea (v, u; 1)

Optimal Heat u*

xis .00

‘‘‘‘‘‘

1 A
§|y - yd\%(u) + 5”“”%]@)

Optimal Temperature y*

Ax

Axis

oooooooooooo

xxxxx

7 Q(W/mA3) T(degC)
fo 76.349e+06 1 6.610e+01
E4.76e+6 '!56.1 73
3.17e+6 46.244
e 1.59e+6 136315
Eo.oooe+ou l2.639e+m
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The Reduced Basis Approximation

Error and Bounds bpetails to appear in [T. et al., 2018]

Max. rel. Control Error and Bounds

102 5 Max. rel. State Error and Bounds
E 10 < T T T T
i ALT |1 ' ALT
- AN 108 " - =AY 0t
, _6&,):10'5 ' . _GKI,A=10'5
AT 0 Mo
[ u \ \ y
‘N =10 \\ T “Na=10"
o o ‘\\ - s
— 2 < _ 2L ~ -
0 10 . E 0 10 \ ' .
AN = =~
*- S \\ =T~
r - AN \\
(0 S N 3 104+ g
L ‘\_— \
10'6 L L L L 10-6 | | | |
0 10 20 30 40 50 0 10 20 30 40 50
M=N/2 M=N/2
A FEM RB
10~*  400s [0.3,1.6]ms
10=°>  500s [0.3,1.4]ms
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Non-Affine Problems

Input: Domain Segmantation

User choice of constraints and
prescription of weights

Solve the optimal control problem to
determine the optimal heat source

Is the ablation
zone estimation
satisfactory?

Initialize:
- one ablation probe
- target function: optimal heat source

Solve optimization problem to
determine the optimal placement
parameters and power contol

Is the heat
approximation
satisfactory?

- Increase number of needles by one
- Update target and cost function

PART Il

Optimize the power of each probe
based on the target temperature
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Non-Affine Problems

Motivation

Can we update the device power control in real time for different ablation

probe placements?

Heat Q(1*) [W/m? 6
- eat Q(u*) [W/m“] %10

4 2.5

-0.05
-0.05 0 0.05
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Non-Affine Problems

Motivation

Can we update the device power control in real time for different ablation
probe placements?

00 Heat Q(*) [W/m?] %108
Forany u € D '
i 2.5
min Jpovver (ya P; ,LL ’y yd‘2D
yeY,PcR"P |,
0
-0.05
-0.05 0 0.05
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Non-Affine Problems

Motivation

Can we update the device power control in real time for different ablation

probe placements?

Heat Q(u*) [W/m?] ~ x10°
Forany u € D 0.05
5 i 2.5
min  J P:
JEY, PCR™P power (ya ,LL ’y yd‘D I
0
s.t.(y,u) € Y x R"” solves
P
—kAy+cy=> Pig(ip;), inQ
1=1
-0.05
EV,y + hy =0, on I 20.05 0 0.05
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Non-Affine Problems

ElM [Barrault, Maday, Nguyen, Patera, 2004]

 Use EIM to construct collateral basis

Placement Parameter Domain

0.05

WZ%/[ = Sp&ﬂ{ﬁl — 9(:“1)7"’ ,gM = Q(MM)} 0.04

0.03
0.02
 Affinely decomposable approximation 0.01
M
0
(m) =~ gu(sp) = (1)g" ()
gl ) = gu(p) = ) wm(p)g™(x).
-0.01
m=1
-0.02
-0.03
-0.04
-0.05
-0.05 0 0.05
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Non-Affine Problems

ElM [Barrault, Maday, Nguyen, Patera, 2004]

EIM Greedy Sampling Error

 Use EIM to construct collateral basis

A

Wi, = span{g' = g(p1), -, 9™ = g(um)}

 Affinely decomposable approximation 5:’2
M é
E
glipm) g (op) = ) wm(p)g™ (@).
m=1

10-5 L

» Estimate interpolation error [Eftang, Grepl, Patera , 2010], |

0 50 100 150 200 250

() = llg ) = gur Gl 4 (1) M

envl) = 11gls 1) — g (5 )l pee () < €py (1
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Non-Affine Problems

Relative Errors and Error Estimates

Max Rel. Control Errors and Estimates Max Rel. State Errors and Estimates

102 102
U Y
eN,A=10 eNA=10°
o AUEIMALT __  AVEMALT
1 AN,A=1§|5 AN,)\=10'l5

Error

10°® ' ' ' 10 ' ' '
0 50 100 150 200 0 50 100 150 200
N N
EIM tol M  FE time RB time
le—6 256 1.1s 0.1 — 10 ms
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Outlook and Conclusions

Overview:

Introduction to treatment planning problems.

Discussed an algorithm for thermal treatment planning.

Motivated the need for real-time responsive simulations.

Applied the reduced basis method and reviewed test cases.
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Outlook and Conclusions

Overview:

* Introduction to treatment planning problems.

* Discussed an algorithm for thermal treatment planning.

* Motivated the need for real-time responsive simulations.

* Applied the reduced basis method and reviewed test cases.

Ongoing Work:

* Apply our work to model reduction for time dependent power control.
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Outlook and Conclusions
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Discussion

Questions or comments?
E-mail: veroy@aices.rwth-aachen.de

267 Introduction to Reduced Basis Methods: Theory and Applications | i Mo §
Karen Veroy-Grepl | “Sparsity for Physics, Signal and Learning” Summer School | n Aﬂﬁaﬁgeﬂss{u‘;fi,?' me
INRIA - Paris | 24-27June 2019 Computational
C S Engineering Science



